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A/D and D/A Conversion

Digital Signal Processing



Ideal Conversion

« Up to this point we assumed ideal D/C and C/D conversion

Discrete-time
system

x.(f) x|n] vln] v i)

~ —
~ —

» In practice, however
— Continuous-time signals are not perfectly bandlimited

— D/C and C/D converters can only be approximated with D/A and A/D converters
* A more realistic model for digital signal processing:

Anti- Sample ; . . ; Compensated
o AD Discrete-time A - OIpEnsat
— aliasing and > converter > \,‘;v:tt‘m © converter reconstruction —-
X (1) filter | x,(r) | hold | xu(r) N x|n| S vla] |7 vpali) filter vt
H_(j) f 1 1 Hj)
T T T
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Prefiltering to Avoid Aliasing

Desirable to minimize sampling rate
— Minimizes amount of data to process
No point of sampling high frequencies that are not of interest
— Frequencies we don’t expect any signal in only contribute as noise
A low-pass anti-aliasing filter would improve both aspects
An ideal anti-aliasing filter

Haa<jsz>={

1 Q<Q <n/T

0 |Q>Q,
In this case the effective response is X, =Y,
o [HERT) o<, naie) s o))
Heq (JQ) = 0 ‘Q‘ . y
>0 v
Heff (JQ)

In practice an ideal low-pass filter is not possible hence
Her (192) = Hoo (1Q)H (€7
This would require sharp-cutoff analog filters which are expansive.
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The idea 1s

— To have a simple (non-sharp) analog anti-aliasing filter

Oversampled A/D Conversion

— Use higher than required sampling rate

— Implement sharp anti-aliasing filter in discrete-time

— Downsample to desired sampling rate

Simple
antialiasing
filter

Sampling rate reduction by M

—_——— e ———— e ——

Sharp
antialiasing

Y
-
=

Xql(l)

T

/D f—=

x|n]

filter
cutoff = m/'M

R S

_1l (7
T M\Qy

/

largest frequency component

after antialising
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Oversampled A/D

Conversion: Example

X.(j) Simple anti-

aliasing filter
High-frequency

=T 1 TN noise
e —
-Q, Oy Qy Q, Q
X, (j)
1 Signal Filtered
| |
-0, -Qy Qpn Q. Q
)? el
1 (™) T = m/(MQy)
Sharp cutoff I\ _1
P decimation filter \I_“\I______'I Aliased noise  —————-
1 | : I
| | | |
l |
27 —wy Wy =LQNT=% 2w w=0T
Xd(g_n"w}
1 T'=MT
T
W \/
D —r T 21 w=0T"
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Analog-to-Digital (A/D) Conversion

Ideal C/D converters convert continuous-time signals into infinite-precision
discrete-time signals

In practice we implement C/D converters as the cascade of

Sample
—] and > A/Dl —
Xa (1) hold xg(1) convertel 24l
T T

The sample-and-hold device holds current/voltage constant
The A/D converter converts current/voltage into finite-precisions number
The ideal sample-and-hold device has the output

X, (t)= iX[n]ho(t—nT) ho(t):{l’ O0<t<T

0, otherwise
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Sample and Hold

* An ideal sample-and-hold system

Sample and hold

—_—— e

sih=> &(t—nT)

H=—0a

Zero-order
> x hold e
x.(1) ho(t)

x,(1)

* Time-domain representation of sample-and-hold operation

xplr)

/ Y1)
e

| | | | r 12T /
N
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A/D Converter Model

A practical A/D converter can be modeled as:

— C/D Quantizer —> Coder >
X, (1) 1 x[n] &[n] #gln]
T

The C/D converter represent the sample-and-hold operation
Quantizer transforms input into a finite set of numbers

Most of the time, uniform quantizers are used.
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Uniform Quantizer

Offset binary

¥ =Q(x)
_ Two's-complement
X[n] = [ Xm ’ Xm ] code code
_2X, X, A - 011 111
" AB+l ~ AB
25" 2
2A 010 110y
Using B + 1 bits
A 001 101
_A
| | 2 | | ' ' 000 0
i i
“9A  _7A  _5A A A 3A  SA  TA  9A 1 :
2 2 2 2 2 2 2 2 2
— —A 111 011
-2A - 110 010
—3A 101 0m
— —4A L0 000
| EX.'?I I

|
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Two’s Complement Numbers

Representation for signed numbers in computers

Integer two’s-complement

Fractional two’s-complement

-3,2° +a,2% " +...+a,2’

Example B + 1 = 3 bit two’s-complement numbers

0 -1 -B
—-q,2" +a,2 +..+a;32

—a,2%+ a,2'+ a,2° —a,2+a,27'+a,22
Binary Symbol Numerical Value Binary Symbol Numerical Value

011 3 0.11 3/4
010 2 0.10 2/4
001 1 0.01 1/4
000 0 0.00 0

111 -1 1.11 -1/4
110 -2 1.10 -2/4
101 -3 1.01 -3/4
100 -4 1.00 -4/4
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Example

a  Quantized samples

¢ Unguantized samples
— Qutput of ideal sample and hold
——— Qutput of IvA converter

Original
signal "

Amplitude
=

xg[n]: 011

ey T
100 110
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Quantization Error

Quantization error: e[n]=%|n]-x|n]
— difference between the original and quantized value
If quantization step is A the quantization error will satisfy
~A/2<e[n]<A/2
— As long the input does not clip
Based on this fact we may use the following simplified model

In most cases we can assume that Ouantizer
— i i istri ) |z =
e[n] is uniformly distributed x[n] x[n] = O(x[n])
— Is uncorrelated with the signal X[n] ~
The variance of e[n] is then x[n] T\ 1] = x[n] +e[n]
. . R , A
Variance of uniform distribution: O, =——
12 e[n]

And the signal-to-noise ratio of quantization noise for B + 1 bits

SNR =6.02B +10.8— 2010g10[&j
o

X
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D/C Conversion

Perfect reconstruction requires filtering with ideal LPF

Y,(12)=Y e H, ()

Y (ejQT ): DTFT of sampled signal ree

¥ln]

DA
converter

Y.(jQ): FT of reconstructed signal

The 1deal reconstruction filter
T |Q<n/T

H.(19)= {o Q> /T

The time domain reconstructed signal is

t

T

V. (t) B i y[n] sin[n(t -nT )/T]

= n(t-nT)/T

In practice we cannot implement an ideal reconstruction filter

Digital Signal Processing
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D/A Conversion

The practical way of D/C conversion is a D/A converter

Scale by Convert to Zero-order

2aln] X [n) impulses hold xXpu(0)

It takes a binary code and converts it into continuous-time output X, (t)

:ZX %5[nlh, (t—nT)= Z)?[n]ho(t—nT)

Using the additive noise model for quantizati01_1 K[n]= x[n]+e[n]

(o]

xon(t)= Y X[y (t-nT)+ S el (t—nT) = x,(t) +e, 1)

N=—c0 N=—occ

The signal component in frequency domain can be written as

X,(iQ)= X (" H, (i)
So to recover the desired signal component we need a compensated
reconstruction filter of the form

A i) e
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Compensated Reconstruction Filter

Xr (JQ) =X (e L ; (JQ) Ideal interpolating filter

)

X,(jQ) = X[ H,(jQ)  zero-order hold
(
(

~ /. H (jQ
A, ()= H-9)
H, (i)
H, (J<2)
y[n]=X[n] H,(j€2)
Anti- Sample ; e T ; C nsated
—| aliasing > ;m-dL > ,,AiP[, > D]S(_‘]f"[[f'_“m" > 1_{):.14[‘. > rugg;l?;ltll;?cltiln —
-\'L-{FJ filter .\'G{IJ hold -\'U{” converter -El-”] Syslem \Alnl convertel _'I'DA{f} filter ;,[”
H,(jo } } % 5 } H(jQ
e r %® 1 AN ] 7 oxm Y X
x[n]
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Compensated Reconstruction Filter

* The frequency response of zero-order hold is
_ 2sin(QT /2)6_ o7 2

H, (i)
* Therefore the compensated reconstruction filter should be
~ v H(IQ) & D272 g Q<n/T
H(jQ)=—"~= H,(jQ)=1sin(QT/2)
H, (i) 0 Q>n/T
H,(jQ)= T |Q<n/T
U0 Qs T
|H,(j)l
T Ideal interpolating
oorder L~ filter H,(/0)
Zﬂholcld &
LN
_2m _m 0 s 2w 0 _z s Q
T T T T T T
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