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Thus, if an n-node Fibonacci heap is a collection of unordered binomial trees, then
D(n) =lgn.
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MAKE-FIB-HEAP()

FIB-HEAP-INSERT( H,z)

FIB-HEAP-MINIMUM( H)

FIB-HEAP-UNION( H,,H,)

FIB-HEAP-EXTRACT-MIN(H)
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FIB-HEAP-INSERT (H, x)

1 degree[x] < 0O
2 plx] < NIL slLaaa o S 5 sl mos o
3 child[x] < NIL TS gad 2O 2 bsaad s Ao
4 left[x] < x
5 right[x] < x L. ias | 5 s e ko )
6 mark[x] < FALSE B S A St S
7 concatenate the root list containing x with root list H Lo Sl 4 glo S S5 nd
8 if min[H] = NIL or key[x] < key[min[H ]] -3 g oo 8L
9 then min[H] < x

10 n[H] < n[H]+1
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Figure 20.2 Inserting a node into a Fibonacci heap. (a) A Fibonacci heap H. (b) Fibonacci heap H
after the node with key 21 has been inserted. The node becomes its own min-heap-ordered tree and
is then added to the root list, becoming the left sibling of the root.
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FIB-HEAP-UNION (H;, H>)

H < MAKE-FIB-HEAP()

min|H | < min[Hy]

concatenate the root list of H, with the root list of H

if (min[H,] = NIL) or (min[H,] #+ NIL and key[min[H;]] < key[min[H]])
then min[H ]| < min[H,]

n[H] < n[H] + n[H>]

free the objects H, and H,

return H
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FIB-HEAP-EXTRACT-MIN(H)
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FIB-HEAP-EXTRACT-MIN (H)

z < min[H]
if z =£ NIL
then for each child x of z
do add x to the root list of H

(2) poni oo 58S 3508 (s Yoy 0!
S5 25 S oo Bla) iy el G 1
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.man < NIL  aab Galas golyea 2 S|

plx] < NIL ,
remove z from the root list of H OIS Zewly alea b ulos 1, MAN G S
if z = right|z] AAJ o

then min[H] < NIL lsal 81, CONSOLIDATE i, 4
else min[H] < right[z] ol sy el JALS L;Lmﬁbassu.a

CONSOLIDATE (H ) 5 e wleie  elada 1u
n[H] < n[H] - 1 FERTEEETE

return z
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(FIB-HEAP-LINK JI5, L)
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Al0 .. D(n(H))]

s Al =y
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CONSOLIDATE (H)
1 fori < Oto D(n[H]))
2 do A[i] < NIL
3 for each node w in the root list of H
4 dox < w
5 d < degree|x]
6 while A[d] # NIL
7 do y < A[d] > Another node with the same degree as x.
8 if key[x] > key[y]
9 then exchange x <> y
10 FIB-HEAP-LINK (H, y, x)
11 Ald] < NIL
12 d<d+1
13 Ald] < x
14 min[H] < NIL
15 fori < Oto D(n[H])
16 do if A[i] £ NIL
17 then add A[i] to the root list of H
18 if min[H] = NIL or key[A[i]] < key[min[H]]
19 then min[H] < Al[i]

FIB-HEAP-LINK I 9

S o Jualo ad G (s glue (st 8 I8 slaca s
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FIB-HEAP-LINK (H, y, x)

1 remove y from the

2 make y a child of x, incrementing degree|[x]

3  mark[y] < FALSE

root list of H
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FIB-HEAP-DECREASE-KEY (H,z,k)

FIB-HEAP-DELETE(H, )
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FIB-HEAP-DECREASE-KEY (H,z,k)

FiB-HEAP-DECREASE-KEY (H, x, k)

1
2
3
4
5
6
7
8
9

if £k > key[x]

then error “new key is greater than current key”
key[x] < k
y < plx]
if y # NIL and key[x] < key[y]

then CUT(H, x, y)

CASCADING-CUT(H, y)

if key[x] < key[min|H ]

then min[H] < x
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1 remove x from the child list of y, decrementing degree[y] LA oo 8 ddn, 1, T
2 add x to the root list of H Lasla e 1 x;m e
3 plx] < NIL '

4  mark[x] < FALSE

CASCADING-CUT(H, y)

1
2
3
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Aoa oo e Me (il su; 9a0 e de Y S
z < plyl (- 2830 e 31y (3558 0l gl G sa)
if z £ NIL

then if mark[y] = FALSE

then mark[y] <— TRUE el sa,0a cedle Y S

else CUT(H, y,z) (sl sula s B GBad 558 Gae g8 O 92 )
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Two calls of FIB-HEAP-DECREASE-KEY.

(a)

The initial Fibonacci heap.

(b) The node with key 46 has its key decreased to

15. The node becomes a root, and its parent
(with key 24), which had previously been
unmarked, becomes marked.

(c)—(e) The node with key 35 has its key
decreased to 5. In part (¢), the node, now with
key 5, becomes a root.
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FIB-HEAP-DELETE(H, )

FIB-HEAP-DELETE (H, x)

1 FIB-HEAP-DECREASE-KEY (H, x, —o0)
2 FIB-HEAP-EXTRACT-MIN (H)

¢, = O(lgn))
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For each node x within a Fibonacci heap,
define size(x) to be the number of nodes, including x itself, in the subtree rooted at x

Lemma 20.3
Let x be any node in a Fibonacci heap, and let k = degree[x]. Then, size(x) >

Fiir > ¢F, where ¢ = (1 + \/5)/2.

Corollary 20.4
The maximum degree D (n) of any node in an n-node Fibonacci heap 1s O (Ign).
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Binary heap  Binomial heap | Fibonacci heap
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Procedure (worst-case) (worst-case) (amortized)
MAKE-HEAP O(1) (1) (1)
INSERT O(gn) O(lgn) O(1)
MINIMUM O(1) O(lgn) (1)
EXTRACT-MIN ®O(gn) O(gn) O(lgn)
UNION ®(n) O(lgn) O(1)
DECREASE-KEY O(gn) O(gn) (1)
DELETE O(gn) Ogn) O(gn)
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Chapter 19

—

Fibonacci Heaps

The Fibonacci heap data structure serves a dual purpose. First, it supports a set of
operations that constitutes what is known as a “mergeable heap.” Second, several
Fibonacci-heap operations run in constant amortized time, which makes this data
structure well suited for applications that invoke these operations frequently.

Mergeable heaps

A mergeable heap is any data structure that supports the following five operations,
in which each element has a key:

MAKE-HEAP() creates and returns a new heap containing no elements.
INSERT(H. x) inserts element x, whose key has already been filled in, into heap H.
MINIMUM (H ) returns a pointer to the element in heap H whose key is minimum.

EXTRACT-MIN (H ) deletes the element from heap A whose key is minimum, re-
turning a pointer to the element.

UNION(H,. H;) creates and returns a new heap that contains all the elements of
heaps H, and H,. Heaps H, and H, are “destroyed” by this operation.

In addition to the mergeable-heap operations above, Fibonacci heaps also support

the following two operations:

DECREASE-KEY (H,x.k) assigns to element x within heap H the new key
value k, which we assume to be no greater than its current key value.!

DELETE(H. x) deletes element x from heap H.

! As mentioned in the introduction to Part V, our default mergeable heaps are mergeable min-
heaps, and so the operations MINIMUM, EXTRACT-MIN, and DECREASE-KEY apply. Alterna-
tively, we could define a mergeable max-heap with the operations MAXIMUM, EXTRACT-MAX,
and INCREASE-KEY.




