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Procedure (worst-case) (worst-case) (amortized)
MAKE-HEAP O(1) ®(1) (1)
INSERT O(gn) O(lgn) (1)
MINIMUM O(1) O(lgn) (1)
EXTRACT-MIN ®O(gn) O(gn) O(lgn)
UNION ®(n) O(lgn) O(1)
DECREASE-KEY O(gn) O(gn) (1)
DELETE O(gn) Ogn) O(gn)
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BINOMIAL-HEAP-MINIMUM( H)

BINOMIAL-HEAP-MINIMUM (H)

y < NIL
X < head|H ]
min <— o0
while x # NIL

do if key[x] < min

then min < key|x]
y < X
X < sibling[x]

return y
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BINOMIAL-HEAP-UNION (H,, H>)
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H < MAKE-BINOMIAL-HEAP()

head|H] < BINOMIAL-HEAP-MERGE (H;, H>)
free the objects H; and H, but not the lists they point to

if head[H] = NIL
then return H

prev-x < NIL

X < head[H ]

next-x < sibling|[x]

while next-x = NIL

do if (degree[x] # degree[next-x]) or
(sibling[next-x] # NIL and degree[sibling[next-x]] = degree[x])

then prev-x <— x
X <— next-x

> Cases 1 and 2
> Cases 1 and 2

else if key[x] < key[next-x]

then sibling[x] < sibling[next-x| > Case 3
BINOMIAL-LINK (next-x, x) > Case 3

else if prev-x = NIL > Case 4
then head[H ] < next-x > Case 4

else sibling[prev-x] < next-x > Case 4
BINOMIAL-LINK (x, next-x) > Case 4

X < next-x
next-x <— sibling[x]
return H

> Case 4
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BINOMIAL-LINK (y, z)
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plyl <z

sibling|y] <« child|z]
child[z] <y

degree(z] < degree[z] + 1
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(d) head[H]
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Case 4

next-x

(e) head[H]

(f) head[H] ?
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x 1is the root of a Bi-tree and [ > &k

prev-x X next-x  sibling[next-x] prev-x X next-x
@ - @ ®) ©) @ @ ®) ©) @
Case 1
By B, By B,
degree[x] # degree[next-x]
prev—x next-x szblmg [next-x] prev—x next-x
” ,E ” ” CaseZ ’! ’! ’! ’!
degree[x] = degree next-x = degree[szblmg[next -x]]
prev-x X next-x  sibling[next-x]
(c) - @ b) ©) .
Case 3
ﬂ
By By B,

key[x] < key[next-x]
degree[x] = degree[next-x] # degree[sibling[next-x]]

prev-x X next-x  sibling[next-x|
d - @ ®) . ...
Case 4
ﬁ
By By B,

key[x] > key[next-x]
degree[x] = degree[next-x] # degree[sibling[next-x]]
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BINOMIAL-HEAP-INSERT ( H,x)

oS o g lalial L8 caa b O Gupas 5 a5l oo 808 S b waa (sllen 5o S5

BINOMIAL-HEAP-INSERT (H, x)

H’' < MAKE-BINOMIAL-HEAP ()

plx] < NIL

child[x] < NIL

sibling[x] <— NIL

degree[x] <— 0

head[H'] < x

H < BINOMIAL-HEAP-UNION (H, H')
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BINOMIAL-HEAP-EXTRACT-MIN( H)
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BINOMIAL-HEAP-EXTRACT-MIN (H)

1 find the root x with the minimum key in the root list of H,
and remove x from the root list of H
2 H' < MAKE-BINOMIAL-HEAP()
reverse the order of the linked list of x’s children,
and set head|H'] to point to the head of the resulting list
4 H < BINOMIAL-HEAP-UNION (H, H')
return x
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(d) head[H] —>(25) 12
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BINOMIAL-HEAP-DECREASE-KEY(H,z, k)

BINOMIAL-HEAP-DECREASE-KEY (H, x, k)

if &k > key[x]
then error “new key is greater than current key”
key[x] < k
y <X
z < plyl
while z # NIL and key[y] < key[z]
do exchange key[y] <> key[z]

[

y(—Z
z < plyl

S O o0 JON N K~ WD

[y
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> If y and z have satellite fields, exchange them, too.
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(@) head[H]

(b) head|H]

(¢) headlH]
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BINOMIAL-HEAP-DELETE( H,z)

BINOMIAL-HEAP-DELETE (H, x)

1 BINOMIAL-HEAP-DECREASE-KEY (H, x, —00)
2 BINOMIAL-HEAP-EXTRACT-MIN(H)
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Procedure (worst-case) (worst-case) (amortized)
MAKE-HEAP O(1) (1) (1)
INSERT O(gn) O(lgn) O(1)
MINIMUM O(1) O(lgn) (1)
EXTRACT-MIN ®O(gn) O(gn) O(lgn)
UNION ®(n) O(lgn) O(1)
DECREASE-KEY O(gn) O(gn) (1)
DELETE O(gn) Ogn) O(gn)
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19 Binomial Heaps

This chapter and Chapter 20 present data structures known as mergeable heaps,
which support the following five operations.

MakE-HEAP() creates and retumns a new heap containing no elements.

INSERT(H, x) inserts node x, whose key field has already been filled in, into
heap H.

MINIMUM(H ) returns a pointer to the node in heap H whose key is minimum.

EXTRACT-MIN(H ) deletes the node from heap H whose key is minimum, retum-
ing a pointer to the node.

Union(H,, H,) creates and returns a new heap that contains all the nodes of heaps
H, and H,. Heaps H, and H, are “destroyed” by this operation.

In addition, the data structures in these chapters also support the following two

CHARLES E. LEISERSON operations,

T H OM AS H. COIR'M BN

RONALD L. RIVEST DECREASE-KEY(H. x. k) assigns to node x within heap H the new key value &,
which is assumed to be no greater than its current key value.'
CHL T EAE SR D TSy TSETSN DELETE(H , x) deletes node x from heap H.

As the table in Figure 19.1 shows, if we don’t need the UNION operation, ordi-
nary binary heaps, as used in heapsort (Chapter 6), work well. Operations other
than UNION run in worst-case time O(lgn) (or better) on a binary heap. If the

1 1 1 UNION operation must be supported, however, binary heaps perform poorly. By
TH Corrn.en’ CE Lel§erson’ RL RlveSt’ C Steln’ concatenating the two arrays that hold the binary heaps to be merged and then run-
Introduction to Algorithms, ning MiN-HEAPIFY (see Exercise 6.2-2), the UNION operation takes ©(n) time in

the worst case.

2nd Edition, MIT Press, 2001.

! As mentioned in the introduction to Part V, our default mergeable heaps are mergeable min-
heaps, and so the operations MINIMUM, EXTRACT-MIN, and DECREASE-KEY apply. Alterna-

Chapter 19 tively, we could define a mergeable max-heap with the operations MAXIMUM, EXTRACT-MAX,
and INCREASE-KEY.
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