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|wLv p}rLD
Syntax Analysis 4

xtOkt 1»4

"CU= p}=Bt=m Ov}=Qi |xrLQt u}twO |wLv p}rLD

p}=Bt=m Ov}=Qi |xrLQt u}twO u=wva x@ |wLv p}rLD %1»4 pmW

"OvwW|t |Ov@xwQo u=@ R |Qt=Qo Q=DN=U QO =yumwD ’|wLv p}rLD QO •

"O};|t CUO x@ ‘@vt Om |@D=QtxrUrU Q=DN=U xrLQt u}= QO •

1



uDt R= pkDUt |=yQt=Qo =@ u=@ R wLv |}=tvR=@ 2

Sequence of

Tokens

Hierarchy of

Structures

umwD %Q=O=vat OL=w |wLv |=yQ=DN=U %Q=O=vat OL=w

|wLv p}rLD |xrLQt %2»4 pmW

uDt R= pkDUt |=yQt=Qo =@ u=@ R wLv |}=tvR=@ 2»4

"Ovm|tXNWt =Q CUQO |=yxt=vQ@ |wLv Q=DN=U xm OQ=O |Oa=wk ’|R=Uxt=vQ@ u=@ R Qy

"“K}LY |Q=PoRDv=QB |}=tvR=@ Ovv=t” OvQ=O C}OwOLt wLv |}=tvR=@ |=Q@ s_vt |=yCQ=@a •

"OvDUy ?U=vt |R=Uxt=vQ@ |=yu=@ R wLv |}=tvR=@ |=Q@ uDt R= pkDUt |=yQt=Qo •

Qt=Qo 1»2»4

CU= u=@ Rl} |=yxDWQ O}rwD |=Q@ |Q=R@= ’Qt=Qo

CQwY x@ ?DQt |}=DQ=yJ l} G Qt=Qo

G = (N,T, S, P )

u; QO xm CU=

(variable) =yQ}eDt =} (non-terminal) =yxv=}=B=v R= |y=vDt |=xawtHt N

“=yumwD |xawtHt ’Qt=Qo |=@ir=” (terminal) =yxv=}=B R= |=xawtHt T

(start symbol) ‘wQW O=tv s=v =@ N R= X=N QYva l} S

(production rule) O}rwD Oa=wk R= |y=vDt |=xawtHt P

(N ∩ T = ∅) OvDUy =RHt w |yD=v T w N xmv}= ZQi =@

O}rwD Oa=wk

"CU= Qt=Qo l} h} QaD T=U= O}rwD Oa=wk
pmW x@ xm CU= (x, y) ∈ P CQwY x@ ?DQt GwR l} “xOa=k” O}rwD |xOa=k Qy

x → y

u; QO xm OwW|t xO=OV}=tv

“|yD |xDWQ RH@ Qt=Qo |=yxv=}=B=v w =yxv=}=B R= |@}mQD Qy” x ∈ (N ∪ T )+

“Qt=Qo |=yxv=}=B=v w =yxv=}=B R= |@}mQD Qy” y ∈ (N ∪ T )∗
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3 |wLv p}rLD

"OwW|t xO=iDU= xDWQ O}rwD |=Q@ (Derivation) j=kDW= pta QO O}rwD Oa=wk R=

H
p=Ft

G = (N,T, S, P )

T = {0, 1}, N = {S}, P = {S → 0S1, S → 01}

S ⇒ 01

S ⇒ 0S1⇒ 0011

S ⇒ 0S1⇒ 00S11⇒ 000111

. . .

S ⇒∗ 0n1n

“"OyO|t u=Wv =Q xrLQt OvJ =} QiY |] j=kDW= ∗”

L(G) = {0n1n : n ≥ 1}

N

j=kDW=

|=xrtH sQi l} |wQ Q@ O}rwD |xOa=k l} p=ta= %(Derivation) j=kDW=
=Q u; s}v=wD|t ’s}W=@ xDW=O =Q x → y O}rwD |xOa=k w OW=@ w = uxv CQwY x@ w |xDWQ Qo =
j=kDW= pta u}= x@ "s} Qw; CUO x@ =Q z = uyv CQwY x@ z |xDWQ w s}vm p=ta= xDWQ u}= |wQ Q@

CQwY x@ =Q u; w s}} wo|t
w ⇒ z

"OwW|t jDWt w R= z =} Ovm|t jDWt =Q z ’w s}} wo|t w s}yO|t u=Wv
CUO x@ Q_v OQwt |xDWQ =D OQm xO=iDU= x=wNrO O=OaD x@ w |B QO |B Qw] x@ =Q O}rwD Oa=wk u=wD|t

%O};
w1 ⇒ w2 ⇒ . . . ⇒ wn

s}U} wv|t "OwW|t jDWt w1 R= wn xm OwW|t xDio w

w1 ⇒
∗ wn

"OwW|t O}rwD w1 R= xrLQt OvJ =} QiY |] wn xm CU= u; |vat x@ xm

’Ovm =O}B j@=]D |=xrtH sQi l} R= xDWQQ} R l} =@ xOa=k l} AJ CtU x=oQy j=kDW= |xOa=k
"s}vm u} Ro}=H xDWQQ} R u; =@ =Q xOa=k u; CU=Q CtU s}v=wD|t

w ⇒ z iff w = w1uw2, z = w1vw2, w1, w2 ∈ (N ∪ T )∗, u → v ∈ P
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uDt R= pkDUt |=yQt=Qo =@ u=@ R wLv |}=tvR=@ 4

%OwW|t xO=iDU= Q} R |=y|Q=PoO=tv R= j=kDW= pta C=}�RH u=}@ |=Q@ j=kDW= pta |=yO=tv

G Qt=Qo \UwD j=kDW= ⇒G

G xrLQt l} QO j=kDW= ⇒

“|QPo =QD w |@=DR=@ C}Y=N |=Q=O” G QDW}@ =} xrLQt QiY QO j=kDW= ⇒∗

“|QPo =QD C}Y=N |=Q=O” G QDW}@ =} xrLQt l} QO j=kDW= ⇒+

xrLQt n QO j=kDW= ⇒n

r |xOa=k =@ j=kDW= (r)
⇒

Qt=Qol} \UwD xOW O}rwD u=@ R

|xawtHt x=ou; ’OW=@ Qt=Qo l} G = (N,T, S, P ) Qo =

L(G) = {w ∈ T ∗ : S ⇒∗ w}

"OQ=O s=v G \UwD xOW O}rwD u=@ R

H
p=Ft

G = (N,T, S, P )

T = {a, b}, N = {S,A,B},

S → AB (1)
A → aA (2)
A → ǫ (3)
B → bB (4)
B → ǫ (5)

S
(1)
⇒ AB

(2)
⇒ aAB

(2)
⇒ aaAB

(2)
⇒ aaaAB

(3)
⇒ aaaB

(4)
⇒ aaabB

(4)
⇒ aaabbB

(5)
⇒ aaabb

L(G) = {ambn : m,n ≥ 0}

N

H
p=Ft

G = (N,T, S, P )

T = {a}, N = {S,N,Q,R}

S → QNQ (1)
QN → QR (2)
RN → NNR (3)
RQ → NNQ (4)
N → a (5)
Q → ǫ (6)
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5 |wLv p}rLD

S
(1)
⇒ QNQ

(2)
⇒ QRQ

(4)
⇒ QNNQ

(2)
⇒ QRNQ

(3)
⇒ QNNRQ

(4)
⇒ QNNNNQ ⇒∗ aaaa

L(G) = {a(2n) : n ≥ 0}

N

Qt=Qol} |=xrtH |=ysQi

x=ou; ’OW=@ w ∈ L Qo =

S ⇒ w1 ⇒ w2 ⇒ . . . ⇒ wn ⇒ w

"Ov} wo|t w |xrtH R= j=kDW= l} =Q
(sentential|=xrtH sQi x@ OvDUy =yxv=}=B=v w =yxv=}=B |w=L xmw wwn ’. . . ’w2 ’w1 ’S |=yxDWQ

"OvDUy swUwt form)

x@ w s}yO|t V}=tv SF (G) =@ =Q Qt=Qo l} R= j=kDW= p@=k |=xrtH |=ysQi |xty |xawtHt
CQwY

SF (G) = {W ∈ (T ∪ N)∗ : S ⇒∗ W}

xm CU= |y}O@ "s}vm|t h} QaD

L(G) ⊂ SF (G)

=yQt=Qo |RQ=sy 2»2»4

"Ovvm O}rwD =Q OL=w u=@ R l} wO Qy Qo = \ki w Qo = ’OvDUy pO=at G2 w G1 Qt=Qo wO

G1 ≡ G2 iff L(G1) = L(G2)

uDt R= pkDUt Qt=Qo 3»2»4

CQwY x@ P Oa=wk |xty Qo = \ki w Qo = ’s}} wo|t uDt R= pkDUt =Q G = (N,T, S, P ) Qt=Qo

A → x , x ∈ (N ∪ T )∗, A ∈ N

"OW=@
"OQ=O OwHw xv=}=B=v l} \ki xOa=k Qy AJ CtU ’uDt R= pkDUt Qt=Qo QO
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uDt R= pkDUt |=yQt=Qo =@ u=@ R wLv |}=tvR=@ 6

|Q=PoO=tv |=yO=OQ=Qk

%s}vm|t xO=iDU= =yQt=Qo |U} wvxYqN |=Q@ Q} R |=yO=OQ=Qk R=

a, b, c, . . . |U}rov= |=@ir= |=OD@= lJwm hwQL =yxv=}=B
id, . . . (bold) x=}U |=yxDWQ
1, 2, 3, . . . s=kQ=
+,−, (, ), . . . X=N |=yO=tv w =yQorta
A,B,C, . . . |U}rov= |=@ir= |=OD@= nQR@ hwQL =yxv=}=B=v

S nQR@ hQL
stmt, expr, . . . l}r=D}= |=yxDWQ
. . . ,X, Y, Z |U}rov= |=@ir= |=yDv= nQR@ hwQL “xv=}=B=v =} xv=}=B” Qt=Qo |=yO=tv
α, β, γ, . . . |v=vw} lJwm hwQL Qt=Qo |=yO=tv R= |=xDWQ
. . . , w, x, y, z |U}rov= |=@ir= |=yDv= lJwm hwQL =yxv=}=B R= |=xDWQ

xOa=k u}rw= AJ CtU |xv=}=B=v ‘wQW O=tv

(BNF) h= "u= "|@ |Q=PoO=tv

Backus-Naur Form

x@ xv=}=B=v w xv=}=B |O=} R O=OaD pt=W |=yQt=Qo h}YwD QO ’uDt R= pkDUt |=yQt=Qo R= |W}=tv sQi u}=
"OwQ|t Q=m

<expr> Q=OxWwo Cm =Q@ uwQO =yxv=}=B=v
number |QDm =Q=m |=yxDWQ =yxv=}=B

::= |v} Ro}=H O=tv

1 <goal> ::= <expr>

2 <expr> ::= <expr> <op> <expr>

3 | number

4 | id

5 <op> ::= +

6 | -

7 | *

8 | /

s_vt CQ=@al} =@ Ov=wD|t Oa=wk CU=Q CtU ’(EBNF-Extended BNF) xDi=} VQDUo sQi QO
"OwW xO=OV}=tv “xv=}=B=v =} xv=}=B” Qt=Qo |=yO=tv R= pmWDt

Ovtvwv=k |=yj=kDW=

%(Left-most Derivation) u} QDAJ j=kDW= •
"(⇒LM ) OwW|t u} Ro}=H |=xrtH sQi QO Q}eDt u} QDAJ CtU ’j=kDW= R= sOk Qy QO
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7 |wLv p}rLD

%(Right-most Derivation) %u} QDCU=Q j=kDW= •
"(⇒RM ) OwW|t u} Ro}=H |=xrtH sQi QO Q}eDt u} QDCU=Q CtU ’j=kDW= R= sOk Qy QO

"CW=O Oy=wN OwHw u} QDAJ j=kDW= sy w u} QDCU=Q j=kDW= sy ’j=kDW= OwHw CQwY QO

H
p=Ft

Oa=wk =@ Qt=Qo

S → aAB

A → bBb

B → A | ǫ

%abbbb |xDWQ |=Q@ "O} Q}o@ Q_v QO =Q
%u} QDAJ j=kDW= l}

S ⇒ aAB ⇒ abBbB ⇒ abAbB ⇒ abbBbbB ⇒ abbbbB ⇒ abbbb

%u} QDCU=Q j=kDW= l}

S ⇒ aAB ⇒ aA ⇒ abBb ⇒ abAb ⇒ abbBbb ⇒ abbbb

N

j=kDW= CNQO

’OW=@ uDt R= pkDUt Qt=Qo l} G = (N,T, S, P ) Qo =
Qo = \ki w Qo = ’CU= G |=Q@ (derivation tree) j=kDW= CNQO l} tG ?DQt Q=OxW} Q CNQO

"OW=@ S ?UJQ@ |=Q=O xW} Q “1

"OW=@ T ∪ {ǫ} R= |@UJQ@ |=Q=O =ynQ@ R= l} Qy “2

"OW=@ N R= |@UJQ@ |=Q=O |rN=O |=yxQo R= l} Qy “3

a1, a2, . . . , an CQwY x@CU=Q x@AJ R= u; u=OvRQi w OW=@A ∈ N ?UJQ@ |=Q=O |=xQo Qo = “4
"OW=@ A → a1a2 . . . an pmW x@ |=xOa=k |w=L P x=ou; ’OW=@ xOW |Q=Po?UJQ@

"OW=@ xDW=Ov |Qo}O OvRQi I}y ’OW=@ ǫ ?UJQ@ =@ |OvRQi |=Q=O xm |=xQo “5

"CU= Qt=Qo u=@ R QO xDWQl} w O};|tCUO x@ =ynQ@ pw= » jtaV}=t}B R= j=kDW=CNQO pY=L

H
p=Ft

A

cBAba %A → abABc |xOa=k |=Q@ j=kDW= CNQO

N
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uDt R= pkDUt |=yQt=Qo =@ u=@ R wLv |}=tvR=@ 8

|} RH j=kDW= CNQO

N∪T ∪{ǫ} R=|@UJQ@ |=Q=O nQ@ Qy› xm Cw=iDu}= =@CU= j=kDW=CNQO Ovv=ty|} RHj=kDW=CNQO
‹CU=

R= |=xrtH sQi l} w O};|t CUO x@ =ynQ@ pw= » jtaV}=t}B R= |} RH j=kDW= CNQO pY=L
"CU= Qt=Qo

w ∈ L(G) Qy |=R= x@ CQwY u}= QO ’OW=@ uDt R= pkDUt Qt=Qol} G = (N,T, S, P ) Qo = •
QO j=kDW= CNQO pY=L TmaQ@ w CU= w u; pY=L xm s} Q=O G |=Q@ j=kDW= CNQO l}

"CU= L(G)

|=xrtH sQil} tG pY=L x=ou; ’OW=@ S |xW} Q =@ G |=Q@ |} RH j=kDW= CNQOl} tG Qo = •
"CU= G R=

’CU= xOW xO=iDU= xrtH l} uOQw; CUO x@ |=Q@ |Oa=wk xJ xm OyO|t u=Wv j=kDW= CNQO •
"OyO|tv u=Wv =Q =yv; R= xO=iDU= ?}DQD =t=

"OQ=Ov |Q}F=D |}=yv |xH}Dv QO xrLQt Qy QO Oa=wk |Q}oQ=m x@ ?}DQD Qo}O CQ=@a x@ •

H
p=Ft

%O} Q}o@ Q_v QO =Q S → aAB, A → bBb, B → A|ǫ Oa=wk =@ G Qt=Qo
%G R= abBbB |=xrtH sQi |=Q@ |} RH j=kDW= CNQO l}

S

BA

bBb

a

%abbbb |xrtH |=Q@ j=kDW= CNQO l}

S

B

A

bB

ǫ

b

A

bB

ǫ

b

a

N
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9 |wLv p}rLD

Qt=Qo QO s=y@= 3»4
OwHw w ∈ L(G)l} pk=OL Qo = \ki w Qo = s}t=v|t (ambiguous) sy@t =Q G uDt R= pkDUt Qt=Qo

"OW=@ xDW=O Cw=iDt j=kDW= CNQO wO pk=OL xm OW=@ xDW=O

"CU= G |=Q@ Cw=iDt u} QDCU=Q =} Cw=iDt u} QDAJ j=kDW= OvJ =} wO OwHw |vat x@ s=y@=

H
p=Ft

%OQ=O Cw=iDt j=kDW= CNQO wO aabb |xrtH =Q} R ’CU= sy@t S → aSb|SS|ǫ Qt=Qo

S

bS

bS

ǫ

a

a

S

S

bS

bS

ǫ

a

a

S

ǫ

N

sy@t ,=D=P u=@ R 1»3»4

|xOvvmO}rwD |=yQt=Qo |xty Qo = ’s}} wo|t (inherently ambiguous) sy@t ,=D=P u=@ Rl} =Q L u=@ R
"OvW=@ sy@t L

H
p=Ft

"CU= sy@t ,=D=P u=@ R l} L = {anbncm} ∪ {anbmcm} u=@ R

N

"OW=@ OwHwt u; |=Q@ sy@tQ}e Qt=Qo l} pk=OL Qo = \ki w Qo = s}} wo|t sy@tQ}e =Q L u=@ R •

|=Q@ |tD} Qwor= I}y |va} ’CU= Q}PB=vs}tYD ’uDt R= pkDUt Qt=Qol} QO s=y@=X}NWD |xr=Ut •
"OQ=Ov OwHw s=y@= ‘iQ =}X}NWD

H
p=Ft

Oa=wk =@ G = ({E}, {a, b, c,+, ∗, (, )}, E, P ) Qt=Qo

E → E + E | E ∗ E | (E) | a | b | c
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Qt=Qo QO s=y@= 10

%OQ=O OwHw j=kDW= CNQO wO a + b ∗ c |xDWQ |=Q@ %=Q} R ’CU= sy@t ’|@=UL |=yCQ=@a |=Q@

E

E

E

c

∗E

b

+E

a

E

E

c

∗E

E

b

+E

a

N

H
p=Ft

sy@t Qt=Qo |=Q@ “Qt=Qo R= s=y@= ‘iQ”

E → E + E | E ∗ E | (E) | a | b | c

%OQm =O}B sy@t Q}e pO=at Qt=Qo l} ’Qt=Qo |U} wvR=@ =@ u=wD|t

E → E + T | T

T → T ∗ F | F

F → (E) | a | b | c

%OQ=O j=kDW= CNQO l} =yvD a + b ∗ c |xDWQ Qt=Qo u}= QO
E

T

F

c

∗T

F

b

+E

T

F

a

N

|[=} Q C=Q=@a Qt=Qo R= s=y@= ‘iQ |=Q@ =yQorta sOkD 2»3»4

|QDW}@ jta QO O}=@ ’OQ=O |QDq=@ sOkD xmv; ’Ov=xOW Qy=_ |Q=PoRDv=QB K]Ul} QO xm Qorta wO R=
"OwW Qy=_ x} RHD CNQO QO |Qo}O x@ C@Uv

Kazim Fouladi <kazim@fouladi.ir>, 2nd Edition, Fall 2014
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|U} wvR=@ |Qw] =Q Qt=Qo Oa=wk =yv;ltm x@ w s}vm Qt=Qo OQ=w =Q |O}OH |=yxv=}=B=v O}=@ Qw_vt u}= |=Q@
"OwW xO=}B jwi |xOa=k xm s}vm

H
p=Ft

E → E + E | E ∗ E | (E) | id

⇓

E → E + T | T

T → T ∗ F | F

F → (E) | id

E

T

F

id

∗T

F

id

+E

T

F

id

id + id * id

N

CU=Q R= |Q}PBCmQW %=yQorta |Q}PBCmQW 3»3»4

’OvDUy (right-associative) CU=Q R= Q}PBCmQW xm |}=yQorta
"OvwW|t O}rwD (right-recursive) CU=Q R= |DWoR=@ |xOa=k l} =@

R → id ⊕ R

"Ovm|t OWQ CU=Q R= ’CU=Q R= |DWoR=@ |xOa=k |=Q@ x} RHD CNQO

Kazim Fouladi <kazim@fouladi.ir>, 2nd Edition, Fall 2014
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R

R

R

R

. . .

⊕id

⊕id

⊕id

⊕id

id ⊕ id ⊕ id ⊕ id ⊕ . . .

AJ R= |Q}PBCmQW %=yQorta |Q}PBCmQW 4»3»4

’OvDUy (left-associative) AJ R= Q}PBCmQW xm |}=yQorta
"OvwW|t O}rwD (left-recursive) AJ R= |DWoR=@ |xOa=k l} =@

L → L ⊕ id

"Ovm|t OWQ AJ R= ’AJ R= |DWoR=@ |xOa=k |=Q@ x} RHD CNQO

L

id⊕L

id⊕L

id⊕L

id⊕

. . .

. . . ⊕ id ⊕ id ⊕ id ⊕ id

Kazim Fouladi <kazim@fouladi.ir>, 2nd Edition, Fall 2014
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|]QW |=yQwDUO Qt=Qo 5»3»4

S → if E then S

| if E then S else S

| other

|}=yv |xDWQ x@ |yvDt |=xrtH sQi =Q} R ’CU= sy@t Qt=Qo u}=

if E then if E then S else S

%CU= Cw=iDt j=kDW= CNQO wO |=Q=O
S

S

SelseSthenEif

thenEif

S

SelseS

SthenEif

thenEif

xm s}vm|t xO=iDU= Q} R |}=vat |xOa=k R= ’Qw_vt u}= |=Q@ |]QW |=yQwDUO Qt=Qo R= s=y@= ‘iQ
%OwW|t xDiQo Q_v QO |R=Uxt=vQ@ |=yu=@ R QDW}@ QO

"O@=} j@=]D ’xDi=}vj@=]D then u} QDl}ORv =@ O}=@ else Qy

S → S1 | S2
S1 → if E then S1 else S1

| other

S2 → if E then S

| if E then S1 else S2

if E then if E then S else S

Kazim Fouladi <kazim@fouladi.ir>, 2nd Edition, Fall 2014
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S

S2

S

S1

S1elseS1thenEif

thenEif

=yQt=Qo |=yp}O@D 4»4

|yD R= |r=N w QwO uwO@ ’xDi=}Vy=m |=yQt=Qo 1»4»4

%u; QO xm CU= |Qt=Qo (Reduced) xDi=}Vy=m Qt=Qo •

’OQ=Ov OwHw A → A CQwY x@ |Oa=wk “1

’∀A ∈ N∃x ∈ T ∗ A ⇒∗ x OvDUy Orwt =yxv=}=B=v s=tD “2

"∀A ∈ N∃α, β ∈ (N ∪ T )∗ S ⇒∗ αAβ OvDUy Q}PBTQDUO =yxv=}=B=v |xty “3

"OW=@v OwHwt A ⇒∗ A Ovv=t |k=kDW= u; QO xm CU= |Qt=Qo (Cycle-free) QwO uwO@ Qt=Qo •

"OQ=Ov A → ǫ Ovv=t |=xOa=k xm CU= |Qt=Qo (ǫ-free) |yD R= |r=N Qt=Qo •

xDi=}Vy=m |=yQt=Qo O=H}=

%?}DQD x@

A → A Oa=wk hPL •

Orwt=v |=yQ}eDt pt=W Oa=wk hPL •

Q}PB=vTQDUO |=yQ}eDt pt=W Oa=wk hPL •

H
p=Ft

Orwt=v |=yQ}eDt

S → X | Y

X → ()

Y → (Y Y )

"OvDUy (useless) xO=iDU=|@ u; R= xOvvm xO=iDU= Oa=wk xH}Dv QO w CU= Orwt=v Y Q}eDt

N

Kazim Fouladi <kazim@fouladi.ir>, 2nd Edition, Fall 2014
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"CU= Orwt=v ’OW=@ xDW=Ov |v=}=B |xDWQ l} x@ swDNt |w}D=vQDr; xm |DWoR=@ Q}eDt Qy

H
p=Ft

Q}PB=vTQDUO |=yQ}eDt

S → AB

A → + | − | ǫ

B → digit | B digit

C → .B

"CU= (useless) xO=iDU=|@ QN; |xOa=k xH}Dv QO w CU= Q}PB=vTQDUO C Q}eDt

N

"CU= Q}PB=vTQDUO ’OW=@ xDW=Ov Q=Qk |O}rwD |xOa=k I}y CU=Q CtU QO xm |=xv=}=B=v Qy S RH@

|DWoR=@ Qt=Qo w xOa=k ’“Q}eDt” xv=}=B=v 2»4»4

l} ’CU= xOW Qy=_ R}v xOa=kCU=Q CtU QOAJ CtU Q}eDt u; QO xm A → αAβ |xOa=k •
"OQ=O s=v (recursive) |DWoR=@ |xOa=k

Qy=_ R}v xOa=k CU=Q CtU AJ x}r= |yDvt QO AJ CtU Q}eDt u; QO xm A → Aα |xOa=k •
"OQ=O s=v (left recursive) AJ R= |DWoR=@ |xOa=k l} ’CU= xOW

Qy=_ R}v xOa=kCU=Q CtU CU=Q x}r= |yDvt QOAJ CtU Q}eDt u; QO xm A → αA |xOa=k •
"OQ=O s=v (right recursive) CU=Q R= |DWoR=@ |xOa=k l} ’CU= xOW

"OQ=O s=v |DWoR=@ Q}eDt ’OW=@ xDW=O OwHw |DWoR=@ |xOa=k l} pk=OL u; |=Q@ xm |Q}eDt •

"OQ=O s=v |DWoR=@ Qt=Qo ’OW=@ xDW=O OwHw |DWoR=@ |xOa=k l} pk=OL u; QO xm |Qt=Qo •

s}kDUt AJ R= |DWoR=@ Oa=wk hPL

q=@ |=yQox} RHD QO p=Ft |=Q@ "CU= ?wr]t=v =t |=Q@ Qt=Qo QO AJ R= |DWoR=@ Oa=wk OwHw C=kw= |y=o
=@ Oa=wk u}= CU= sRq |OQ=wt u}vJ QO "OwW|t C}=yv|@ |xkrL RwQ@ Ea=@ Oa=wk u}= OwHw u}}=B x@
xDio AJ R= |DWoR=@ hPL ’Ov};Qi u}= x@ "OvwW u} Ro}=H ’OvDU}v AJ R= |DWoR=@ xm |@U=vt Oa=wk

"OwW|t
w AJ R= |DWoR=@ VN@ wO x@ =Q A Oa=wk ’A |DWoR=@ Q}eDt AJ R= |DWoR=@ Oa=wk hPL |=Q@

%s}vm|t s}UkD AJ R= |DWoR=@ Q}e

A → Aα1 | Aα2 | . . . | Aαn

A → β1 | β2 | . . . βm

%s}vm|t u} Ro}=H Q} R Oa=wk xawtHt =@ =Q Oa=wk xawtHt u}= p=L

Kazim Fouladi <kazim@fouladi.ir>, 2nd Edition, Fall 2014
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A → β1A
′ | β2A

′ | . . . βmA′

A′ → α1A
′ | α2A

′ | . . . | αnA′ | ǫ

"CU= x}rw= Qt=Qo =@ pO=at pY=L Qt=Qo

"OwW|t u} Ro}=H A′ → αA′ | ǫ w A → βA′ Oa=wk =@ A → Aα | β Oa=wk ’xO=U Cr=L QO

H
p=Ft

%s}kDUt AJ R= |DWoR=@ Oa=wk hPL

E → E + T | T

T → T ∗ F | F

F → (E) | id

%=@ |v} Ro}=H

E → TE′

E′ → +TE′ | ǫ

T → FT ′

T ′ → ∗FT ′ | ǫ

F → (E) | id

N

Qt=Qo u; QO A ⇒n αAβ j=kDW= Qo = \kiw Qo = CU= s}kDUt Q}e |DWoR=@ Q}eDt l} A Q}eDt •
"(n ≥ 2) OW=@ umtt

u; QO A ⇒n Aα j=kDW= Qo = \kiw Qo = CU= s}kDUt Q}e AJ R= |DWoR=@ Q}eDtl} A Q}eDt •
"(n ≥ 2) OW=@ umtt Qt=Qo

QO A ⇒n αA j=kDW= Qo = \kiw Qo = CU= s}kDUt Q}e CU=Q R= |DWoR=@ Q}eDt l} A Q}eDt •
"(n ≥ 2) OW=@ umtt Qt=Qo u;

s}kDUt Q}e AJ R= |DWoR=@ hPL

%s}vm|t pta Q} R CQwY x@ ’s}kDUt Q}e AJ R= |DWoR=@ hPL |=Q@

"s} Q}o|t Q_v QO Qt=Qo |=yQ}eDt |wQ Q@ ?}DQD l} •

"s}vm|t hPL pw= Q}eDt |=Q@ =Q s}kDUt AJ R= |DWoR=@ •

%|Oa@ |=yQ}eDt |=Q@ •
hPL |rai Q}eDt Oa=wk |=Q@ =Q s}kDUt AJ R= |DWoR=@ w s}vm|t u} Ro}=H =Q |r@k Q}eDt Oa=wk

"s}vm|t

Kazim Fouladi <kazim@fouladi.ir>, 2nd Edition, Fall 2014
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Input: grammar G without cycles and ǫ-productions.

Output: An equivalent grammar without left recursion.

Number the nonterminals in some order A1, A2, . . . , An

for i = 1 to n do
• for j = 1 to i − 1 do

⊲ replace Ai → Ajγ

⊲ with Ai → δ1γ | · · · | δkγ

⊲ where Aj → δ1 | · · · | δk are all the current Aj-productions.

• Eliminate immediate left-recursion for Ai

⊲ New nonterminals generated above are numbered Ai+n

H
p=Ft

%s}kDUt Q}e AJ R= |DWoR=@ hPL

Original Grammar:
• (1) S → Aa | b

• (2) A → Ac | Sd | e

Ordering of nonterminals: S ≡ A1 and A ≡ A2.
i = 1

• do nothing as there is no immediate left-recursion for S

i = 2

• replace A → Sd by A → Aad | bd

• hence (2) becomes A → Ac | Aad | bd | e

• after removing immediate left-recursion:
⊲ A → bdA

′ | eA
′

⊲ A
′ → cA

′ | adA
′ | ǫ

N

lQDWt OvwW}B 3»4»4

Oa=wk xawtHt QO
A → αβ1 | αβ2 | . . . | αβm

"OQ=O s=v lQDWt OvwW}B α

lQDWt OvwW}B hPL |=Q@ AJ R= |Q}oQwDm =i

’lQDWt OvwW}B hPL |=Q@

A → αβ1 | αβ2 | . . . | αβm

%s}vm|t u} Ro}=H Q} R Oa=wk xawtHt =@ ’(left-factoring) AJ R= |Q}oQwDm =i =@ =Q Oa=wk xawtHt u}=

A → αB

B → β1 | β2 | . . . | βm

Kazim Fouladi <kazim@fouladi.ir>, 2nd Edition, Fall 2014
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"CU= x}rw= Qt=Qo =@ pO=at pY=L Qt=Qo

u} Ro}=H B → β1 | β2 w A → αB Oa=wk =@ A → αβ1 | αβ2 Oa=wk ’xO=U Cr=L QO
"OwW|t

AJ R= |Q}oQwDm =i =@ lQDWt |=yOvwW}B ‘iQ sD} Qwor=

|=Q=O Q}eDtl} w}D=vQDr; wO I}y Qo}O =D s}vm|t Q=QmD =Q jwi p=wQ QOk u; ’lQDWt |=yOvwW}B ‘iQ |=Q@
"OvW=@v lQDWt OvwW}B

Input: context free grammar G

Output: equivalent left-factored context-free grammar G′

for each nonterminal A do
• find the longest non-ǫ prefix α that is common to right-hand sides of

two or more productions
• replace

• A → αβ1 | · · · | αβn | γ1 | · · · | γm

with
⊲ A → αA′ | γ1 | · · · | γm

⊲ A′ → β1 | · · · | βn

• repeat the above process until A has no two productions with a common
prefix.

H
p=Ft

%Qt=Qo R= AJ R= |Q}oQwDm =i =@
S → (S) | ()

%=@ |v} Ro}=H w

S → (B

B → S) | )

"Ov=t|tv |k=@ lQDWt OvwW}B =@ |w}D=vQDr; wO I}y xrLQt l} QO

N

H
p=Ft

AJ R= |DWoR=@ hPL w AJ R= |Q}oQwDm =i

Original grammar:
S → (S) | SS | ()
To remove immediate left-recursion, we have

• S → (S)S′ | ()S′

• S′ → SS′ | ǫ

To do left-factoring, we have
• S → (S′′

• S′′ → S)S′ |)S′

• S′ → SS′ | ǫ

(1)

Kazim Fouladi <kazim@fouladi.ir>, 2nd Edition, Fall 2014
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N

(Parser) Qox} RHD 5»4

umtt j=kDW= O} wo|t =} w O@=}|t j=kDW=l} w |xDWQ |=Q@ xm CU= |tD} Qwor= ’(parser) Qox} RHD
"CU}v

"CU= “j=kDW= CNQO” x} RHD CNQO R= |}=tvR=@ |awv ’Qox} RHD |HwQN

|rL=Qt O=OaD QO =Q w ∈ L(G) |xDWQ Qy xm OQ=O OwHw |tD} Qwor= ’uDt R= pkDUt Qt=Qo Qy |=R= x@
"Ovm|t x} RHD ’CU= |w|3 =@ ?U=vDt xm

H
p=Ft

%|wLv p}rLD R= xO=U |=xvwtv

assignment → id := expr

expr → id | num | expr op expr | (expr)

op → + | − | ∗ | /

id := id + id * num =yumwD |xr=@vO
↓

assignment

expr

expr

expr

num

op

∗

expr

id

op

+

expr

id

:=id

=yQ=DN=U ?D=QtxrUrU

N

x} RHD |=yVwQ 1»5»4

(Top-Down Parsing) u}}=B x@ q=@ |=yVwQ •
"OwW|t xDN=U “=ynQ@ CtU x@ xW} Q R=” u}}=B x@ q=@ R= x} RHD CNQO

Kazim Fouladi <kazim@fouladi.ir>, 2nd Edition, Fall 2014
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(Bottom-Up Parsing) q=@ x@ u}}=B |=yVwQ •
"OwW|t xDN=U “xW} Q CtU x@ =ynQ@ R=” q=@ x@ u}}=B R= x} RHD CNQO

x} RHD |=yVwQ |Ov@xk@]

u}}=B x@ q=@ |=yVwQ
Recursive Descent with Backtracking OQo@ka =@ |DWoR=@ |rwRv VwQ »
Recursive Descent |DWoR=@ |rwRv VwQ »

LL(k) |=yVwQ »
q=@ x@ u}}=B |=yVwQ

Operator Precedence Qorta sOkD VwQ »
Simple Precedence xO=U sOkD VwQ »
Simple LR (SLR) xO=U LR VwQ »
Lookahead LR LALR VwQ »
Canonical LR CLR VwQ »
Earley, CYK, . . . |twta |=yVwQ »

’?U=vt |xOa=kX}NWD |=Q@ O}=@ xmCU= |O=tv ’|v}@V}B O=tv “Lookahead”|v}@V}B O=tv
#s}vm x=ov O}=@ |Q=H umwD R= ‘wQW =@ Oa@ umwD OvJ x@ xm CU= u}=VUQB "s}v}@@ =Q u;V}B R=

1 2 3 4 5 . . .

↑

|mUt=J |Ov@xk@] 6»4

xOvQ}PB Qt=Qo Oa=wk ?r=k Qt=Qo u=@ R
nv} QwD |=yu}W=t α → β C}OwOLt uwO@ |=yQt=Qo |DWoR=@ Q}PBVQ=tW |=yu=@ R ‘wv
Turing Machine α 6= ǫ Unrestricted Recursively Enumerable QiY

(TM) L0

|]N Q=Ov=Qm |=D=twD; α → β uDt x@ T=UL |=yQt=Qo uDt x@ T=UL |=yu=@ R ‘wv
Linear Bounded Automata |α| ≤ |β| Context-Sensitive Context-Sensitive l}

(LBA) L1

|=xDWB |=D=twD; α → β uDt R= pkDUt |=yQt=Qo uDt R= pkDUt |=yu=@ R ‘wv
Push-down Automata α ∈ N, |α| = 1 Context-Free Context-Free wO

(PDA) L2

|y=vDt |=D=twD; α → β s_vt |=yQt=Qo s_vt |=yu=@ R ‘wv
Finite Automata β = aB =} β = a Regular Regular xU

(FA) β = Ba =} β = a L3

L3 ⊂ L2 ⊂ L1 ⊂ L0
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u} QtD ◭

%O} Q}o@ Q_v QO =Q Q} R uDt R= pkDUt Qt=Qo "1

S → SS + | SS ∗ | a

"Owtv O}rwD Qt=Qo u}= \UwD u=wD|t =Q aa + a∗ |xDWQ xm O}yO u=Wv “;
"O} R=U@ xDWQ u}= |=Q@ =Q (parse tree) x} RHD CNQO “?

#Ovm|t O}rwD =Q |v=@ R xJ Qt=Qo u}= “A

#OwW|t O}rwD Q} R |=yQt=Qo R= l} Qy \UwD |v=@ R xJ "2

S → 0S1 | 01 “;
S → +SS | − SS | a “?

S → S(S)S | ǫ “A
S → aSbS | bSaS | ǫ “C

S → a | S + S | SS | S ∗ | (S) “E

#=QJ #CU= sy@t jwi u} QtD |=yQt=Qo R= l} s=Om "3

%O} R=U@ uDt R= pkDUt Qt=Qo l} ’Q} R |=yu=@ R R= l} Qy |=Q@ "4

(prefix) |OvwW}B pmW x@ u=wD w ∗ ’+ |=yQorta =@ |[=} Q |=yCQ=@a “;
(postfix) |OvwUB pmW x@ u=wD w ∗ ’+ |=yQorta =@ |[=} Q |=yCQ=@a “?

"Ov=xOW =OH =t=m =@ xm =yxU=vW R= (left-associative) ‹AJ R= Q}PBCmQW› |=yCU}r “A
"Ov=xOW =OH =t=m =@ xm =yxU=vW R= (right-associative) ‹CU=Q R= Q}PBCmQW› |=yCU}r “C

+ − ∗/ |OvwrtawO Qorta Q=yJ =@ =yxU=vW w O=Oa= R= |[=} Q |=yCQ=@a “E
"O}}=tv xi=[= =Q (unary) |OvwrtalD j} QiD w ‘tH “E4” |[=} Q |=yQorta x@ “G

"OvW=@v sy@t xm O}vm |U} wvR=@ |=xvwo x@ =Q jwi u} QtD |=yQt=Qo "5

"OvW=@ xDW=OvAJ R= |DWoR=@ =} lQDWt OvwW}B xm O}vm |U} wvR=@ |=xvwo x@ =Q jwi u} QtD |=yQt=Qo "6

O=Oa= Q=DN=U OQwt QO QDW}@ C=L}[wD |=Q@ "O}U} wv@ |twQ O=Oa= |=Q@ uDt R= pkDUt Qt=Qo l} "7
%O}vm xaH=Qt Q} R TQO; x@ ’|twQ

http://fa.wikipedia.org/wiki/~twQ»~U}wvOOa

%O}yO MU=B =Q Q} R |=yVUQB ’Q} R Qt=Qo =@ \=@DQ= QO "8

S → Aa | aBb | aBbDc

A → Sa | ǫ

B → CD

C → Ba | ǫ

D → Db | E | ǫ

E → Ec | D | ǫ

"O}U} wv@ =Q jwi Qt=Qo |xDi=}Vy=m CQwY “;
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’AJ R= |Q}oQwDm =i R=TB w O}vm ‘iQ jwi Qt=Qo R= =Q s}kDUtQ}e w s}kDUt AJ R= |DWoR=@ “?
"O}U} wv@ =Q pY=L Qt=Qo

"O}vm hQ]Q@ Q} R Qt=Qo R= =Q AJ R= |DWoR=@ "9

S → Sab | SaS | X

X → Xc | a | b

%O} Q}o@ Q_v QO =Q Q} R Qt=Qo "10

S → S00 | 11S | 0S1 | 10S | ǫ

"CU= O}rwD p@=k jwi Qt=Qo |xr}Uw x@ 111000 |xDWQ xm O}yO u=Wv “;
"O} R=U@ =Q =yv; |xty #OQ=O OwHw xDWQ u}= |=Q@ Cw=iDt (parse tree)|x} RHDCNQO OvJ “?
=yxDWQ s=tD xm O}vm p}O@D |vDt R= pkDUt Qt=Qo x@ =Q jwi Qt=Qo ’sRq Oa=wk uOQm xi=[= =@ “A

"Ovm|t O}rwD =Q GwR pw] x@

"Ovm|th} QaD |U}rov= |=@ir= hwQL R= pmWDt |}=yxDWQ |=Q@ =Q # w $ Qorta wO wQ@ wQ Qt=Qo "11
OwN pw= Ovwrta $ Qorta w (concatenation) Ov=@UJ|t sy x@ =Q OwN Ovwrta wO # Qorta
%$ Qorta |=Q@ p=Ft "Ov=@UJ|t OwN swO Ovwrta |=yDv= x@ =Q u; w xOQm (reverse)Twmat =Q

abc$def = defcba

%Q} R Qt=Qo x@ xHwD =@ "OQ=O |QDq=@ C} wrw= # Qorta x@ C@Uv $ Qorta

S′ → S

S → T$S | T#S | T

T → string

#CU}J xyz$hij#cs CQ=@a pY=L “;
=Q (syntax tree) wLv CNQO w (parse tree) x} RHD CNQO ’u} QDCU=Q j=kDW= l} “?

"O}yO u=Wv a#b$c xDWQ |=Q@
xm O}@=}@ =Q |rO=at Qt=Qo ’OQ=O |QDq=@ C} wrw= # Qorta x@ C@Uv $ Qorta xmv}= x@ xHwD =@ “A

"OW=@ s=y@= R= |Q=a

%O}vm |L=Q] Qt=Qo l} Q} R |=yu=@ R R= l} Qy |=Q@ "12

p=@vO 1 l} pk=OL =@ xrY=iq@ 0 Qy xm 1 w 0 R= pmWDt |=yxDWQ |t=tD |xawtHt “;
.OwW
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