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LRVwQ %q=@ x@ u}}=B |x} RHD
Bottom-Up Parsing: LR Methods 9

LR |=yVwQ %xtOkt 1»9

"OvW=@|t (parse) x} RHD p@=k OQo@ka uwO@ xm OvDUy =yQt=Qo R= xO=wv=N u} QD|twta LR |=yQt=Qo
x=ov =@ =yvD u=wD@ ’CU=Q x@ AJ CtU R= xDWQ V} wB R= xrLQt Qy QO Qo = CU= LR(k) ’G Qt=Qo
"Owtv u}}aD =Q s=o u; QO u} QDCU=Q j=kDW= QO xDiQ Q=m x@ |xOa=k ’|Q=H |OwQw umwD k x@ uOQm

L R (k)
ւ ↓ ց

OwW|t Ci=} QO CU=Q x@ AJ R= |OwQw OvwW|t xDN=U u} QDCU=Q |=yj=kDW= xrLQt Qy QO umwD k
Left-to-right scanning Right-most derivation

"OvDUy LR |=yQt=Qo R= |[Lt |xawtHtQ} R LL |=yQt=Qo
"OvwW|t s}UkD CLR w LALR ’SLR VwQ xU x@ CQOk ?}DQD x@ ’LR |x} RHD |=yVwQ

(SLR) xO=U LRVwQ 2»9

’VwQ u}= u=}@ |=Q@ "OW=@|t “simple LR %xO=U LR” SLR VwQ ’LR |x} RHD VwQ u} QD|}=OD@=
"s} Q}o|t |B =Q sRq |=yh} QaD w C=tOkt

LR(0) sD}; 1»2»9

l} u; CU=Q CtU R= u=mt l} QO xm CU= G R= O}rwD |xOa=k l} ’G Qt=Qo R= LR(0) sD}; l}
"CU= xDiQo Q=Qk x]kv

A → α • β, η = αβ, A → η ∈ P (G)

CU= xOW xOv=wN xDWQ R= uwvm =D xJv; ’|Q=H |=xrtH sQi QO xm CU= u}= A → α • β sD}; R= Qw_vt
"O@=} j@=]D x]kv R= Oa@VN@ =@ |OwQw |xt=O= OwQ|t Q=_Dv= w CU= xDi=} j@=]D x]kv R= p@kVN@ =@

1



(SLR) xO=U LR VwQ 2

A → α • β CQwY x@ LR(0) sD}; R= l}D=tW Q}@aD %1»9 pmW

H
p=Ft

"Ovm|t O}rwD =Q LR(0) sD}; Q=yJ A → XY Z O}rwD |xOa=k

A → •XY Z

A → X • Y Z

A → XY • Z

A → XY Z•

N

"Ovm|t O}rwD =Q (A → •) LR(0) sD}; l} =yvD A → ǫ O}rwD |xOa=k %xDmv

LR(0) uwD=twD; 2»2»9

"OwW|t |}=U=vW (DFA) uwD=twD; l} ltm x@ xrLQt Qy QO xQ}oDUO ’LR |=yVwQ QO
"OOQo|t xO=iDU= DFA u}= CN=U |=Q@ =ysD}; R=

"OwW|t |Ov@xDUO xwQo l} QO OvyO|tV}=tv =Q |v=Um} C}a[w xm |}=ysD}; •

"OyO|t u=Wv =Q DFA R= Cr=L l} =yxawtHt u}= R= s=Om Qy •

(Closure) Q=DU@ C=}rta

CU=ysD}; R= |xawtHtl} R}v closure(I) ’OW=@ G Qt=Qo LR(0) |=ysD}; R= xawtHtl} I Qo =
%OwW|t x@U=Lt Q} R CQwY x@ xm

"OwW|t xi=[= closure(I) x@ I =OD@= QO “1
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3 LR VwQ %q=@ x@ u}}=B |x} RHD

w “B |xv=}=B=v l} R= p@k x]kv” A → α • Bβ ∈ closure(I) Qo = “2
’Ow@ OwHwt G QO B → γ |xOa=k

"OwW|t xi=[= closure(I) x@ B → •γ sD}; x=ou;

"OwWv xi=[= closure(I) x@ |R}J Qo}O =D s}vm|t Q=QmD QOku; =Q jwi |xOa=k “3

"OW=@ j=kDW= p@=k Bβ R= |OwQw |xt=O= xm s} Q=O Q=_Dv= ’A → α •Bβ ∈ closure(I) Qo =
R= |OwQw |xt=O= xm CW=O Q=_Dv= u=wD|t xm CU= |y}O@ ’OW=@ OwHwt Qt=Qo QO B → γ Qo = p=L

"OW=@ j=kDW= p@=k γ

R= pY=L |=ysD}; |x}rm ’CW=O Q=Qk xv=}=B=vl} R= p@k x]kv I |xawtHt |=ysD}; R= |m} QO Qo =
"OwW|t xi=[= closure(I) x@ =yv; CU=Q CtU |=OD@= QO x]kv uDiQo Q=Qk =@ xv=}=B=v u; Oa=wk

H
p=Ft

%s}vm|t xOy=Wt =Q closure ‘@=D |x@U=Lt R= |=xvwtv ’Q} R Qt=Qo |=Q@

E′ → E$

E → E + T

E → T

T → T ∗ F

T → F

F → (E)

F → id

closure({E′ → •E$}) = {E′ → •E$,

E → •E + T,

E → •T,

T → •T ∗ F,

T → •F,

F → •(E),

F → •id}

N

(Goto) x@ wQ@ C=}rta

’OW=@ Qt=Qo O=tv l} X w =ysD}; R= |=xawtHt I Qo =
QO xm CU= A → αX • β CQwY x@ =ysD}; |xty |xawtHt Q=DU@ goto(I,X) CQwY u}= QO

"OQ=O Q=Qk I QO A → α • Xβ u;

A → α • Xβ ∈ I ⇒ closure({A → αX • β}) ⊆ goto(I,X)

’OW=@ CU=Q |=xrtH sQi l} R= γ OvwW}B |=Q@ R=Ht |=ysD}; |xawtHt I Qo =
"CU= γX OvwW}B |=Q@ R=Ht |=ysD}; |xawtHt goto(I,X) CQwY u}= QO

x@ x]kv p=kDv= =@ ’CU= xDiQo Q=Qk X R= p@k x]kv =yv; QO xm I |xawtHt QO OwHwt |=ysD}; |x}rm
"OwW|t x@U=Lt I ′ O}OH |xawtHt Q=DU@ w OvwW|t xi=[= I ′ = goto(I,X) x@ X R= Oa@
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(SLR) xO=U LR VwQ 4

H
p=Ft

%O}vm|t xOy=Wt =Q Q} R Qt=Qo |=Q@ x@ wQ@ ‘@=D |x@U=Lt R= |=xvwtv

E′ → E$

E → E + T

E → T

T → T ∗ F

T → F

F → (E)

F → id

goto({E′ → E • $, E → E • +T},+) =

closure({E′ → E + •T}) = {

E → E + •T,

T → •T ∗ F,

T → •F,

F → •(E),

F → •id}

N

LR(0) |DFA CN=U

%OwW|t xDN=U Q} R CQwY x@ w CU= sD}; xawtHt l} |w=L DFA Cr=L Qy

"CU= closure({S′ → •S$}) ‘wQW Cr=L •

CQwY x@ I Cr=L x@ \w@ Qt |xawtHt |=ysD}; R= |m} QO xm X O=tv Qy |=R= x@ •

A → α • Xβ

"OwW|t O=H}= X ?UJQ@ =@ QPo l} goto(I,X) w I u}@ ’OQ=O Q=Qk

xO}UQ =yDv= x@ x]kv” OQ=O Q=Qk S′ → S • $ sD}; u; QO xm CU= |Dr=L ’DFA |}=yv Cr=L •

"“CU=

"OyO|t u=Wv =Q Qt=Qo l} Q}PB wtv |=yOvwW}B LR(0) uwD=twD;
|xDWB |q=@ QO Ov=wD|t xm CU=Q |=xrtH sQi l} OvwW}B %(viable prefix) Q}PB wtv OvwW}B

"OwW Qy=_ Qox} RHD

s}U} wv@ =Q Q_=vDt s_vt CQ=@a ’pY=L DFACr=L Qy |=Q@ xJv=vJ ’Cio u=wD|t Qo}O CQ=@a x@
u}= QO ’“OvDUy xOy=Wt p@=k Cr=L u; =D u} R=e; Cr=L R= ‘wQW =@ xm |}=yxDWQ |xawtHt |va}”
xJ ’CW=O Q=Qk Cr=L u; |xQ=tW xDWB |q=@ QO x=o Qy xm OyO|t u=Wv s_vt CQ=@a u}= CQwY
’Cr=L |xQ=tW ’‘k=w QO "OW=@ xDW=O OwHw xDWB Q} R QO Ov=wD|t CU=Q |=xrtH sQi R= |}=yOvwW}B

"Ovm|t Om OwN QO =Q xDWB Q} R OQwt QO sRq C=aq]= |x}rm
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5 LR VwQ %q=@ x@ u}}=B |x} RHD

H
p=Ft

%Qt=Qo |=Q@

E′ → E$

E → E + T

E → T

T → T ∗ F

T → F

F → (E)

F → id

%O};|t CUO x@ Q} R CQwY x@ LR(0) uwD=twD;

I0
�

E’ −> .E
�

E −> . E+T
E −> .T
T −> .T*F
T −> .F
F −> .(E)
F −> .id

I1
E −> E+ . T

�

T −> . T*F
T −> .F
F −> .(E)
F −> .id

I6
�

E −> E+T.
�

T −> T.*F

I9
�

I
T −> T*F .

�
10

T −> T*.F
�

F −> .(E)
F −> . id

I7
�

I
E −> T.
�

T −> T.*F

2
�

T −> F .
�

I3
�

F −> ( E ) .
�

I11I
F −> ( E . )

�

E −> E . + T

8
	I

F −> ( . E )
�

E −> . E + T
E −> .T
T −> . T * F
T −> . F
F −> . ( E )
F −> . id

4



I
F −> id .
� 5

�

E
�

+ T
�

*

F
�

(

id
�T

�

*
F

�

(

id
�

F
�(id

�

id
�

(

E
�

T
�

F
�

)


+

I7
�

I4



I5
�

I

I
I6

�2
�

3
�

I3
�

I5
�
I4




E’ −> E.
�

E −> E . + T

N
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(SLR) xO=U LR VwQ 6

|rm Cr=L QO LR Qox} RHD pOt 3»2»9

INPUT id + id $

STACK

sm

Xm

sm−1

. . .

X1

s0

OUTPUT
LR Parser

Program

Action | Goto

LR Qox} RHD pOt %2»9 pmW

%R= OvDQ=@a LR Qox} RHD |=RH=

"OwW|t sDN $ x@ u; |=wDLt xm (Input Buffer) |OwQw Qi=@ •

"CU=yCr=L w =yxv=}=B=v ’=yxv=}=B R= |@}DQD |w=L xm (Parser Stack) Qox} RHD |xDWB •

"CU= Goto w ActionVN@ wO R= pmWDt xm (Parsing Table) x} RHD pwOH •

"OwW|t pQDvm u; \UwD Qox} RHD xm (Parsing Program) x} RHD |xt=vQ@ •

|rm Cr=L QO LR |x} RHD sD} Qwor= 4»2»9

%u; QO xm CU= s0X1s1 . . . sm−1Xmsm CQwY x@ |=xDWQ xDWB |=wDLt

&CU= Qt=Qo O=tv l} Xi •

"Ovm|t xYqN =Q OwN Q} R QO xDWB C=aq]= xm CU= (state) Cr=L l} si •

"OwW|t xO=iDU= x} RHD pwOHT}Ov= u=wva x@ |Q=H umwD w xDWB |q=@ Cr=L ?}mQD
w xDWB |=wDLt ?}mQD R= xm CU= GwR l} ’LR Qox} RHD l} (configuration) |Ov@ Qm}B

%OwW|t xDN=U |OwQw |xOv=t}k=@

(s0X1s1 . . . sm−1Xmsm, aiai+1 . . . an$)

%OwW|tXNWt x} RHD pwOH j@=]t w (sm, ai) GwR T=U= Q@ ’Qox} RHD C=}rta R= s=o Qy

Qo = •
Action[sm, ai] = shift(sj)
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7 LR VwQ %q=@ x@ u}}=B |x} RHD

%u; |q=@ QO sj uO=O Q=Qk w xDWB |q=@ x@ ai Ci}W %OwW|t s=Hv= Ci}W pta x=ou;

(s0X1s1 . . . sm−1Xmsm, aiai+1 . . . an$) 7→ (s0X1s1 . . . sm−1Xmsmaisj , ai+1 . . . an$)

Qo = •
Action[sm, ai] = reduce(A → β)

R= O=tv 2r Qox} RHD ’r = |β| w s = goto(sm−r, A) Qo = %OwW|t s=Hv=Vy=m pta x=ou;
%OyO|t Q=Qk xDWB |q=@ QO =Q sTBU w A w “Qt=Qo O=tv r w Cr=L r” Ovm|t hPL xDWB |q=@

(s0X1s1 . . . sm−1Xmsm, aiai+1 . . . an$) 7→ (s0X1s1 . . . sm−1Xm−rsm−rAs, aiai+1 . . . an$)

Qo = •
Action[sm, ai] = error

"Ovm OQwNQ@ =]N =@ O}=@ w OwW|t xH=wt =]N l} =@ Qox} RHD

Qo = •
Action[sm, $] = accept

"Ovm|t hkwD jiwt Qw] x@ Qox} RHD

x} RHD pwOH CN=U 5»2»9

%OwW|t xDN=U Q} R Oa=wk R= xO=iDU= =@ xm OyO|tV}=tv =Q DFA OQmrta ’SLR |x} RHD pwOH

"Action[i, a] = shift(j) CQwY u}= QO goto(Ii, a) = Ij Qo = •

"Action[i, a] = reduce(A → α) s} Q=O a ∈ Follow(A) Qy |=Q@ ’A → α• ∈ Ii Qo = •

"Action[i, $] = accept s} Q=O ’S′ → S • $ ∈ Ii Qo = •

"Goto[i, A] = j s} Q=O ’goto(Ii, A) = Ij Qo = •

"CU= error |w=L xv=N u; ’OWv QB jwi Oa=wk =@ pwOH R= |=xv=N Qo = •

"OQ=O OwN QO =Q S′ → •S$ sD}; xm CU= |Dr=L ’u} R=e; Cr=L •

"CU}v SLR Qt=Qo u; ’OW=@ pN=OD |w=L |Qt=Qo |=Q@ x} RHD pwOH Qo =

H
p=Ft

Qt=Qo |=Q@

E′ → E$ (0)

E → E + T (1)

E → T (2)

T → T ∗ F (3)

T → F (4)

F → (E) (5)

F → id (6)
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(SLR) xO=U LR VwQ 8

%O};|t CUO x@ Q} R CQwY x@ SLR |x} RHD pwOH

Action Goto

State id + ∗ ( ) $ E T F

0 s5 s4 1 2 3

1 s6 acc

2 r2 s7 r2 r2

3 r4 r4 r4 r4

4 s5 s4 8 2 3

5 r6 r6 r6 r6

6 s5 s4 9 3

7 s5 s4 10

8 s6 s11

9 r1 s7 r1 r1

10 r3 r3 r3 r3

11 r5 r5 r5 r5

%CU= xDiQ Q=m x@ Q} R |=yO=OQ=Qk ’jwi pwOH |}=tvR=@ QO

sn ≡ shift(n) rm ≡ reduce(m), m = Rule-Number(A → β)

N

H
p=Ft

%OwW|t =QH= Q} R CQwY x@ ’p@k p=Ft Qt=Qo w pwOH R= xO=iDU= =@ id ∗ id + id |xDWQ LR |x} RHD

Stack Input Action

0 id ∗ id + id$ shift

0 id 5 ∗id + id$ reduce(F → id)

0 F 3 ∗id + id$ reduce(T → F )

0 T 2 ∗id + id$ shift

0 T 2 ∗ 7 id + id$ shift

0 T 2 ∗ 7 id 5 +id$ reduce(F → id)

0 T 2 ∗ 7 F 10 +id$ reduce(T → T ∗ F )

0 T 2 +id$ reduce(E → T )

0 E 1 +id$ shift

0 E 1 + 6 id$ shift

0 E 1 + 6 id 5 $ reduce(F → id)

0 E 1 + 6 F 3 $ reduce(T → F )

0 E 1 + 6 T 9 $ reduce(E → E + T )

0 E 1 $ accept

N
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9 LR VwQ %q=@ x@ u}}=B |x} RHD

H
p=Ft

u=Wv s=o x@ s=o CQwY x@ ’xvwtv Qt=Qo l} |=Q@SLR(1) |x} RHD pwOH w LR(0) uwD=twD; CN=U
"OwW|t xO=O

S′ → S$

S → (L)

S → id

L → S

L → L, S

%O};|t CUO x@ S′ → •S$ sD}; Q=DU@ R= ’uwD=twD; Cr=L u}DUNv

S’ → .S$

S → .(L)

S→ .id

xm Qt=Qo |=yO=tv |x}rm |=Q@ Q=m u}= "OQm O=H}= |Oa@ |=yCr=L x@ Cr=L u}DUNv R= =Q =yQPo O}=@ p=L
%S |=Q@ =OD@= "OwW|t s=Hv= ’CU= xDiQo Q=Qk x]kv =yv; R=V}B CUNv Cr=L QO

S’ → .S$

S → .(L)

S→ .id

S’ → S.$
S

%(TBU w

S → (.L)

L→ .S

L→ .L, S

S → .(L)

S→ .id

S’ → .S$

S → .(L)

S→ .id

S’ → S.$
S

(

%id u}vJty w
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(SLR) xO=U LR VwQ 10

S → (.L)

L→ .S

L→ .L , S

S → .(L)

S→ .id

S’ → .S$

S → .(L)

S→ .id

S’ → S.$
S

(

S→ id.

id

State 1

State 2

State 3

State 0

%s} Q=O State 2 |=Q@ .OwW|t Q=QmD R}v =yCr=L Q}=U |=Q@ Ov}=Qi u}=

S → (.L)

L→ .S

L→ .L , S

S → .(L)

S→ .id

S’ → .S$

S → .(L)

S→ .id

S’ → S.$
S

(

S→ id.

id

State 1

State 2

State 3

State 0

S → (L.)

L→ L. , S

State 4

L

L→ S.

State 5

S

(

id

%State 4 Cr=L |=Q@TBU w

S → (.L)

L→ .S

L→ .L , S

S → .(L)

S→ .id

S’ → .S$

S → .(L)

S→ .id

S’ → S.$
S

(

S→ id.

id

State 1

State 2

State 3

State 0

S → (L.)

L→ L. , S

State 4

L

L→ S.

State 5

S

(

id

S → (L).

)

State 6
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11 LR VwQ %q=@ x@ u}}=B |x} RHD

id

(

State 8

S

S → (.L)

L→ .S

L→ .L , S

S → .(L)

S→ .id

S’ → .S$

S → .(L)

S→ .id

S’ → S.$
S

(

S→ id.

id

State 1

State 2

State 3

State 0

S → (L.)

L→ L. , S

State 4

L

L→ S.

State 5

S

(

id

S → (L).

)

State 6

L→ L ,.S

S → .(L)

S→ .id

State 7

,

L→ L , S.

%s}UQ|t Q} R uwD=twD; x@ C}=yv QO

, $ S L

id

(

State 8

S

S → (.L)

L→ .S

L→ .L , S

S → .(L)

S→ .id

S’ → .S$

S → .(L)

S→ .id

S’ → S.$
S

(

S→ id.

id

State 1

State 2

State 3

State 0

S → (L.)

L→ L. , S

State 4

L

L→ S.

State 5

S

(

id

S → (L).

)

State 6

L→ L ,.S

S → .(L)

S→ .id

State 7

,

L→ L , S.

1 S’ → S$

2 S → (L)

3 S→ id

4 L→ S

5 L→ L, S

’Q} R CQwY x@ Qt=Qo Oa=wk |Q=PoxQ=tW =@

S′ → S$ (1)

S → (L) (2)

S → id (3)

L → S (4)

L → L, S (5)

%s} Qw;|t CUO x@ =Q Q} R SLR |x} RHD pwOH
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(SLR) xO=U LR VwQ 12

Action Goto

State ( ) id , $ S L

0 s2 s3 1

1 acc

2 s2 s3 5 4

3 r3 r3 r3

4 s6 s7

5 r4 r4

6 r2 r2 r2

7 s2 s3 8

8 r5 r5

N

H
p=Ft

%s} Q}o|t Q_v QO =Q Q} R Qt=Qo

E′ → E$, E → E + a, E → a

%O};|t CUO x@ Q} R CQwY x@ Qt=Qo u}= |=Q@ LR(0) uwD=twD;
0
E′

→ •E$
E → •E + a
E → •a

1
E′

→ E • $
E → E • +a

3
E → E + •a

2
E → a•

4
E → E + a•

E +

a a

%CU= Q} R CQwY x@ u; |xOW xO=U pmW xm

0 1 3

2 4

E +

a a

%OW=@|t Q} R pwOH j@=]t uwD=twD; u}= |=yCr=L R= l} Qy =@ Q_=vDt s_vt CQ=@a

(0) ǫ

(1) E

(2) a

(3) E+

(4) E + a

|xQ=tW ’xDWB |q=@ QO |Dkw ’Qo}O CQ=@a x@ "OyO|t u=Wv =Q Qt=Qo u}= OWQ p@=k |=yOvwW}B |x}rm xm
Qy=_ Ov=wD|t |=xrtH sQi R= |OvwW}B xJ ’xDWB Q} R QO xm OyO|t u=Wv ’OQ}o Q=Qk =yCr=L u}= R= |m}

"s}v=O|t =Q xDWB Q} R |rai C}a[w ’|Q=H Cr=L |xQ=tW uDUv=O =@ |va} "OwW
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13 LR VwQ %q=@ x@ u}}=B |x} RHD

N

“SLR Q}e” xO=U LR Q}e |=yQt=Qo 6»2»9

"CU}v SLR Qt=Qo u; ’OW=@ pN=OD |w=L |Qt=Qo |=Q@ x} RHD pwOH Qo = ’OW xDio xm Qw] u=ty

H
p=Ft

%O} Q}o@ Q_v QO =Q Q} R LR(0) uwD=twD; w Qt=Qo

Augmented Grammar

S
′

→ S

S → L = R

S → R

L → ∗R

L → id

R → L

I0 : S′
→ .S

S → .L = R

S → .R
L → . ∗ R

L → .id
R → .L

I1 : S′
→ S.

I2 : S → L. = R

R → L.

I3 : S → R.

I4 : L → ∗.R
R → .L
L → . ∗ R

L → .id

I5 : L → id.

I6 : S → L = .R
R → .L
L → . ∗ R

L → .id

I7 : L → ∗R.

I8 : R → L.

I9 : S → L = R.

I0 I1

I6 I9I2

I3

I4

I5

I7

I8

L

R

*

id

L

L

id

S

R=

*

R

id

*

%CU=Vy=m » Ci}W pN=OD |=Q=O ’pY=L |x} RHD pwOH

I2 :

Action[2,=] = shift(6)

Action[2,=] = reduce(R → L), since =∈ Follow(R)

"CU}v SLR(1) Qt=Qo u}= ’u}=Q@=v@

Kazim Fouladi <kazim@fouladi.ir>, 2nd Edition, Fall 2014



(CLR) Ovtuwv=k LR VwQ 14

N

(CLR) Ovtuwv=k LRVwQ 3»9

l}Cr=L Qy "CU= LR |x} RHD VwQ u} QDOvtCQOk “Canonical LR %CLR” Ovtuwv=k LRVwQ
x@ Ov=wD|t |O=tv xJ ’Vy=m |=Q@ u=mt= l} OwHw CQwY QO xm OyO|t u=Wv “CLR” LR Qox} RHD

"OwW Qy=_ xQ}oDUO p=@vO

LR(1) sD}; 1»3»9

|v}@V}B |xawtHt L u; QO xm CU= Q} R CQwY x@ ?DQt GwR l} ’G Qt=Qo R= LR(1) sD}; l}
%OQ=O s=v (lookahead)

[A → α • β, L], η = αβ, A → η ∈ P (G), L ⊆ Follow(A)

%Ovm|t h}YwD =Q Qox} RHD C}a[w [A → α • β, {a}] sD}; •

"O}=}@ “xv=}=B” a l} u; p=@vO x@ xm s}@=}@ “xv=}=B=v” A l} s}vm|t |aU –

"s} Q=O xDWB |q=@ Q@ =Q α uwvm = sy –

"s}vm xOy=Wt =Q βa R= xOW jDWt OvwW}B l} xm s} Q=O R=}v u}=Q@=v@ –

"OQ=Ov β ; ǫ =@ [A → α • β, {a}] pmW x@ |=ysD}; Q@ |Q}F=D a |v}@V}B O=tv •

Ovm|t =QH= =Q reduce(A → α) Qox} RHD ’s}W=@ xDW=O =Q [A → α•, {a}] pmW x@ sD}; Qo = •
"OW=@ a |Q=H |OwQw umwD Qo =

s}@=}@ A |xv=}=B=vl} s}vm|t |aU %[A → α • β, {a}] CQwY x@ LR(1) sD}; R=l}D=tW Q}@aD %3»9 pmW
"s}@=}@ =Q βa R= xOW jDWt OvwW}Bl} O}=@TB ’s} Q=O xDWB |q=@ Q@ =Q α uwvm =sy "O}=}@ a |xv=}=B ’u; p=@vO x@ xm
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15 LR VwQ %q=@ x@ u}}=B |x} RHD

LR(1) uwD=twD; 2»3»9

|=Q@ =ysD}; R= "OwW|t |}=U=vW (DFA) uwD=twD;l}ltm x@ xrLQt Qy QO xQ}oDUO ’LR |=yVwQ QO
"OOQo|t xO=iDU= DFA u}= CN=U

"OwW|t |Ov@xDUO xwQo l} QO OvyO|tV}=tv =Q |v=Um} C}a[w xm |}=ysD}; •

"OyO|t u=Wv =Q DFA R= Cr=L l} =yxawtHt u}= R= s=Om Qy •

(Closure) Q=DU@ C=}rta

CU=ysD}; R= |xawtHtl} R}v closure(I) ’OW=@ G Qt=Qo LR(1) |=ysD}; R= xawtHtl} I Qo =
%OwW|t x@U=Lt Q} R CQwY x@ xm

"OwW|t xi=[= closure(I) x@ I =OD@= QO “1

w “B |xv=}=B=v l} R= p@k x]kv” [A → α • Bβ, {a}] ∈ closure(I) Qo = “2
’Ow@ OwHwt G QO B → γ |xOa=k

"OwW|t xi=[= closure(I) x@ [B → •γ, F irst(βa)] sD}; x=ou;

"OwWv xi=[= closure(I) x@ |R}J Qo}O =D s}vm|t Q=QmD QOku; =Q jwi |xOa=k “3

j=kDW= p@=k Bβ R= |OwQw |xt=O= xm s} Q=O Q=_Dv= ’[A → α •Bβ, {a}] ∈ closure(I) Qo =
"OW=@ a |Q=H umwD xm |r=L QO OW=@

R= |OwQw |xt=O= xm CW=O Q=_Dv= u=wD|t xm CU= |y}O@ ’OW=@ OwHwt Qt=Qo QO B → γ Qo = p=L
"OW=@ xDW=O Q=Qk First(βa) QO |Q=H umwD xm |r=L QO OW=@ j=kDW= p@=k γ

H
p=Ft

%s} Q}o|t Q_v QO =Q Q} R Qt=Qo

S′ → S$

S → E + S

S → E

E → num

%OwW|t x@U=Lt Q} R CQwY x@ xvwtv sD}; l} Q=DU@

closure({[S′ → •S$, {$}]}) = {[S′ → •S$, {$}],

[S → •E + S, {$}],

[S → •E, {$}],

[E → •num, {+, $}]}

N
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(CLR) Ovtuwv=k LR VwQ 16

(Goto) x@ wQ@ C=}rta

’OW=@ Qt=Qo O=tv l} X w =ysD}; R= |=xawtHt I Qo =
CU= [A → αX • β, {a}] CQwY x@ =ysD}; |xty |xawtHt Q=DU@ goto(I,X) CQwY u}= QO

"OQ=O Q=Qk I QO [A → α • Xβ, {a}] u; QO xm

[A → α•Xβ, {a}] ∈ I ⇒ closure({[A → αX•β, {a}]}) ⊆ goto(I,X)

Oa@ x@ x]kv p=kDv= =@ ’CU= xDiQo Q=Qk X R= p@k x]kv =yv; QO xm I |xawtHt QO OwHwt |=ysD}; |x}rm
"OwW|t x@U=Lt I ′ O}OH |xawtHt Q=DU@ w OvwW|t xi=[= I ′ = goto(I,X) x@ X R=

H
p=Ft

%s} Q}o|t Q_v QO =Q Q} R Qt=Qo

S′ → S$

S → E + S

S → E

E → num

%OW=@|t Q} R CQwY x@ Goto ‘@=D |x@U=Lt R= xvwtv l}

goto({[S → E • +S, {$}], [S → E•, {$}]},+) =

closure({[S → E + •S, {$}]}) = {

[S → E + •S, {$}],

[S → •E + S, {$}],

[S → •E, {$}],

[E → •num, {+, $}]}

N

LR(1) |DFA CN=U

%OwW|t xDN=U Q} R CQwY x@ w CU= sD}; xawtHt l} |w=L DFA Cr=L Qy

"CU= closure({[S′ → •S$, {$}]}) ‘wQW Cr=L •

CQwY x@ I Cr=L x@ \w@ Qt |xawtHt |=ysD}; R= |m} QO xm X O=tv Qy |=R= x@ •

[A → α • Xβ, {a}]

"OwW|t O=H}= X ?UJQ@ =@ QPo l} goto(I,X) w I u}@ ’OQ=O Q=Qk

=yDv= x@ x]kv” OQ=O Q=Qk [S′ → S • $, {$}] sD}; u; QO xm CU= |Dr=L ’DFA |}=yv Cr=L •

"“CU= xO}UQ

H
p=Ft

%Q} R Qt=Qo |=Q@
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17 LR VwQ %q=@ x@ u}}=B |x} RHD

S′ → S$

S → CC

C → cC | d

%OwW|t xDN=U Q} R CQwY x@ LR(1) uwD=twD;

I0
�

S’ −> . S, $
�

S −> . CC, $
C −> . cC, c/d
C −>.d, c/d

S’ −> S., $
�

I1

S −> C.C, $
�

C −> .cC, $
C −> .d, $

I2
�

S −> CC., $
�

I5
�

C −> c.C, $
C −> .cC, $
C −> .d, $

I6
�

C −> cC., $

I9
�

C −> d., $
I7

�

I3
�

C −> cC., c/d
I8

�

C −> d., c/d
I4

	

S

C

c

d

d
C

C

c

d

d

c

C
C −> c.C, c/d
C −> .cC, c/d
C −> .d, c/d

c

N

(CLR) Ovtuwv=k LR |x} RHD pwOH CN=U 3»3»9

%OyO|tV}=tv =Q DFA OQmrta ’LR |x} RHD pwOH

"Action[i, a] = shift(j) CQwY u}= QO goto(Ii, a) = Ij Qo = •

"Action[i, a] = reduce(A → α) s} Q=O ’[A → α•, {a}] ∈ Ii Qo = •

"Action[i, $] = accept s} Q=O ’[S′ → S • $, {$}] ∈ Ii Qo = •

"Goto[i, A] = j s} Q=O ’goto(Ii, A) = Ij Qo = •

"CU= error |w=L xv=N u; ’OWv QB jwi Oa=wk =@ pwOH R= |=xv=N Qo = •

"OQ=O OwN QO =Q [S′ → •S$, {$}] sD}; xm CU= |Dr=L ’u} R=e; Cr=L •

"CU}v LR(1) Qt=Qo u; ’OW=@ pN=OD |w=L |Qt=Qo |=Q@ x} RHD pwOH Qo =
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(LALR) |v}@V}B O=tv =@ LR VwQ 18

=} (Canonoic) Ovtvwv=k LR(1) |x} RHD pwOH ’jwi sD} Qwor= \UwD xOW O=H}= |x} RHD pwOH
"OQ=O s=v CLR(1)

H
p=Ft

’Q} R Qt=Qo |=Q@

S′ → S$ (0)

S → CC (1)

C → cC | d (2,3)

%OW=@|t Q} R CQwY x@ ’p@k p=Ft LR(1) uwD=twD; =@ Q_=vDt CLR(1) x} RHD pwOH

Action Goto

State c d $ S C

0 s3 s4 1 2

1 acc

2 s6 s7 5

3 s3 s4 8

4 r3 r3

5 r1

6 s6 s7 9

7 r3

8 r2 r2

9 r2

N

(LALR) |v}@V}B O=tv =@ LRVwQ 4»9

LALR (Lookahead-LR)

O=OaD =Q} R "OwW|t xO=iDU= LALR |x} RHD pwOH R= CLR |x} RHD pwOH |Q=H x@ pta QO •
"CU= QDtm Q=}U@ u; |=yCr=L

"CU= SLR |x} RHD pwOH |=yCr=L O=OaD =@ |w=Ut LALR |x} RHD pwOH |=yCr=L O=OaD •

xm |r=L QO CU= Cr=L u=Q=Ry CLR |x} RHD pwOH |=yCr=L O=OaD ’p=mU=B Ovv=t |v=@ R |=Q@ •
"CU= Cr=L =yOY LALR |x} RHD pwOH |=yCr=L O=OaD

=@ CU= Cw=iDt =yv; Lookahead |xawtHt =yvD xm “|}=ysD}; xawtHt” |}=yCr=L %O=H}= VwQ
"OvwW|t s=eO= sy

"OvwW|t s=eO= sy =@ ’OvDUy u=Um} core |=Q=O xm |}=yCr=L ’Qo}O CQ=@a x@

H
p=Ft

%s} Qw; CUO x@ Q} R Qt=Qo |=Q@ =Q LALR |x} RHD pwOH s}y=wN|t
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19 LR VwQ %q=@ x@ u}}=B |x} RHD

S′ → S$ (0)

S → CC (1)

C → cC | d (2,3)

%s}vm|t xO=iDU= p@k CtUk QO pY=L LR(1) uwD=twD; R=

I0
�

S’ −> . S, $
�

S −> . CC, $
C −> . cC, c/d
C −>.d, c/d

S’ −> S., $
�

I1

S −> C.C, $
�

C −> .cC, $
C −> .d, $

I2
�

S −> CC., $
�

I5
�

C −> c.C, $
C −> .cC, $
C −> .d, $

I6
�

C −> cC., $

I9
�

C −> d., $
I7

�

I3
�

C −> cC., c/d
I8

�

C −> d., c/d
I4

	

S

C

c

d

d

C

C

c

d

d

c

C
C −> c.C, c/d
C −> .cC, c/d
C −> .d, c/d

c

“I9 w I8” w “I7 w I4” ’“I6 w I3” |=ysD}; %s}vm|t s=eO= sy =@ =Q u=Um} core |=Q=O |=yCr=L w
"OvDUy u=Um} core |=Q=O

I36 : C → c.C, c/d/$

C → .cC, c/d/$

C → .d, c/d/$

I47 : C → d., c/d/$

I89 : C → cC., c/d/$

%O};|t CUO x@ Q} R CQwY x@ ’jwi Qt=Qo LALR(1) x} RHD pwOH ’pY=L DFA R= xO=iDU= =@
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(LALR) |v}@V}B O=tv =@ LR VwQ 20

Action Goto

State c d $ S C

0 s36 s47 1 2

1 acc

2 s36 s47 5

36 s36 s47 89

47 r3 r3 r3

5 r1

89 r2 r2 r2

N

=yCr=L s=eO= QF= QOVy=m »Vy=m pN=OD RwQ@ 1»4»9

"Ovm|tv RwQ@ RoQyVy=m » Ci}W pN=OD ’OvDUy u=Um} core |=Q=O xm |}=yCr=L s=eO= CQwY QO
"Ovm RwQ@Vy=m »Vy=m pN=ODCU= umtt ’OvDUy u=Um} core |=Q=O xm |}=yCr=L s=eO= CQwY QO

"CU}v LALR(1) x]w@ Qt Qt=Qo ’pN=OD RwQ@ CQwY QO

H
p=Ft

%s} Q=O =Q Q} R |=ysD}; ’LR(1) uwD=twD; l} QO
Ii = {[A → c•, {d}], [B → c•, {e}]}

Ii = {[A → c•, {e}], [B → c•, {d}]}

’Ovvm|tv pN=OD O=H}= |}=yvD x@ l} Qy w OvDUy u=Um} core |=Q=O Ij w Ii |=ysD};
%O};|t CUO x@ jwi sD}; wO s=eO= R= xm Iij sD}; =t=

Iij = {[A → c•, {d, e}], [B → c•, {d, e}]}

"CU= d w e |=y|OwQw |wQ Q@Vy=m »Vy=m pN=OD |=Q=O

N

SLR(1) |x} RHD pwOH =@ LALR(1) |x} RHD pwOH |xU}=kt 2»4»9

|w=Ut SLR(1) |x} RHD pwOH |=yCr=L O=OaD =@ LALR(1) |x} RHD pwOH |=yCr=L O=OaD
"CU=

"CU=Vy=m pta |w=L |=yx}=QO O=OaD QO pwOH wO u}= Cw=iD =yvD

xm s}v=O@ |wLv x@ w OW=@Vy=m »Ci}W pN=OD |w=L =yvD SLR(1) |x} RHD pwOHl} Qo = %xDmv
|x} RHD pwOH x@?}DQD u}= x@ w OQm hPL =QVy=m ’=ypN=OD u=}t R= u=wD|tCU= LALR(1) u; Qt=Qo
LALR(1) pwOH |=yVy=m O=OaD =@ |w=Ut =} QDoQR@ =yVy=m O=OaD pwOH u}= QO "O}UQ pN=OD uwO@
s=Hv= LALR(1) Qox} RHD x@ C@Uv |QDW}@Vy=m O=OaD CU= umtt =]N ‘wkw CQwY QO |va} ’CU=

"OwW
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21 LR VwQ %q=@ x@ u}}=B |x} RHD

xU}=kt %CLR Qox} RHD p@=kt QO LALR Qox} RHD Q=DiQ 3»4»9

s=Hv=Vy=m » Ci}W R= |v=Um} |xr=@vO Qox} RHD wO Qy ’|OwQw |xDWQ uOw@ K}LY CQwY QO •
“=yCr=L s=v R= Q_v hQY” "OvyO|t

Qox} RHD x@ C@UvVy=m |QDW}@ O=OaD LALR Qox} RHD ’|OwQw |xDWQ uOw@ Q=O=]N CQwY QO •
"OyO|t s=Hv= CLR

"OvyO|tv s=Hv= |i=[= shift Qo}O =]N umwD x@ uO}UQ CQwY QO LR |=yQox} RHD |xU Qy
"OyO|tv s=Hv= R}v |i=[= reduce |DL CLR VwQ

H
p=Ft

%s} Q}o|t Q_v QO =Q Q} R Qt=Qo ’CLR Qox} RHD p@=kt QO LALR Qox} RHD Q=DiQ |xU}=kt |=Q@

S′ → S$ (0)

S → CC (1)

C → cC | d (2,3)

%OW=@|t Q} R CQwY x@ ccd CUQO=v |OwQw |wQ Q@ CLR Qox} RHD Q=DiQ

Stack Input Action

0 ccd$ shift(3)

0 c 3 cd$ shift(3)

0 c 3 c 3 d$ shift(4)

0 c 3 c d 4 $ error

%CU= Q} R CQwY x@ |OwQw u=ty |wQ Q@ LALR Qox} RHD Q=DiQ xm |DQwY QO

Stack Input Action

0 ccd$ shift(36)

0 c 36 cd$ shift(36)

0 c 36 c 36 d$ shift(47)

0 c 36 c 36 d 47 $ reduce(C → d)

0 c 36 c 36 C 89 $ reduce(C → cC)

0 c 36 C 89 $ reduce(C → cC)

0 C 2 $ error

|i=[= Vy=m OvJ pt=W w QDW}@ LALR VwQ QO =]N x@ uO}UQ =D x} RHD pL=Qt O=OaD ,=YNWt xm
"CU=

N

=ypN=OD 5»9

%OyO|t u=Wv LR hrDNt |=yVwQ |=Q@ =Q x} RHD pwOH QO pN=OD ‘wkw \}=QW ’Q} R pwOH
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|r}tmD ?r=]t 22

Shift�Reduce Reduce�Reduce

� A �� � � � � � � A �� � � � � �

� B �� � � �� � � � B �� � �� � �

LR��� con�ict con�ict

FOLLOW�A� FOLLOW�A�

SLR��� � �

FIRST��� FOLLOW�B�

LR��� � � FIRST��� � � �

|r}tmD ?r=]t 6»9

sy@t |=yQt=Qo R= xO=iDU= 1»6»9

"Ovvm|t sy=Qi |wLv |=yQ=DN=U R= =Q |QD|a}@] w QDx=Dwm h}YwD sy@t |=yQt=Qo •

Oy=wN Cr=L |QDtm O=OaD sy@t Qt=Qo R= xO=iDU= CQwY QO Qox} RHD xm CU= |vat u; x@ u}= •
"CW=O

%=Q} R ’OvDU}v LR ’sy@t |=yQt=Qo =t= •

"CU= |Q=OktOvJ |=yxv=N pt=W x} RHD pwOH –

"s} wW|t xH=wtVy=m »Vy=m wVy=m » Ci}W |=ypN=OD =@ x} RHD Ov}=Qi QO u}=Q@=v@ –

%s}vm|t xO=iDU= x} RHD pwOH QO |}=ORs=y@= CyH |Oa=wk R= ’sy@t |=yQt=Qo R= xO=iDU= |=Q@ •
u=mt= CQwY QO x} RHD pwOH QO OwHwt |=ypN=OD ‘iQ

H
p=Ft

=yQorta |Q}PBCmQW w sOkD u; QO xm CU= |[=} Q |=yCQ=@a |=Q@ sy@t Qt=Qo l} Q} R Qt=Qo •
%CU= xOWv ^=Lr

E → E + E | E ∗ E | (E) | id

=yQorta |Q}PBCmQW w + x@C@Uv ∗ QDW}@ sOkD uOQm ^=Lr =@ jwi Qt=Qo =@ pO=at sy@t Q}e Qt=Qo •
%CU= Q} R CQwY x@ AJ R=

E → E + T | T

T → T ∗ F | F

F → (E) | id
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23 LR VwQ %q=@ x@ u}}=B |x} RHD

%Ovvm|t O}rwD CQwY wO x@ =Q id |xDWQ ’Qt=Qo wO u}=

“sy@t Qt=Qo =@Vy=m Q=@ l}”

E

id “sy@tQ}e Qt=Qo =@Vy=m Q=@ xU”

E

T

F

id

%O};|t CUO x@ Q} R CQwY x@ |[=} Q |=yCQ=@a sy@t Qt=Qo |=Q@ x} RHD pwOH

E → E + E | E ∗ E | (E) | id (1, 2, 3, 4)

Action Goto

State id + ∗ ( ) $ E

0 s3 s2 1

1 s4 s5 acc

2 s3 s2 6

3 r4 r4 r4 r4

4 s3 s2 7

5 s3 s2 8

6 s4 s5 s9

7 s4/r1 s5/r1 r1 r1

8 s4/r2 s5/r2 r2 r2

9 r3 r3 r3 r3

%OwW|t s=Hv= Q} R OQ=wt T=U= Q@ x} RHD pwOH |=ypN=OD ‘iQ

‘tH pta AJ |Q}PBCmQW T=U= Q@ pN=OD ‘iQ •

Stack Input Action

0 id + id + id$ shift(3)

0 id 3 +id + id$ reduce(F → id)

0 E 1 +id + id$ shift(4)

0 E 1 + 4 id + id$ shift(3)

0 E 1 + 4 id 3 +id$ reduce(F → id)

0 E 1 + 4 E 7 +id$ shift(4)/reduce(E → E + E)

"OwW ?=NDv= reduce pta O}=@ ’CU= AJ R= Q}PBCmQW + xm =Hv; R= –
xi=[= u; x@ |OwQw |xt=O=TBU w OwW|t |oO}UQ xDWB |=wDLt x@ =OD@= CQwY u}= QO –

"OOQo|t

Action[7,+] = reduce(E → E + E)
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‘tH pta x@ C@Uv ?Q[ pta QDW}@ sOkD T=U= Q@ pN=OD ‘iQ •

Stack Input Action

0 id + id ∗ id$ shift(3)

0 id 3 +id ∗ id$ reduce(F → id)

0 E 1 +id ∗ id$ shift(4)

0 E 1 + 4 id ∗ id$ shift(3)

0 E 1 + 4 id 3 ∗id$ reduce(F → id)

0 E 1 + 4 E 7 ∗id$ shift(5)/reduce(E → E + E)

"OwW s=Hv= shift O}=@ CU= + R= QDW}@ ∗ sOkD xm =Hv; R= –

CQwYVy=m ’p}tmD R=TB w OwW|t xi=[= xDWB x@ |OwQw |xt=O= =OD@= CQwY u}= QO –

"OQ}o|t

Action[7, ∗] = shift(5)

?Q[ pta |Q}PBCmQW T=U= Q@ pN=OD ‘iQ •

Stack Input Action

0 id ∗ id ∗ id$ shift(3)

0 id 3 ∗id ∗ id$ reduce(F → id)

0 E 1 ∗id ∗ id$ shift(5)

0 E 1 ∗ 4 id ∗ id$ shift(3)

0 E 1 ∗ 4 id 3 ∗id$ reduce(F → id)

0 E 1 ∗ 4 E 8 ∗id$ shift(5)/reduce(E → E ∗ E)

"OwW ?=NDv= reduce pta O}=@ ’CU= AJ R= Q}PBCmQW ∗ xm =Hv; R= –

xi=[= u; x@ |OwQw |xt=O=TBU w OwW|t |oO}UQ xDWB |=wDLt x@ =OD@= CQwY u}= QO –

"OOQo|t

Action[8, ∗] = reduce(E → E ∗ E)

?Q[ pta x@ C@Uv ‘tH pta QDtm sOkD T=U= Q@ pN=OD ‘iQ •

Stack Input Action

0 id ∗ id + id$ shift(3)

0 id 3 ∗id + id$ reduce(F → id)

0 E 1 ∗id + id$ shift(4)

0 E 1 ∗ 4 id + id$ shift(3)

0 E 1 ∗ 4 id 3 +id$ reduce(F → id)

0 E 1 ∗ 4 E 8 +id$ shift(4)/reduce(E → E ∗ E)

"OwW s=Hv= reduce O}=@ CU= ∗ R= QDtm + sOkD xm =Hv; R= –
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xi=[= u; x@ |OwQw |xt=O=TBU w OwW|t |oO}UQ xDWB |=wDLt x@ =OD@= CQwY u}= QO –

"OOQo|t

Action[8,+] = reduce(E → E ∗ E)

%O};|t CUO x@ Q} R CQwY x@ |[=} Q |=yCQ=@a sy@t Qt=Qo |=Q@ pN=OD uwO@ x} RHD pwOH ,=D}=yv

E → E + E | E ∗ E | (E) | id (1, 2, 3, 4)

Action Goto

State id + ∗ ( ) $ E

0 s3 s2 1

1 s4 s5 acc

2 s3 s2 6

3 r4 r4 r4 r4

4 s3 s2 7

5 s3 s2 8

6 s4 s5 s9

7 r1 s5 r1 r1

8 r2 r2 r2 r2

9 r3 r3 r3 r3

N

H
p=Ft

%OW=@|t Q} R CQwY x@ ’CU= jrat else |xr=Ut |=Q=O xm |]QW QwDUO sy@t Qt=Qo

S → iSeS | iS | a

%CU= Q} R CQwY x@ Qt=Qo u}= |=Q@ I4 sD};

I4 = {S → iS • eS, S → iS•}

%CW=O s}y=wN pN=OD Action[4, e] |xv=N QO Follow(S) = {e, $} xm =Hv; R=

Action[4, e] = {shift(e), reduce(S → iS)}

%OwW ?=NDv= Action[4, e] = shift(e) O}=@ else u} QDl}ORv =@ if j@=]D |=Q@

Stack Input Action

0 i 2 i 2 S 4 ea$ shift(e)

N
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xOW |UQQ@ |=yQt=Qo xO=wv=N C@Uv 2»6»9

CSE450, Michigan State University, 2002 Spring                Lecture 11, Page 9 of 9

Ambiguous
grammars

Unambiguous

grammars

LR(k)

LL(1)

LL(k)

LALR(1)

SLR

LR(0)

LR(1)

LL(0)

Qo}Om} =@ LR |=yu=@ R w =yQt=Qo xO=wv=N C@Uv

SLR���

LALR���

LR���

LR�k�

Grammars

Languages

SLR��� LALR���

LR��� LR�k�

j=kDW=Tma R= xO=iDU= =@ w |OwQwCU=Q x@AJV} wB =@ xmCU= LR(0) |Qt=Qo %LR(0) Qt=Qo
xO=iDU= OQwt |xOa=k u=wD@ xDWB |=wDLt T=U= Q@ =yvD w |OwQw x@ uOQm x=ov uwO@ xrLQt Qy QO ’CU=Q

"OQm |}=U=vW =Q s=o u; QO
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27 LR VwQ %q=@ x@ u}}=B |x} RHD

u} QtD ◭

%O} Q}o@ Q_v QO =Q Q} R Qt=Qo "1

E → E + T | T (1,2)

T → TF | F (3,4)

F → F ∗ | a | b (5,6,7)

"O} R=U@ Qt=Qo u}= |=Q@ =Q SLR |x} RHD pwOH “;
"O} R=U@ Qt=Qo u}= |=Q@ =Q CLR |x} RHD pwOH “?
"O} R=U@ Qt=Qo u}= |=Q@ =Q LALR |x} RHD pwOH “A

%OW=@|tv SLR(1) |rw CU= LL(1) Q} R Qt=Qo xm O}yO u=Wv "2

S → AaAb | BbBa

A → ǫ

B → ǫ

"OW=@ sy@t Ov=wD|tv LR(1) Qt=Qo l} xm O}yO u=Wv "3

%CU}v SLR(1) =t= ’CU= LALR(1) Q} R Qt=Qo xm O}yO u=Wv "4

S → Aa | bAc | dc | bda

A → d

%CU}v LALR(1) =t= ’CU= LR(1) Q} R Qt=Qo xm O}yO u=Wv "5

S → Aa | bAc | Bc | bBa

A → d

B → d

O}rwD {a, b} |=@ir= |wQ Q@ =Q s_vt |=yCQ=@a xm O} R=U@ Q} R sy@t Qt=Qo |=Q@ x} RHD pwOHl} "6
%OwW Q=_Dv= OQwt CQwY x@ Qox} RHD Q=DiQ xm O}vm ‘iQ |=xvwo x@ =Q x} RHD pwOH |=ypN=OD "Ovm|t

R → R + R | RR | R ∗ | (R) | a | b

"CU= xv=}=B l} expr u; QO xm O} R=U@ “jrat else |=Q=O” Q} R Qt=Qo |=Q@ x} RHD pwOH l} "7
%OwW Q=_Dv= OQwt CQwY x@ Qox} RHD Q=DiQ xm O}vm ‘iQ |=xvwo x@ =Q x} RHD pwOH |=ypN=OD

stmt → if expr then stmt

| if expr then stmt else stmt

| other

u=}=B
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