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DISCRETE-TIME SIGNALS AND SYSTEMS

. [Oppe em c afer/sux Problem #2.21
Consider a linear system with input {z[n]} and output {y[n]}. If z[n] is zero for all n,
then ¢ - z[n] = 0 = z[n] for every n. Thercfore, the system response to ¢ - z[n] should
be the same as the response to z[n] for all ¢ € C. The system response to ¢ - z[n] is
¢ y[n]. Therefore, c¢-y[n] = y[n] for all n € Z, for every ¢ € C. Therefore, y[n] = 0 for
all n.

Alternatively, if {y[n]} is the response to {z[n]} {—y[n]} should be the response to
{—z[n]} = {z[n]} = {0}. Hence {y[n]} = {—y[n]} and the result follows.

One common mistake that a number of people made was to assume that the output
is the input convolved with some impulse response. However, this can be done only if
the system is known to be LTI, not just linear.

2. [Oppenheim/Schafer/puc« Problem #2.23]
Let 7 represant the ideal delay system (whose delay is d). Then if y[n] = T3 {z[n]},
then we have
yln] = z[n — d —oc < n<oo

Then if y;[n] = T {x1[n]}, and ya[n] = T {x2[n]}, we have

nln] = z1n — ng

pln] = 2l —n
Therefore, we have

T {azi[]+bxa[]} = (ami + bxa)[n — 0y
= azi|n — ng] + bxa[n — ng
= aT{z[n]} + bT {za[n]}
= ayi[n] + bya[n]
Therefore, the system satisfies the definition of linearity (Equation 2.27), and so the

delay system is linear.
Now consider the moving average system M. If y[n] = M {z[n]}, then we have

1 Mo
y[n) M1+M2+1k§41 [n — k]
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Set yi[n] = M {z[n]}, and yo[n] = M {x3[n }. Then, we have

M
1 .
T {azi[-] + bzs|- } P V) Z (azy + bxa)[n — k]
M+ My, +1 oy
1 L
—_ axi[n — k| + bxan — k
M1+kb+1k§%l 1[n = K] + baa[n — K]
1 M; 1 M»
Ah+Ab+1k§%ahm_kL%M}+My+H;;hMﬂ"—H
= aM{z[n]} + bM {z3[n]}
= ayi[n] + bys[n]

Therefore, the moving average system is linear.

3. [Oppenheim/Schafer/rui Problem #2.24)]
The impulse-response of the system can be written as
hln] =6[n] +d[n — 1] +d[n — 2] +d[n — 3] —26[n — 4] —26[n—5

Now, we have

o n

y[n] = z[n] * h[n] = Z z[klhln — k] = Z z[nlhln — k]
k=—o00 k=n-5
since h[n — k] = 0 whenever n — k < 0, and whenever n — k > 5 (i.c,, h[n — k] is

non-zero only when n — 5 < k < n). Now,

(a) z[n] =0 for all n < 4. Therefore, y[n] = 0 for all n < 4.
(b) z[n] =1 for all n > 4. In particular, for all n > 9 we have

n

inl = 3 wllhln— Kl = 37 Bln— K = " hljl =0

k=n—5 k=n-5

(c) By explicit calculation, we get y[n) =n — 3 for 4 <n < 8§, and y[8] = 2.

Therefore, we have
ifn <4
~3 ifd<n<8
ifn=28
0 ifn>8

yln] =
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4. [Oppenheim/Schafer/suc Problem #2.2 ]

(a) z[n] = 5"u[n]. Consider the LTI system given by the impulse response hn] =
8[n] +6[n + 1] Then y[0] = 1 = =[0] and y[1] = 6 # z[1]. So 45 # 5, and so it
is not the case that y[n] = ¢ - z[n] for all n. Therefore z is not an eigenfunction
of this system, which is clearly stable.

(b) z[n] = €™, Let h[n] be the impulse response for an arbitrary stable LTI system.
Then we have

TA{z[n]} = hln*z[n]
> hlklz[n — k]

k=—o0

Z h[k}ejQw(nfk)

k=—0c

exn < Z h%k—?jwk)

k=—o00

Therefore, z[n] is an eigenfunction of the system.

(c) z[n] = e#“" + e9%"_ Let h[n] be the impulse response for an arbitrary stable LTI
system. Then we have

TA{zln]} = (h*2)[n]
= ) hlklz[n — k]

k=—o00
_ Z h[k}(ejQw(n—k)_i_ejw(n—k))
k=—00
= en < > h[k}e‘”’“) +e™n ( > h[k}e—w>
k=—oc k=—occ

Clearly, we have T {z[n]} = cz[n] for all n if and only if

< Z h[k}e—jwk> — < Z h[k:e_27“k>

k=—o0 k=—oc

For z[n| to be an cigenfunction for all systems, we need the expression to hold
for all choices of h[n]. Clearly this can only hold if e/ = e=3%% for all k, which
holds iff w = 27r for some integer r. Therefore, if w = 277, then z[n] is the
cigenfunction all LTI systems, else it is not.
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(d) z[n] = 5". Let h[n] be the impulse response for an arbitrary stable T system.
Then we have

TA{z[n]} = hln*xzn
> hlklzn — k]

k=—oc

f: h[k]5"

k=—cx

5" < i h[k]5"“)

k=—o0

Therefore, z[n] is an cigenfunction of the system (see footnote)

(¢) x[n] = 5" - /2" Let h[n] be the impulse response for an arbitrary stable T
system. Then we have

TA{zln]} = hln]*z[n
> hlklz[n — k]

k=—

Z h[k}5nfkej2w(n7k)

k=—cc

— 5nej2u1n ( Z h[k}f)_ke_jZWk)

k=—cc

Therefore, z[n] is an eigenfunction of the system.

In class, and in the text book, a function is called an cigenfunction even if the output
blows up when the system is given the input, i.c., A = oo is a valid eigenvalue. Note
that in particular, Section 2.6.1 notes that complex exponentials e/“™ are eigenfunctions
of all LTI systems, with regard to the convergence of the FT of the impulse response.

Also note that if the system produces an unbounded output it does not neccessarily
mean that the system is unstable if the input is unbounded as well - therefore, we
can have sequences/functions which grow exponentially, and are still eigenfunctions of
stable systems.

5. [Oppenheim/Schafer /.« Problem #2.30]

() T(aln)) = (cosmn)afn
i. The system is Stable. Suppose that |z[n]] < B for all n. Then |y[n]|
|(cos mn)z[n]| < |z[n] < B.
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ii. The system is Causal. Suppose that z;[n] = z4[n| n < ng. Then yi[n| =
(cosmn)z1[n] = (cosTn)xy[n] = yo[n| for all n < ny.
iii. The system is Lincar. Clearly

T (az1[n] + bzs[n]) (cosn)(azy[n] + bxa[n])

= a(cos mn)x1[n] + a(cos mn)z [n]

aT (a1 [n]) + BT (wan])

iv. The system is not Time Invariant. Let z;[n] = d[n], and zs[n] = d[n — 1].

Then T (z1[n]) = 6[n], and T (z2]n]) = =d[n — 1.
(b) T(z[n]) = z[n?|

i. The system is Stable. Suppose that |z[n]| < B for all n. Then |y[n]| =
|z[n?]] < B for all n.

ii. The system is not Causal. Suppose that zy[n] = d[n — 4] and z2[n] = 0.
Clearly z[n] = 24[n] for all n < 3. However, y»[2] = 0 # y[2] = 1 where
T (w1[n]) = ya[n] and T(wa[n]) = go[n].

iii. The system is Lincar.

T (azi[n] 4 bxa[n]) = (az; + bxy)[n?]

— (@) + ba )

= aT(zm[n]) + T (2[n])
iv. The system is not Time Invariant. Let z;[n] = d[n] and z3[n] = d[n — 1].

Then T (z1[n]) = d[n] and T (z3[n]) = d[n — 1] + d[n + 1].
() T(wln]) = 2ln] 332, 6ln — K]

i. The system is Stable. Suppose that |z[n]| < B > 0 for all n. Note that if
n >0, then 322 (8[n — k] = 1, and if n < 0 then Y 5 ;8[n — k] = 0. Hence

we have
lz[n]| < Bifn >0
y[nll = .
0<Bifn>0
ii. The system is Causal. Suppose that z1[n] = za[n] for all n < ng, and suppose
that 7 (z1[n]) = wi[n] and T (z2[n]) = yo[n]. if n < 0, we have yi[n] =
ya[n] = 0, and if 0 < n < ng, we have y;[n] = z1[n| = z9[n] = ya[n]. Hence
y1[n] = ya[n] for all n < mny. Hence the system is causal.
iii. The system is Lincar.

N 0 ifn<0
T (azi[n] + bxo[n)) = {axl[n}—}—bﬂ?z[n] ifn>0

= aT (z1[n]) + bT (22]n])

iv. The system is not Time Invariant. Let zq[n] = d[n] and z9[n] = d[n + 1].
Then 7 (z1[n]) = d[n] and T (zq[n]) = 0.
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(d) Tl ) 2, olk]
i. The system is not stable. If z[n] = u[n], then y[n = oc for all n.
ii. The system is not causal. If x1[n] = d[n], and z3[n] = 0, then clearly z;[n] =
x9[n] for all n < 0. However, we have y[—1] =1 and y[—1] = 0. Hence the
system is not causal.

iii. The system is lincar.

T (azi[n] + bza[n)) = Z azy[n] + bxs[n)
= Z azi[n] + Z bxy[n)
= a Z z1[n] +b Z Za[n]

= aT (x[n]) + 0T (za[n])
iv. The system is Time Invariant. If z;[n — ny] = z2[n], then we have

Yaln T (x2[n])
> k]
Z z1[k — n4)

Y. ailil

j=n—-ng—1

= yl[n - nd}

6. [Oppenheim/Schafer/su Problem #2.35]

(a) We know that the system is time-invariant. If the system is both time-invariant
and lincar, then since z3[n] = 2z3[n + 3], we should have yy[n] = 2ys[n + 3].
But this is clearly not the case, and so the system cannot be LTI. Since it is
time-invariant, it cannot be linear.

Alternatively note that z3[n + 4] 4+ z9[n] = x1[n]. If the system were LTI, then
we would have ys[n + 4] + ya[n] = y1[n]. Again, this is not the case, and so the
system cannot be LTI. Since it is time-invariant, it cannot be linecar.

(b) Note that §[n] = x3[n + 4]. Since we know that the system is time-invariant, the
impulse response must be y3[n + 4].
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¢) The on y in ormation that we have about the system (besides the three esponses
shown) is the fact that the system is time-invariant. Therefore, the only sequences
for which we can predict the output of the system is various time shifts of the
x1[n], z2[n] and z3[n]. Therefre, we can determine the response of the system to a
sequence z[n] if and only if it is of the form z[n] = x1[n — ng| or z[n] = z2[n — ny|
or z[n] = x3[n — ngy) for some ny € Z.

7. [Oppenheim/Schafer/suc Problem #2.36]

(a) Using the result from part (b) below, we have the impulse response is hln] =
26[n + 2] + 0[n + 1] — 26[n] + 3[n — 1] 4+ 26[n — 2] + d[n — 3]. Now, we have
z3[n] = 0[n] + &[n — 1]. If the system were in fact LTI, we would have ys[n] =
hln] + hln — 1]. However while y3[0] = —3, we have h[0] + h[-1] = -2+ 3 =1,
Therefore, the system cannot be LTI, and it is linear, it cannot be time-invariant.

(b) Note that §[n] = x3[n] +0.5(z1[n] — z2[n]). Since the system is linear, the impulse
response should be

ya[n] —0.5(y1[n] —ya[n] = 20[n+2]+d[n+1] —20[n] +3d[n—1]+26[n— 2]+ d[n— 3]

8. [McClellan et al. #1.1] We have y[n] = —0.9y[n — 2] + 0.3z[n] + 0.6z[n — 1] +
0.3z[n — 2], assuming initial rest, the response to an impulse is given by

y[0] = 0.32[0 =0.3
y[1] = 0.62[0 = 0.6
y[2] = —-0.9y[0] + 0.3z[0] = 0.3 — 0.27 = 0.03
y[3] = —0.9y[1] = —0.54
yl4] = —0.9y[2] = —0.027

y[2n] = —09y[2n — 2] = (—0.9)" 2 % (—0.027)

y2n+1] = —09y[2n — 1] = (-0.9)" "% (-0.54)

The stem plot of y[n] is shown in Figure 3, and the code to produce this plot is shown
in Figure 1.

9. [McClellan et al. #1.2] We have y[n] = 1.63y[n—1]—0.81y[n—2]+z[n]+0.5z[n—1],
assuming initial rest, the first few (non-negative time) response to an impulse is given

by
ylo] = z[0]=1
y[1] = 0.5z[0] + 1.63y[n — 1] = 2.1305
y[2] = 1.63y[1] — 0.81y[0] = 2.6636
y[3] = 1.63y[2] — 0.81y[1] = 2.6173z
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Figure 3: Stem plot for [MC] 1.1
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Figure 4: Stem plot for [MC] 1.2
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