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In many situations, the processes that generate signals are 
so complex as to make precise description of a signal 
extremely difficult or undesirable, if not impossible.

In such cases, modeling the signal as a random process is 
analytically useful.
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A random signal is considered to be a member of an ensemble of discrete-time 
signals that is characterized by a set of probability density functions. 

More specifically, for a particular signal at a particular time, the amplitude of 
the signal sample at that time is assumed to have been determined by an 
underlying scheme of probabilities.

That is, each individual sample x[n] of a particular signal is assumed to be an 
outcome of some underlying random variable xn. The entire signal is 
represented by a collection of such random variables, one for each sample time, 
−∞ < n < ∞. This collection of random variables is referred to as a random 
process, and we assume that a particular sequence of samples x[n] for 
−∞ < n < ∞ has been generated by the random process that underlies the signal. 

To completely describe the random process, we need to specify the individual 
and joint probability distributions of all the random variables.
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Although, for simplicity, we assume that x[n] and h[n] are real valued, the results 
can be generalized to the complex case.

Consider a stable LTI system with real impulse response h[n]. 
Let x[n] be a real-valued sequence that is a sample sequence of a wide-sense 
stationary discrete-time random process;
Then, the output of the linear system is also a sample sequence of a discrete-time 
random process related to the input process by the linear transformation

As we have shown, since the system is stable, y[n] will be bounded if x[n] is 
bounded. We will see shortly that if the input is stationary, then so is the output. 

The input signal may be characterized by its mean mx and its autocorrelation 
function φxx[m], or we may also have additional information about 1st- or even 
2nd-order probability distributions.



Digital Signal Processing

Characterization of Input and Output by Their Averages

5

For many applications, it is sufficient to characterize both the input and output in 
terms of simple averages, such as the mean, variance, and autocorrelation. 
Therefore, we will derive input–output relationships for these quantities.
The means of the input and output processes are, respectively,

where ℰ{·} denotes the expected value of a random variable. 
In most of our discussion, it will not be necessary to carefully distinguish 
between the random variables xn and yn and their specific values x[n] and y[n]. 
This will simplify the mathematical notation significantly. 
For example, above equations will alternatively be written
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If x[n] is stationary, then mx[n] is independent of n and will be written as mx, 
with similar notation for my[n] if y[n] is stationary.
The mean of the output process is

where we have used the fact that the expected value of a sum is the sum of the 
expected values. Since the input is stationary, mx[n − k] = mx , and consequently,

From the above equation, we see that the mean of the output is also constant. An 
equivalent expression to the above equation in terms of the frequency response is
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The sequence chh[] is referred to as the deterministic autocorrelation sequence or, simply, 
the autocorrelation sequence of h[n]. It should be emphasized that chh[] is the 
autocorrelation of an aperiodic—i.e., finite-energy—sequence and should not be confused 
with the autocorrelation of an infinite-energy random sequence. Indeed, it can be seen that 
chh[] is simply the discrete convolution of h[n] with h[−n]. Equation (2.187), then, can be 
interpreted to mean that the autocorrelation of the output of a linear system is the 
convolution of the autocorrelation of the input with the aperiodic autocorrelation of the 
system impulse response.
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