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Reconstruction of Bandlimited Signal From Samples

Sampling can be viewed as modulating with impulse train
If Sampling Theorem is satisfied

— The original continuous-time signal can be recovered
— By filtering sampled signal with an ideal low-pass filter (LPF)

Impulse-train modulated signal

oo

X,(t)="> x[n]3(t-nT)

N=—cc

Pass through LPF with impulse response h(t) to reconstruct

(]

X (t)="> xIn},(t—nT)

N=—c0

. Convert from Idteal . :
X[n] — seuenceto o B TR i X ()
impulse train H (G9Q) '
T
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Ideal Reconstruction Filter

H,(j5))
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h (t)= sin(mt/T)

mt/T

sinc function



Reconstructed Signal

(D)= i X[n]sin[ﬂ:(t—nT)/T] »

= n(t-nT)/T

sinc functionis 1 att=0 (a)

sinc functionis O att=nT

oo

—— X, (jQ)= D x[nH, (jQ)e ™ ‘
N=—oco by x(t)= 2x[n]5(t—nT)
=H,(jQ)> x[nje T ,
N=—oco ! \ ! Ry . x, ()
X, (jQ)= X" H, (o) AYAVATATAVARN
SR —H\”“ e
x,(t)= > x[n], (¢ -nT) o
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Discrete-Time Processing of Continuous-Time Signals

X[n] Discrete-Time y[n]

X[(t) — C/D 1 System > D/C — y(1)
1 1
T T

* Opverall system is equivalent to a continuous-time system
— Input and output is continuous-time
* The continuous-time system depends on
— Discrete-time system
— Sampling rate
» We’re interested in the equivalent frequency response
— First step is the relation between X (t) and x[n]
— Next between x[n] and y[n]
— Finally between y[n] and y(t)
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Effective Frequency Response

Input continuous-time to discrete-time

An=x,(0T) st Supesan X(e")=2 zx(J(“—kD
0O Q=o/T T T T
Assume a discrete-time LTI system

)= )= e S 222

Pl T

Output discrete-time to continuous-tlme

sm n(t—nT)/T] . ey TYET) Q<m/T
Y (jQ)=H (jQ)Y " )=
n_z:_m yin] m(t - nT)/T (i2)=H.(i) (e ) { 0 otherwise

Output frequency response
Y (j9)= {T HE® )X () [Q)<m/T _ {H(ejm X.(jQ) |Q<m/T

0 otherwise 0 otherwise

Effective Frequency Response

Y. (iQ)=H (jQ)X. (i2) Heﬁ(jsz)={H(emT) @ <nm/T

0 otherwise
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Effective Frequency Response

TY () |Q<n/T

0 otherwise

Y(e*)= H(ei‘*’)x(e"“’)=%H(ejm)ixc[j@_z?m(jj

k=—c0

U

Y, (12)=H, (IHE")x(e)

_ - X, (jQ) =0,]Q[=n/T
= Hr (]Q)H (e et )l Z XC(J(Q — 2—nkj) only k = Oremainsin
T T H.(jQ) =T,[Q<n/T

Y,(j2)=H,(jQ)Y (ejm):{

k:—oo

_ HE X (jQ) [@<n/T
0 otherwise
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Example

» Ideal low-pass filter implemented as a discrete-time system

Continuous-time input signal

Sampled continuous-time
input signal

Apply discrete-time LPF

X.(j)

—Qy Oy 0
(a)

X.(j) = X(e™T)

/\ ! 2;_# _%
l l | |
3 2 o Oy T 2w 0
7 T T T
(b)
1 X(eh
/A\ /T/</ Hie™) /A\
0N / N A0 N
27 T —t, w, DT T 27 w
_11.\'?- [27— 11.\1'?-‘]
(c)
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Example Continued

Signal after discrete-time
LPF is applied

Application of

reconstruction filter O

Output continuous-time

signal after reconstruction

[ a, 9
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Impulse Invariance

Given a continuous-time system H_ (<)
— how to choose discrete-time system response H(el®)
— so that effective response of discrete-time system H.4(j€2) = H.(j<2)
Answer: ,
He™)=H,(jQ)=H.(jo/T)  |o/<=

Condition:
H.(jQ)=0 [Qzn/T

Given these conditions the discrete-time impulse response can be written in
terms of continuous-time impulse response as

h[n]=Th,(nT)
Resulting system is

the impulse-invariant version of the continuous-time system
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Example: Impulse Invariance

Ideal low-pass discrete-time filter by impulse invariance

1 19<Q,

0 otherwise

m(m):{

The impulse response of continuous-time system is
sin(€2_t
n ()= "2
it
Obtain discrete-time impulse response via impulse invariance
sin(Q_nT) B sin(w,n)

hin|=Th (nT)=T
i (nT) mnT mn

The frequency response of the discrete-time system is

o) |1 o<,
H. (e )_{O W, <|o/ <
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