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sOkD |=yVwQ %q=@ x@ u}}=B |x} RHD
Bottom-Up Parsing: Precedence Method 8

xtOkt 1»8

sOkD› |xOta ‘wv wO QO xm OW=@|t sOkD |=yVwQ ’q=@ x@ u}}=B |x} RHD |=yVwQ u} QDxO=U R= |m}
"OwW|t |Ov@xDUO ‹xO=U sOkD› w ‹Qorta

%s} Q}o|t Q_v QO =Q Q} R Qt=Qo ’sOkD |=yVwQ j]vt K}[wD |=Q@

E → E + F | F

F → (E) | id

%CW=O s}y=wN ’u} QDCU=Q j=kDW= VwQ =@ id + (id) |xDWQ j=kDW= |=Q@

E ⇒ E + F ⇒ E + (E)⇒ E + (F )⇒ E + (id)⇒ F + (id)⇒ id + (id)

%Ow@ Oy=wN Q} R pmW x@ s=o Qy QO |=xrtH sQi w j=kDW= CNQO O=H}= pL=Qt xm

E ⋖ E ⋗

⇓
E

F+E

⋖ E
.
= +

.
= F ⋗

⇓
E

F

)E(

+E ⋖ E
.
= + ⋖ (

.
= E

.
=)⋗ ⋗

⇓

1



xtOkt 2

E

F

)E

F

(

+E

⋖ E
.
= + ⋖ (⋖ F ⋗)⋗ ⋗

⇓
E

F

)E

F

id

(

+E

⋖ E
.
= + ⋖ (⋖ ⋖ id ⋗ ⋗)⋗ ⋗

⇓
E

F

)E

F

id

(

+E

F ⋖ ⋖ F ⋗ + ⋖ (⋖ ⋖ id ⋗ ⋗)⋗ ⋗

⇓
E

F

)E

F

id

(

+E

F

id

⋖ ⋖ ⋖ id ⋗ ⋗ + ⋖ (⋖ ⋖ id ⋗ ⋗)⋗ ⋗
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3 sOkD |=yVwQ %q=@ x@ u}}=B |x} RHD

OwN |@D=QtxrUrU ?r=k QO |=xrtH sQi "CU= |=xrtH sQi l} Qov=}@ ’|} RH j=kDW= CNQO Qy
V}=tv ⋗ =@ CNQOQ} R Qy u=}=B w ⋖ =@ CNQOQ} R Qy R=e; xm |Qw] x@ ’CU= xOW xO=OV}=tv “|DNQO”

"CU= xDiQo Q=Qk .
= O=tv CNQOQ} R l} QO K]U sy QY=va u}@ w CU= xOW xO=O

CtU R= xDWQV} wB =@ xm s}@=}|tQO j=kDW= Ov}=Qi QO Q_=vDt |=xrtH sQi =@V}=tv u}= |xU}=kt =@
CU= xDiQo Q=Qk ⋖ w ⋗Ctqa wO u}@ xmCU= |DQ=@a u} QDAJCtU xW}ty ’xQ}oDUO ’CU=Q x@AJ
xOW xO}Wm \N s=o Qy QO xQ}oDUO Q} R ’Q} R j=kDW= QO "OQ=Ov OwHw ⋖ w ⋗ Ctqa Qo}O u; uwQO w

%CU=

E ⇒ E + F ⇒ E + (E)⇒ E + (F )⇒ E + (id)⇒ F + (id)⇒ id + (id)

|=yO=tv =@ |=xrtH sQi |DNQOV}=tv ’j=kDW= QO |Q=H |=xrtH sQi ’?}DQD x@ =yuwDU ’Q} R pwOH QO
xO}Wm \N u; Q} R xm |Q=H |xQ}oDUO w CU=Q x@ AJ CtU R= xOW xOv=wN |=yumwD ’xOW h} QaD

%OvyO|t u=Wv =Q ’CU= xOW
⇒ id + (id) ⋖ ⋖ ⋖ id ⋗ ⋗ + ⋖ (⋖ ⋖ id ⋗ ⋗)⋗ ⋗ id ⋖ ⋖ ⋖ id

⇒ F + (id) ⋖ ⋖ F ⋗ + ⋖ (⋖ ⋖ id ⋗ ⋗)⋗ ⋗ id ⋖ ⋖ F

⇒ E + (id) ⋖ E
.
= + ⋖ (⋖ ⋖ id ⋗ ⋗ )⋗ ⋗ id + (id ⋖ E

.
= + ⋖ (⋖ id

⇒ E + (F ) ⋖ E
.
= + ⋖ (⋖ F ⋗)⋗ ⋗ id + (id ⋖ E

.
= + ⋖ (⋖ F

⇒ E + (E) ⋖ E
.
= + ⋖ (

.
= E

.
=)⋗ ⋗ id + (id) ⋖ E

.
= + ⋖ (

.
= E

.
=)

⇒ E + F ⋖ E
.
= +

.
= F ⋗ id + (id) ⋖ E

.
= +

.
= F

E ⋖ E ⋗ id + (id) ⋖ E

u}= uO=O Q=Qk w ’Ovvm|t XNWt =Q xQ}oDUO RQt xm |}=yO=tv R= xO=iDU= =@ ’sOkD |=yVwQ QO
xrLQt u} QDsyt xm » xQ}oDUO |}=U=vW |xrLQt ’Qox} RHD |xDWB QO |Q=H |=xrtH sQi x=Qty x@ =yO=tv
=yO=tv u}= uO=O Q=Qk |ovwoJ "OwW|t s=Hv= CU=QQU CQwY x@ » CU= q=@ x@ u}}=B |x} RHD s=o Qy QO

"OwW|t K} QWD =yVwQ R= l} Qy QO =yv; R= xO=iDU= j]vt x@ xHwD =@

Qorta sOkD VwQ 2»8

Qorta Qt=Qo 1»2»8

xm CU= |Qt=Qo ’(operator grammar) Qorta Qt=Qo

"OQ=Ov ǫ |xOa=k “1

"OW=@ xDW=Ov OwHw Qw=Ht |xv=}=B=v wO u; Oa=wk R= l} I}y CU=Q CtU QO “2

Qt=Qo l} ’xO=iDU= OQwt Qt=Qo xm CU= u}= Qorta sOkD |x} RHD VwQ R= xO=iDU= |=Q@ sRq \QW
"OW=@ Qorta

H
p=Ft

%CU}v Qorta Qt=Qo l} ’Q} R Qt=Qo

E → EAE | (E) | id

A → + | − | ∗ | /

%CU= Qorta Qt=Qo l} w CUq=@ Qt=Qo =@ pO=at Q} R Qt=Qo =t=

E → E + E | E − E | E ∗ E | E/E | (E) | id
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Qorta sOkD VwQ 4

I}y QO xm s}vm|t x_Lqt "s}=xOQm xO=iDU= |v} Ro}=H |xOa=k R= ’O}OH Qt=Qo u}= uOQw; CUO x@ QO
"OwW|tv xO}O Qw=Ht |xv=}=B=v wO |=xOa=k

N

=yxv=}=B u=}t sOkD \@=wQ 2»2»8

%CU= umtt sOkD |x]@=Q Q=yJ ’b w a ’Qt=Qo |xv=}=B wO Qy u}@

“O@=}Vy=m b R= p@k O}=@ a” a ⋗ b b Q@ sOkt a
“O@=}Vy=m b R= Oa@ O}=@ a” a ⋖ b b R= QNwt a

“OvQ=O Q=Qk xQ}oDUO l} QO wO Qy b w a” a
.
= b b =@ sOkDsy a

a � b b =@ x]@=Q uwO@ a

%CU= sRq Q} R C=mv x@ xHwD ’sOkD \@=wQ OQwt QO

"“CU}v b⋖a |vat x@ a⋗ b |va}” OvDU}v R}v |vQ=kD u=OQoQ@ u}vJty "OvDU}v uQ=kDt \@=wQ u}= •

"OW=@v OwHwt |tOkD |x]@=Q I}y xv=}=B wO u}@ CU= umtt •

"OW=@ OwHwt sOkD |x]@=Q OvJ xv=}=B wO u}@ CU= umtt •

sOkD \@=wQ uDi=} |=Q@ sRq ‘@=wD

%A |xv=}=B=v R= pY=L |=xrtH |=ysQi |xv=}=B u}DUNv FirstTerm(A) •

FirstTerm(A) = {a : A⇒+ aα ∨A⇒+ Baα}

%A |xv=}=B=v R= pY=L |=xrtH |=ysQi |xv=}=B u} QN; LastTerm(A) •

LastTerm(A) = {a : A⇒+ αa ∨A⇒+ αaB}

|xv=}=B=v R= ‘wQW =@ Qt=Qo u} QDAJ |=yj=kDW= h=Qo R= s}v=wD|t FirstTerm(A) ‘@=D |x@U=Lt |=Q@
R= ‘wQW =@ Qt=Qo u} QDCU=Q |=yj=kDW= h=Qo R= s}v=wD|t LastTerm(A) ‘@=D |x@U=Lt |=Q@ w A

"s}vm xO=iDU= A |xv=}=B=v

H
p=Ft

Qt=Qo |=Q@

E → E + T | T

T → T ∗ F | F

F → (E) | id

%s}vm|t x@U=Lt =Q QmPr= jwi ‘@=wD

FirstTerm(E) = {+, ∗, (, id} LastTerm(E) = {+, ∗, ), id}

FirstTerm(T ) = {∗, (, id} LastTerm(T ) = {∗, ), id}

FirstTerm(F ) = {(, id} LastTerm(F ) = {), id}

N
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5 sOkD |=yVwQ %q=@ x@ u}}=B |x} RHD

sOkD \@=wQ uDi=} Oa=wk

xO=iDU= sOkD Oa=wk uDi=} |=Q@ Q} R pwOH R= u=wD|t ’=yv; CU=Q CtU |x_Lqt w Qt=Qo Oa=wk x@ xHwD =@
%Owtv

OW=@ xv=}=B=v l} QFm =OL b w a u}@
a

.
= b ⇔ ∃U(U → · · · ab · · · ∨ U → · · · aWb · · · )

a ⋖ FirstTerm(W ) W xv=}=B=v l} R= p@k a
a ⋖ b ⇔ ∃U(U → · · · aW · · · ), b ∈ FirstTerm(W )

LastTerm(W ) ⋗ b W xv=}=B=v l} R= Oa@ b
a ⋗ b ⇔ ∃U(U → · · ·Wb · · · ), a ∈ LastTerm(W )

b w a u}@ sOkD |x]@=Q OwHw sOa
a � b ⇔ ¬(a ⋖ b ∨ a

.
= b ∨ a ⋗ b)

"OwW|t xO=iDU= S′ → $S$ |xOwRi= |xOa=k R= =yxv=}=B Q}=U w $ |x]@=Q uDi=} |=Q@

H
p=Ft

Qt=Qo |=Q@

E′ → $E$

E → E + T | T

T → T ∗ F | F

F → (E) | id

%CW=O s}y=wN ’p@k p=Ft QO xOW x@U=Lt ‘@=wD R= xO=iDU= =@

$
.
= $

(
.
= )

$ ⋖ FirstTerm(E)

+ ⋖ FirstTerm(T )

∗ ⋖ FirstTerm(F )

( ⋖ FirstTerm(E)

LastTerm(E) ⋗ $

LastTerm(E) ⋗ +

LastTerm(T ) ⋗ ∗

LastTerm(E) ⋗ )

N

Qorta sOkD |x} RHD pwOH 3»2»8

"CU= (|T |+ 1)(|T |+ 1) O=a@= =@ |a@ Qt pwOH l} ’Qorta sOkD |x} RHD pwOH
%CU=yxv=}=B=v u=}t sOkD \@=wQ pt=W x} RHD pwOH u}=

P : (T ∪ {$})× (T ∪ {$})→ {⋖,
.
=, ⋗,�}
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Qorta sOkD VwQ 6

H
p=Ft

Qt=Qo |=Q@ p@k p=Ft QO xOW x@U=Lt \@=wQ R= xO=iDU= =@

E′ → $E$

E → E + T | T

T → T ∗ F | F

F → (E) | id

%O};|t CUO x@ Q} R CQwY x@ Qt=Qo u}= Qorta sOkD |x} RHD pwOH

+ ∗ ( ) id $

+ ⋗ ⋖ ⋖ ⋗ ⋖ ⋗

∗ ⋗ ⋗ ⋖ ⋗ ⋖ ⋗

( ⋖ ⋖ ⋖
.
= ⋖

) ⋗ ⋗ ⋗ ⋗

id ⋗ ⋗ ⋗ ⋗

$ ⋖ ⋖ ⋖ ⋖
.
=

N

Qorta sOkD |x} RHD p=wQ 4»2»8

Operator Precedence Parsing Procedure

push($)

repeat

a← top-terminal(Stack)

b← lookahead

if P [a, b] = ⋖ then push(⋖); shift(b)

if P [a, b] =
.
= then push(

.
=); shift(b)

if P [a, b] = ⋗ then reduce()

if P [a, b] = � then error()

if a = b = $ then accept()

Qorta sOkD |x} RHD p=wQ QOVy=m pta

%reduce() pta

’xDWB |q=@ |xQ}oDUO uDi=} “1

’xQ}oDUO hPL “2
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7 sOkD |=yVwQ %q=@ x@ u}}=B |x} RHD

hQY ’xDWB QO xv=}=B=v uO=O Q=Qk R= |rm Qw] x@ u=wD|t” xDWB |q=@ QO N |awv |xv=}=B=v uO=O Q=Qk “3
1“"OQm Q_v

%xQ}oDUO uDi=}
"s}UQ@ ⋖ O=tv u}rw= x@ =D s} wQ|t u}}=B xDWB QO QOku;

"CU= xQ}oDUO “OwHw CQwY QO ⋖ Q} R |xv=}=B=v w” xDWB |q=@ w ⋖ O=tv u=}t |xDWQ

H
p=Ft

|x} RHD VwQ =@ =Q id + id ∗ id |xDWQ ’|r@k p=Ft QO xOt; CUO x@ |x} RHD pwOH R= xO=iDU= =@
%s}vm|t x} RHD ’Qorta sOkD

Stack Input Action

$ id + id ∗ id$ shift

$⋖ id + id ∗ id$ reduce F → id

$N + id ∗ id$ shift

$N ⋖ + id ∗ id$ shift

$N ⋖ +⋖ id ∗id$ reduce F → id

$N ⋖ +N ∗id$ shift

$N ⋖ +N ⋖ ∗ id$ shift

$N ⋖ +N ⋖ ∗⋖ id $ reduce F → id

$N ⋖ +N ⋖ ∗N $ reduce T → T ∗ F

$N ⋖ +N $ reduce E → E + T

$N $ accept

N

Qorta sOkD |x} RHD QO =]N ‘wkw 5»2»8

%OQ=O OwHw =]N ‘wkw u=mt= CQwY wO QO ’Qorta sOkD |x} RHD QO

“|Q=H umwD” b w “xDWB |q=@ |xv=}=B” a u=}t x]@=Q OwHw sOa •

Oa=wk R= l} I}y CU=Q CtU =@ xDWB |q=@ QO ‘k=w |xQ}oDUO j}@]D sOa •

?}=at w =}=Rt %Qorta sOkD VwQ 6»2»8

xO=U |R=UxO=}B %C} Rt •
%?}=at •

O=} R C}OwOLt “1
|=yvt Ovv=t” hrDNt sOkD wO =@ u=Um} |}=yQorta pt=W |=yQt=Qo |=Q@ xO=iDU= p@=k Q}e “2

“|mD w |}=DwO

QO xOW xOy=Wt |=yxv=}=B ?}DQD T=U= Q@ \ki ’VwQ u}= |=v@t Q@ ’xrLQt Qy QO xOW xO=iDU= |xOa=kX}NWD 1

xH}Dv QO "Ovvm|tv |R=@ |Wkv =yxv=}=B=v pta QO ’u}ty |=Q@ "OW=@|t TQDUO p@=k xDWB |}q=@VN@ QO xm CU= xQ}oDUO
p}rO x@” OQ=Ov OwHw ’OvW=@ xDW=O xOa=kl} R=V}@ QO =Q =yxv=}=B R= ?}DQDl} xm |}=yQt=Qo =@ uOQm Q=m u=mt= VwQ u}= QO
"s}W=@ xDW=O F → F + H w E → E + T CQwY x@ xOa=k wO s}v=wD|tv p=Ft |=Q@ &“Vy=m »Vy=m pN=OD
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Qorta sOkD VwQ 8

|DUQO x@ |wLv |=y=]N -=Wvt C=kw= |y=o ” |wLv |=y=]N R= |NQ@ uOWv Ci=} u=mt= “3
“"OwW|tv |}=U=vW

\UwD xOW O}rwD u=@ R =@ Qox} RHD \UwD xOW xDiQ}PB u=@ R xm s}DUy u}= u=Qov |y=o |DL “4
“=yxv=}=B=v x@ VwQ u}= |i=m xHwD sOa p}rO x@” $OW=@v |w=Ut Qt=Qo

Qorta sOkD Qt=Qo

"OW=@ xDW=Ov |rN=OD u; Qorta sOkD |x} RHD pwOH xm CU= |Qt=Qo ’Qorta sOkD Qt=Qo

sOkD ‘@=wD 7»2»8

CQwY x@ g w f ‘@=D wO sOkD ‘@=wD

f, g : T ∪ {$} → {0, 1, 2, . . .}

%s}W=@ xDW=O =yv; |=Q@ xm OvDUy

f(a) > g(b) Qo = \ki w Qo = a ⋗ b

f(a) = g(b) Qo = \ki w Qo = a
.
= b

f(a) < g(b) Qo = \ki w Qo = a ⋖ b

’a � b |va} ’OW=@v OwHwt sOkD |x]@=Q b w a u}@ Qo = xmCU= u}= sOkD ‘@=wD x@ OQ=w |U=U= p=mW=
"CU}v umtt u;X}NWD CQwY u}= QO

|[=} Q |=yCQ=@a Qt=Qo |=Q@ sOkD \@=wQ |x@U=Lt 8»2»8

E → Eθ1E | Eθ2E | . . . | EθmE | αE | Eα | (E) | id

x@ =Q Qt=Qo u}= sy@t Q}e pO=at u=wD|t ’θm ’. . . ’θ1 |=yQorta |Q}PBCmQW w sOkD \@=wQ T=U= Q@
%CU= pwYL p@=k R}v Q} R Oa=wk T=U= Q@ sOkD \@=wQ ’Qo}O |k} Q] R= "OQw; CUO

precedence(θ1) > precedence(θ2) ⇒ θ1 ⋗ θ2, θ2 ⋖ θ1

precedence(θ1) = precedence(θ2) or θ1 = θ2

- if θ1 is left-associative: θ1 ⋗ θ2, θ2 ⋗ θ1

- if θ1 is right-associative: θ1 ⋖ θ2, θ2 ⋖ θ1

if α is a unary operator:

- prefix, precedence(α) > precedence(θi): θi ⋖ α for all θi

- postfix, precedence(α) > precedence(θi): θi ⋖ α for all θi

θi ⋖ id, id ⋗ θi for all θi

θi ⋖ (, (⋗ θi for all θi

θi ⋗ ), ) ⋖ θi for all θi

θi ⋗ $, $ ⋖ θi for all θi

(
.
= ), $ ⋖ (, $ ⋖ id

( ⋖ (, id ⋗ $, ) ⋗ $

( ⋖ id, id ⋗ ), ) ⋗ )
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9 sOkD |=yVwQ %q=@ x@ u}}=B |x} RHD

xO=U sOkD VwQ 3»8

Qt=Qo |=yO=tv |xty u}@ ’sOkD \@=wQ xm Cw=iD u}= =@ ’CU= Qorta sOkD VwQ x}@W ’xO=U sOkD VwQ
"OwW|t h} QaD “xv=}=B=v w xv=}=B”

xm CU= |Qt=Qo xO=U sOkD VwQ QO xO=iDU= p@=k Qt=Qo

"OQ=Ov ǫ |xOa=k “1

"“Vy=m »Vy=m pN=OD R= |Q}owrH |=Q@” CU}v u=Um} u; QO |=xOa=k wO I}y CU=Q CtU “2

=Q jwi \}=QW ’xO=iDU= OQwt Qt=Qo xm CU= u}= xO=U sOkD |x} RHD VwQ R= xO=iDU= |=Q@ sRq \QW
"OW=@ xDW=O

Qt=Qo |=yO=tv u=}t sOkD \@=wQ 1»3»8

%CU= umtt sOkD |x]@=Q Q=yJ ’Y w X ’Qt=Qo O=tv wO Qy u}@

“O@=}Vy=m Y R= p@k O}=@ X” X ⋗ Y Y Q@ sOkt X
“O@=}Vy=m Y R= Oa@ O}=@ X” X ⋖ Y Y R= QNwt X

“OvQ=O Q=Qk xQ}oDUO l} QO wO Qy Y w X” X
.
= Y Y =@ sOkDsy X

X � Y Y =@ x]@=Q uwO@ X

%CU= sRq Q} R C=mv x@ xHwD ’\@=wQ u}= OQwt QO

Y ⋖ X |vat x@ X ⋗ Y |va}” OvDU}v R}v |vQ=kD u=OQoQ@ u}vJty "OvDU}v uQ=kDt \@=wQ u}= •
"“CU}v

"OW=@v OwHwt |tOkD |x]@=Q I}y Qt=Qo O=tv wO u}@ CU= umtt •

"OW=@ OwHwt sOkD |x]@=Q OvJ Qt=Qo O=tv wO u}@ CU= umtt •

sOkD \@=wQ uDi=} |=Q@ sRq ‘@=wD

%A |xv=}=B=v R= pY=L |=xrtH |=ysQi QO Qt=Qo O=tv u}DUNv Head(A) •

Head(A) = {X : A⇒+ Xα}

%A |xv=}=B=v R= pY=L |=xrtH |=ysQi QO Qt=Qo O=tv u} QN; Tail(A) •

Tail(A) = {X : A⇒+ αX}

H
p=Ft

Qt=Qo |=Q@

S → (SS)

S → c

%OvwW|t x@U=Lt Q} R CQwY x@ Tail w Head ‘@=wD

Head(S) = {c, (} Tail(S) = {c, )}

N
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xO=U sOkD VwQ 10

sOkD \@=wQ uDi=} Oa=wk

xO=iDU= sOkD Oa=wk uDi=} |=Q@ Q} R pwOH R= u=wD|t ’=yv; CU=Q CtU |x_Lqt w Qt=Qo Oa=wk x@ xHwD =@
%Owtv

sy Q=vm Y w X Qt=Qo O=tv wO
X

.
= Y ⇔ ∃U(U → · · ·XY · · · )

X ⋖ Head(A) A xv=}=B=v l} R= p@k X Qt=Qo O=tv l}
X ⋖ Y ⇔ ∃U(U → · · ·XA · · · ), Y ∈ Head(A)

Tail(A) ⋗ Y Y Qt=Qo O=tv l} R= p@k A xv=}=B=v l}
X ⋗ Y ⇔ ∃U(U → · · ·AY · · · ),X ∈ Tail(A)

Tail(A) ⋗ Head(B) sy Q=vm B w A xv=}=B=v wO
X ⋗ Y ⇔ ∃U(U → · · ·AB · · · ),X ∈ Tail(A), Y ∈ Head(B)

Y w X u}@ sOkD |x]@=Q OwHw sOa
X � Y ⇔ ¬(X ⋖ Y ∨X

.
= Y ∨X ⋗ Y )

"OwW|t xO=iDU= S′ → $S$ |xOwRi= |xOa=k R= =yxv=}=B Q}=U w $ |x]@=Q uDi=} |=Q@

H
p=Ft

Qt=Qo |=Q@

S′ → $S$

S → (SS)

S → c

%s} Q=O =Q Q} R sOkD \@=wQ ’p@k p=Ft QO xOW x@U=Lt ‘@=wD x@ xHwD =@

$
.
= S

S
.
= $

(
.
= S

S
.
= S

S
.
= )

$ ⋖ Head(S)

( ⋖ Head(S)

S ⋖ Head(S)

Tail(S) ⋗ $

Tail(S) ⋗ S

Tail(S) ⋗ )

Tail(S) ⋗ Head(S)

N
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11 sOkD |=yVwQ %q=@ x@ u}}=B |x} RHD

xO=U sOkD |x} RHD pwOH 2»3»8

"CU= (|N |+ |T |+ 1)(|N |+ |T |+ 1) O=a@= =@ |a@ Qt pwOH l} ’xO=U sOkD |x} RHD pwOH
%CU= “xv=}=B=v w xv=}=B” Qt=Qo |=yO=tv u=}t sOkD \@=wQ pt=W x} RHD pwOH u}=

P : (N ∪ T ∪ {$})× (N ∪ T ∪ {$})→ {⋖,
.
=, ⋗,�}

H
p=Ft

Qt=Qo |=Q@

S′ → $S$

S → (SS)

S → c

%O};|t CUO x@ Q} R CQwY x@ xO=U sOkD |x} RHD pwOH ’p@k p=Ft QO xOW x@U=Lt \@=wQ x@ xHwD =@

S ( ) c $

S
.
= ⋖

.
= ⋖

.
=

(
.
= ⋖ ⋖

) ⋗ ⋗ ⋗ ⋗ ⋗

c ⋗ ⋗ ⋗ ⋗ ⋗

$
.
= ⋖ ⋖

N

xO=U sOkD |x} RHD p=wQ 3»3»8

Simple Precedence Parsing Procedure

push($)

repeat

X ← top(Stack)

b← lookahead

if P [X, b] = ⋖ then push(⋖); push(b)

if P [X, b] =
.
= then push(

.
=); push(b)

if P [X, b] = ⋗ then reduce()

if P [X, b] = � then error()

if X = b = $ then accept()

xO=U sOkD |x} RHD p=wQ QOVy=m pta

%reduce() pta
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xO=U sOkD VwQ 12

’xDWB |q=@ |xQ}oDUO uDi=} •

TOP %xQ}oDUO hPL R=TB xDWB |q=@ QYva •

LHS %Vy=m QO xO=iDU= OQwt |xOa=k AJ CtU •

if P [TOP,LHS] = ⋖ then push(⋖); push(LHS)

if P [TOP,LHS] =
.
= then push(

.
=); push(LHS)

if P [TOP,LHS] = � then error()

%xQ}oDUO uDi=}
"s}UQ@ ⋖ O=tv u}rw= x@ =D s} wQ|t u}}=B xDWB QO QOku;
"CU= xQ}oDUO xDWB |q=@ w ⋖ O=tv u=}t |xDWQ

H
p=Ft

sOkD |x} RHD VwQ =@ =Q (c(cc)) |xDWQ ’|r@k p=Ft QO xOt; CUO x@ |x} RHD pwOH R= xO=iDU= =@
%s}vm|t x} RHD ’xO=U

Stack Input Action

$ (c(cc))$ shift

$ ⋖ ( c(cc))$ shift

$ ⋖ (⋖c (cc))$ reduce S → c, TOP = (, LHS = S

$ ⋖ (
.
= S (cc))$ shift

$ ⋖ (
.
= S ⋖ ( cc))$ shift

$ ⋖ (
.
= S ⋖ (⋖c c))$ reduce S → c, TOP = (, LHS = S

$ ⋖ (
.
= S ⋖ (

.
= S c))$ shift

$ ⋖ (
.
= S ⋖ (

.
= S⋖c ))$ reduce S → c, TOP = S,LHS = S

$ ⋖ (
.
= S ⋖ (

.
= S

.
= S ))$ shift

$ ⋖ (
.
= S⋖(

.
= S

.
= S) )$ reduce S → SS, TOP = S,LHS = S

$ ⋖ (
.
= S

.
= S )$ shift

$⋖(
.
= S

.
= S

.
=) $ reduce S → SS, TOP = S,LHS = S

$
.
= S $ accept

N

xO=U sOkD |x} RHD VwQ w |DWoR=@ |=yQt=Qo 4»3»8

xO=U sOkD |x} RHD VwQ w AJ R= |DWoR=@ pmWt

CQwY x@ AJ R= |DWoR=@ Oa=wk Qo =

U → U · · ·

V → · · ·XU · · ·

%OwW|t U |xv=}=B=v w X O=tv \@=wQ u=}t pN=OD RwQ@ ?Hwt ’OW=@ OwHwt Qt=Qo QO

X
.
= U, X ⋖ U
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13 sOkD |=yVwQ %q=@ x@ u}}=B |x} RHD

u} Ro}=H Q} R Oa=wk xawtHt =@ =Q jwi Oa=wk xawtHt ’W O}OH |xv=}=B=v |iQat =@ ’pmWt u}= pL |=Q@
%s}vm|t

W → U

U → U · · ·

V → · · ·XW · · ·

%Ov};|t QO Q} R CQwY x@ \@=wQ CQwY u}= QO xm

X
.
= W, X ⋖ U

xO=U sOkD |x} RHD VwQ w CU=Q R= |DWoR=@ pmWt

CQwY x@ CU=Q R= |DWoR=@ Oa=wk Qo =

U → · · ·U

V → · · ·UX · · ·

%OwW|t U |xv=}=B=v w X O=tv \@=wQ u=}t pN=OD RwQ@ ?Hwt ’OW=@ OwHwt Qt=Qo QO

U
.
= X, U ⋗ X

u} Ro}=H Q} R Oa=wk xawtHt =@ =Q jwi Oa=wk xawtHt ’W O}OH |xv=}=B=v |iQat =@ ’pmWt u}= pL |=Q@
%s}vm|t

W → U

U → · · ·U

V → · · ·WX · · ·

%Ov};|t QO Q} R CQwY x@ \@=wQ CQwY u}= QO xm

W
.
= X, U ⋗ X

xO=U sOkD |x} RHD VwQ |=y|oS} w 5»3»8

Qorta sOkD VwQ |xDi=} Ow@y@ •

"Ovm|t |v=@}DWB =Q |QDW}@ |=yQt=Qo w OQ=O |QDtm C}OwOLt •

Qt=Qo Oa=wk CU=Q CtU QO Qw=Ht |=yxv=}=B=v uOw@ R=Ht •

u} QtD ◭

%O} Q}o@ Q_v QO =Q Q} R Qt=Qo "1

S → (L) | a

L → L, S | S
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u} QtD 14

=Q Q} R |=yxDWQ u; R= xO=iDU= =@ w O} Qw; CUO x@ =Q Qorta » sOkD x} RHD pwOH ’Qt=Qo u}= |=Q@
%O}vm x} RHD

(a, a) (a, ((a, a), (a, a)))

%O}vm O}rwD Q} R |=yQt=Qo |=Q@ =Q Qorta sOkD \@=wQ "2

S → aSbS | bSaS | ǫ “;
bexpr → bexpr or bterm | bterm

bterm → bterm and bfactor | bfactor

bfactor → not bfactor | (bexpr) | true | false

“?

%O}vm x} RHD u; =@ =Q var(var,var) |xDWQ w O} R=U@ Q} R Qt=Qo |=Q@ xO=U sOkD Qox} RHD l} "3

F → var(P0)

P0 → P

P → P, P1 | P1
P1 → var | F

Q=DiQ =D s}vm hPL =Q pwOH |=ypN=OD O}=@ xvwoJ "O} R=U@ Q} R Qt=Qo |=Q@ xO=U sOkD Qox} RHDl} "4
#Ovm p=@vO =Q ‹xDi=}vj@=]D then u} QDm}ORv =@ else Qy j@=]D› |xOa=k Qox} RHD

stmt → if expr then stmt

| if expr then stmt else stmt

| other

"CU= xv=}=B=v l} A =yv; QO xm O}yO x}=Q= Q} R ‘@=wD |x@U=Lt |=Q@ |@U=vt |=ysD} Qwor= "5

FirstTerm(A) •

LastTerm(A) •

Head(A) •

Tail(A) •

p}O@D (operator-grammar) Qorta Qt=Qol} x@ Ov=wD|t uDt R= pkDUt Qt=Qo Qy O}yO u=Wv "6
%CU= Q} R |=yCQwY R= |m} x@ u; O}rwD Oa=wk xm OwW

A→ aBcC, A→ aBb, A→ aB, A→ a

"OW=@ O}rwD |xOa=k l} sy S → ǫ ’OW=@ xDW=O OwHw u=@ R QO ǫ Qo = w

%O}U} wv@ =Q u; Qorta pO=at ’MU=B uOw@ |ivt CQwY QO #=QJ #CU= Qorta Qt=Qol} ’Q} R Qt=Qo =}; "7

E → EAE | (E) | −E | id

A → + | − | ∗ | /

u=}=B
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