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HANDWRITTEN DIGIT RECOGNITION

The problem we’re trying to solve here is to classify grayscale images of

handwritten digits (28 % 28 pixels) into their 10 categories (0 through 9).
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CONCEPTS USED IN CLASSIFICATION PROBLEMS

ool s 8018 o T4 ol (540 gad S S (glddubs

\\ Prepared by Kazim Fouladi | Spring 2025 | 4t Edition

=
\op o
S N



ud-l:i‘g.:tc.\-wé e@j u_w‘..\.ﬁ.t‘)l.:\

HANDWRITTEN DIGIT RECOGNITION
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MNIST sample digits

The MNIST dataset comes preloaded in Keras,
in the form of a set of four Numpy arrays.
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Loading the MNIST dataset in Keras

from tensorflow.keras.datasets import mnist
(train_images, train_labels), (test images, test labels) =
mnist.load data()

>>> train_images.shape

(60000, 28, 28)

>>> len(train_labels)

60000

>>> train_labels

array([5, 0, 4, ..., 5, 6, 8], dtype=uint8)

>>> test images.shape

(10000, 28, 28)

>>> len(test _labels)

10000

>>> test labels

array([7, 2, 1, ..., 4, 5, 6], dtype=uint8)
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The network architecture

from tensorflow import keras

from tensorflow.keras import layers

model = keras.Sequential(][
layers.Dense(512, activation="relu"),
layers.Dense(10, activation="softmax")

Iy
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The compilation step

model.compile(optimizer="rmsprop",
loss="sparse_categorical_crossentropy"”,
metrics=["accuracy"])
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Preparing the image data

train_images = train_images.reshape( (60000, 28 * 28))
train_images = train_images.astype("float32") / 255
test images = test images.reshape((10000, 28 * 28))
test images = test images.astype("float32") / 255

Preparing the labels

from keras.utils import to_categorical
train_labels = to categorical(train_labels)
test labels = to_categorical(test labels)
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>>> model.fit(train_images, train_labels, epochs=5, batch size=128)

Epoch 1/5

60000/60000 [===========================] - 5s - loss: 0.2524 - acc: 0.9273
Epoch 2/5

51328/60000 [=====================>..... ] - ETA: 1s - loss: 0.1035 - acc: 0.9692

>>> test digits = test images[0:10]

>>> predictions = model.predict(test digits)

>>> predictions[@]

array([1.0726176e-10, 1.6918376e-10, 6.1314843e-08, 8.4106023e-06,
2.9967067e-11, 3.0331331e-09, 8.3651971e-14, 9.9999106e-01,
2.6657624e-08, 3.8127661e-07], dtype=float32)
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Each number of index i in that array corresponds to the probability that digit image
test digits[0] belongs to class i.

This first test digit has the highest probability score (0.99999106, almost 1) at
index 7, so according to our model, it must be a 7:

>>> predictions[0] .argmax ()
7

>>> predictions[0] [7]

0 9598997 the

We can check that the test label agrees:

>>> test labels[0]
i)

On average, how good 1s our model at classifying such never-before-seen digits? Let’s
check by computing average accuracy over the entire test set.
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Evaluating the model on new data

>>> test loss, test acc = model.evaluate(test images, test labels)
>>> print(f"test _acc: {test _acc}")
test _acc: 0.9785

overfitting
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nbviewer
deep-learning-with-python-notebooks chapter(2_mathematical-building-blocks.ipynb

This is a companion notebook for the book Deep Learning with Python, Second Edition. For readability, it only contains runnable code blocks and section titles, and omits

everything else in the book: text paragraphs, figures, and pseudocode.
If you want to be able to follow what's going on, | recommend reading the notebook side by side with your copy of the book.

This notebook was generated for TensorFlow 2.6.

The mathematical building blocks of neural networks

A first look at a neural network
Loading the MNIST dataset in Keras

In [@]: from tensorflow.keras.datasets import mnist
(train_images, train_labels), (test images, test_labels) = mnist.load data()

In [@]: train_images.shape
In [@]: len(train_labels)
In [@]: train_labels

In [@]: test_images.shape
In [@]: len(test_labels)
In [@]: test_labels

The network architecture

In [@]: From tensorflow import keras
from tensorflow.keras import layers
model = keras.Sequential([
layers.Dense(512, activation="relu"),
layers.Dense(1®, activation="softmax")

i)

https://nbviewer.org/github/fchollet/deep-learning-with-python-
notebooks/blob/master/chapter02_mathematical-building-blocks.ipynb
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>>> import numpy as np
>>> X = np.array(12)
>>> X

array(12)

>>> X.ndim

0

(ndim - )C"""“JJA'AJA"ACS‘J‘J‘JJ‘S‘“‘JMG
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VECTORS (1D TENSORS)
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>>> X = np.array([12, 3, 6, 14])
>>> X

array([12, 3, 6, 14])

>>> X.ndim

1

.ol (4-dimensional vector) gaas ¥ Hla s S 358 JBo

(ndim - )CA—LU‘JJM&S:‘(S‘J‘J ctsda_}—cszs‘)d.uall:\
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>>> x = np.array([[5, 78, 2, 34, 0],
[6, 79, 3, 35, 1],
[7, 80, 4, 36, 2]])

>>> X.ndim

2

el slael B J g So s il

(ﬂdim == )CA..«..«J‘JJA.AJJ CS‘J“J cuu:“):\l.a ‘GAA:‘_JJJJMSG
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3D TENSORS AND HIGHER-DIMENSIONAL TENSORS

>>> x = np.array([[[5, 78, 2, 34, @],
[6, 79, 3, 35, 1],
[7, 80, 4, 36, 2]],
[[5, 78, 2, 34, 0],
[6, 79, 3, 35, 1],
[7, 80, 4, 36, 2]],
[[5, 78, 2, 34, 0],
[6, 79, 3, 35, 1],
[7, 80, 4, 36, 2]]])

>>> X.ndim

3



KEY ATTRIBUTES

ndim

LS o Gl |y 55wl 5 sae 5o aldiel Hu alasl slaal S S e pBuis SO
shape eg. (3,5) (3,3,5) (5,) Q)

258l L3 8 9 5o slasala g o
dtype eg. uint8 float32 float64

L35 g ool o uids char g g 51 5l
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KEY ATTRIBUTES

from keras.datasets import mnist

(train_images, train_labels), (test images, test labels)
>>> print(train_images.ndim)

3

>>> print(train_images.shape)

(60000, 28, 28)

>>> print(train_images.dtype)

uint8

mnist.load data()
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Displaying the fourth digit

digit = train_images[4]

import matplotlib.pyplot as plt

plt.imshow(digit, cmap=plt.cm.binary)

plt.show()
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MANIPULATING TENSORS IN NUMPY
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>>> my_slice = train_images[10:100]
>>> print(my_slice.shape)
(90, 28, 28)

Equivalent to the

>>> my slice = train images[10:100, :, :] previous example

>>> my_ slice.shape
(90, 28, 28) Also equivalent to the

>>> my_slice = train_images[10:100, 0:28, 0:28] qJ previous example
>>> my_slice.shape
(90, 28, 28)

my slice = train_images[:, 14:, 14:]

train_images[:, 7:-7, 7:-7]

my slice

L
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THE NOTION OF DATA BATCHES

(é:\.A.C. L;‘)::SJ‘:: BE) saldil S50 L;LAAJ‘J e gano yd
.l (samples axis) Ladd gad  gae ) 55 5 gae (s

LS s g0 8800 ASd 4 Glo s s (B 510 5 () e 4S Lasala 3 (glae sans !

# one
batch

# the
batch

# the
batch
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batch of our MNIST digits, with batch size of 128 (index: ©..127)
= train_images[:128]

second batch of our MNIST digits, with batch size of 128
= train_images[128:256]

n-th batch of our MNIST digits, with batch size of 128
= train_images[128 * n:128 * (n + 1)]

. S o (batch dimension) diuws sas L (batch axis ) diuws ygae (5 5uils S5l 5 9ae 4
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REAL-WORLD EXAMPLES OF DATA TENSORS

PS4 g0 slas sl
(samples, features)

IS8 4 gt gla, pusls
(samples, timesteps, features)

sladSd © san s lia la) 5wl
(samples, height, width, channels)
(samples, channels, height, width)

GladSd © garnpiy sl 5l
(samples, frames, height, width, channels)
(samples, frames, channels, height, width)
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Timeseries Data / Sequence Data

LA 3 g

Images
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Video
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features <<
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TIMESERIES DATA OR SEQUENCE DATA

[ &by LG s sLasuls
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Timeseries Data / Sequence Data

S8 4 g sla, suils
(samples, timesteps, features)

Features

/ Samples

. J
Y

Timesteps
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IMAGE DATA

sladsd g g slaj sl
(samples, height, width, channels)
(samples, channels, height, width)

LA 3 g

Images

Color channels/ |
/
Height < B
Samples
-
N\ J

Y
Width

A 4D 1mage data tensor (channels-first convention) [Theano]
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VIDEO DATA
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(samples, frames, height, width, channels) ii;j
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(samples, frames, channels, height, width)

A video can be understood as a sequence of frames, each frame being a color image.
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THE GEARS OF NEURAL NETWORKS: TENSOR OPERATIONS

29959 Sbilae 51 (Ko oS ste sans 4 Lles 5 elS (el 58 € G K Len
23998 sl 9,0 oo 2
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il als

output = relu(dot(W, input) + b)
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ELEMENT-WISE OPERATIONS
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def naive_relu(x):
assert len(x.shape) == 2 <—— xis a 2D Numpy tensor.

x = x.copy() <+—— Avoid overwriting the input tensor.
for 1 in range(x.shape[0]):
for j in range(x.shape[l]):
x[1, J] = max(x[i, J], 0)

return x

def naive_add(x, vy): x and y are 2D
assert len(x.shape) == Numpy tensors.
assert x.shape == y.shape

X = >l<.<l:opy() Avoid overwriting
for i in range(x.shape[0]): the input tensor.

for j in range (x.shapel[l]):
x[1, j1 += y[i, JI
return x

e,
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import numpy as np

Z =X + Yy <+—— Element-wise addition

z = np.maximum(z, 0.) <—— Element-wise relu

e,
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BROADCASTING
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oeesBNAIML B 558 o Gl 85 S 5l 4 (broadcast axes : jiay slasoe) (Lo sme )

Ex. Consider X with shape (32, 10) and y with shape (10,).

First, we add an empty first axis to y, whose shape becomes (1, 10).

Then, we repeat y 32 times alongside this new axis,

so that we end up with a tensor Y with shape (32, 10), where Y[ 1, :] == y for i in range(0, 32).
At this point, we can proceed to add X and Y, because they have the same shape.
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BROADCASTING

7

9

—4

-3

—2

—4| 6

-3 7

-2 8

6

7

8

A+ B

C

5

5

5

-5

)

-5

-5/ 5

—5| 5

—5| 5

5

5

5

5

-5

—5| 5

5

Broadcasted
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def naive_add matrix_and vector (x, V): J x is a 2D Numpy tensor.

<
<+——y is a Numpy vector.

assert len(x.shape) == 2
assert len(y.shape) == 1
assert x.shapel[l] == y.shapel0]

X = xX.copy ()
for 1 in range(x.shape[0]):
for j in range(x.shape[l]):
x[1, J] += yI[3]]
return x

Avoid overwriting
the input tensor.
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BROADCASTING

With broadcasting, you can generally apply two-tensor element-wise operations
if one tensor has shape (a, b, .. n, n + 1, .. m)
and the other has shape (n, n + 1, .. m).
The broadcasting will then automatically happen for axes a through n - 1.

1mport numpy as np X is a random tensor with

X = np.random.random( (64, 3, 32, 10)) shape(64,3,32,10).

= np.random.rand 32, 10 i
y = np.random.random( ( )) y is a random tensor

z = np.maximum(x, v) Q_‘ with Shape (32, 10).

The output z has shape
(64, 3, 32, 10) like x.
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import numpy as np
z = np.dot(x, y)

L2l solSula b
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TENSOR DOT

def naive_vector_ dot(x, Vv):

assert len(x.shape) == 1

x and y are Numpy vectors.
assert len(y.shape) == 1
assert x.shape[0] == vy.shapel[0]

z = 0.

for 1 in range(x.shape[0]):
z += x[1] * yI[1]

return z
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TENSOR DOT

import numpy as np x is a Numpy matrix.

def naive_matrix_vector_dot
assert len(x.shape) =

[l
=N~

y is a Numpy vector.
assert len(y.shape) ==

assert x.shapel[l] == y.shape[0]
The first dimension of x must be the

z = np.zeros(x.shape[0]) same as the Oth dimension of y!
for 1 in range(x.shape[0]):
for j in range (x.shape[l]): This operation returns a vector of
z[1] += x[1, J1 * yI[3] Os with the same shape as y.

return z

def naive matrix_vector_dot (x, V):
z = np.zeros (x.shapel[0])
for 1 in range(x.shape[0]) :
z[1] = naive_vector_ dot(x[i, :], Vy)
return =z

il
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TENSOR DOT

def naive_matrix_dot(x, y

” ~
oo

The first dimension of x must be the

xandy assert len(x.shape) == 2 . . |
are assert len(y.shape) == 2 same as the Oth dimension of y!
.sh 1] == y.sh . . .
Nu.mpy assert x.shapell] y.shapel0] - This operation returns a matrix
matrices. : :
z = np.zeros ((x.shapel[0], y.shapell])) of Os with a specific shape.
for i in range(x.shape[0]): <+ Iterates over the rows of x ...
for j in range(y.shape[l]): <—— ... and over the columns ofy.
row x = x[i, :]

column_vy = v[:, 7]
z[1, Jj] = naive_vector_dot(row_x, column_y)
return =z
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>>> x = np.array([[0., 1.],

[2., 3.],
[4., 5.]]
>>> print
(3, 2)

>>> x = X.reshape((6, 1))

>>> X

array([[ ©.],
1.],

-1,
15
-1,
-11)
X =
X
array([[ o., 1., 2.],
[ 3., 4., 5.1])

—

x.reshape((2, 3))
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>>> x = np.zeros ((300, 20)) Creates an all-zeros matrix

>>> X = np.transpose(x) of shape (300 20)
>>> print (x.shape) ’

(20, 300)
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Horizontal factor + X]
A o Vertical factor y

Vertical factor | Figure 2.9 2D
! > translation as a

Horizontal factor ‘e
vector addition

In general, elementary geometric operations such as translation, rotation, scaling,
skewing, and so on can be expressed as tensor operations. Here are a few examples:

Translation: As you just saw, adding a vector to a point will move the point by a
fixed amount in a fixed direction. Applied to a set of points (such as a 2D
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object), this is called a “translation” (see figure 2.9).
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Figure 2.10 2D rotation
> (counterclockwise) as a
dot product

\ Theta

Rotation: A counterclockwise rotation of a 2D vector by an angle theta (see fig-
ure 2.10) can be achieved via a dot product with a 2 x 2 matrix R = [ [cos (theta) ,
-sin(theta)], [sin(theta), cos(theta)]].
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Figure 2.11
2D scaling as a
dot product

Scaling: A vertical and horizontal scaling of the image (see figure 2.11) can be
achieved via a dot product with a 2 x 2 matrix S = [[horizontal factor, 0],
[0, vertical factor]] (note that such a matrix is called a “diagonal matrix,”
because it only has non-zero coefficients in its “diagonal,” going from the top
left to the bottom right).
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Figure 2.12 Affine
transform in the plane

Linear transform: A dot product with an arbitrary matrix implements a linear
transform. Note that scaling and rotation, listed previously, are by definition lin-
ear transforms.

Affine transform: An affine transform (see figure 2.12) is the combination of a
linear transform (achieved via a dot product with some matrix) and a transla-
tion (achieved via a vector addition). As you have probably recognized, that’s
exactly the y =W x + b computation implemented by the Dense layer! A Dense
layer without an activation function is an affine layer.
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Figure 2.13 Affine

transform followed by
relu activation

Dense layer with relu activation: An important observation about affine trans-
forms is that if you apply many of them repeatedly, you still end up with an
affine transform (so you could just have applied that one affine transform in
the first place). Let’s try it with two: affine2 (affinel(x)) = W2 o (Wle x + b1)
+b2 = (W2 e W1l) e x+ (W2 e bl +Db2). That’s an affine transform where the linear
part is the matrix W2 e W1 and the translation part is the vector W2 e bl + b2.
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Chapter 2

e,

The mathematical
building blocks
of neural networks

This chapter covers
= A first example of a neural network
= Tensors and tensor operations

= How neural networks leamn via backpropagation
and gradient descent

Understanding deep learning requires familiarity with many simple mathematical
concepts: tensors, tensor operations, differentiation, gradient descent, and so on. Our goal
in this chapter will be to build up your intuition about these notions without get-
ting overly technical. In particular, we'll steer away from mathematical notation,
which can introduce unnecessary barriers for those without any mathematics back-
ground and isn’t necessary to explain things well. The most precise, unambiguous
description of a mathematical operation is its executable code.

To provide sufficient context for introducing tensors and gradient descent, we'll
begin the chapter with a practical example of a neural network. Then we’ll go over
every new concept that's been introduced, point by point. Keep in mind that these
concepts will be essential for you to understand the practical examples in the fol-
lowing chapters!




