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PRIMITIVE OPERATIONS: CROSSPRODUCT

Given two vectors v, = (x,, v,) and v, = (x,, »,),
1s their counterclockwise angle 0
* convex (< 180°),

Va Vi
* reflex (> 180°), or A. " . é .

* borderline (0 or 1800)? convex reflex

Crossproduct v, x v, =X, V, — Y, X,
= |v,| |v,| s1n O .
Thus, sign(v, x v,) =sign(sin 0) > 010 convex,
< 011 O reflex,
= 0 1f 0 borderline.
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PRIMITIVE OPERATIONS: ORIENTATION TEST

Given three points p,, p,, p; are they
* 1n clockwise (cw) order,
* 1n counterclockwise (ccw) order, or
 collinear’!

(P, —p1) % (P3—Py)

>0 1f ccw

<0ifcw

- . . P>

= () 1f collinear 3 »)
E‘ P3

-
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P>

P
collinear
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PRIMITIVE OPERATIONS: SIDEDNESS TEST

Given three points p,, p,, p; are they
* 1n clockwise (cw) order,
* 1n counterclockwise (ccw) order, or P
 collinear?

P3

Let L be the oriented line from p, to p.. [ill
Equivalently, 1s the point p, collinear
* right of L, N N
° leﬁ OfL, or D, b
*on L?
P3 J 2
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Proof: Let X be the leftmost intersection point.
Assume for simplicity that
* only two segments s,, s, pass through X, and
* no two points have the same x-coordinate.
At some point before we reach X,
s, and s, become consecutive in the order of S.
Either 1nitially consecutive when s, or s, inserted,
or became consecutive when another deleted.
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Computational Geometry

Computational geometry is the branch of computer science that studies algorithms
for solving geometric problems. In modemn engineering and mathematics, com-
putational geometry has applications in such diverse fields as computer graphics,
robotics, VLSI design, computer-aided design, molecular modeling, metallurgy,
manufacturing, textile layout, forestry, and statistics. The input to a computational-
geometry problem is typically a description of a set of geometric objects, such as
a set of points, a set of line segments, or the vertices of a polygon in counterclock-
wise order. The output is often a response to a query about the objects, such as
whether any of the lines intersect, or perhaps a new geometric object, such as the
convex hull (smallest enclosing convex polygon) of the set of points.

In this chapter, we look at a few computational-geometry algorithms in two
dimensions, that is, in the plane. We represent each input object by a set of
points {p,. p2, pa....}, where each p; = (x;.y;) and x;.y; € K. For exam-
ple, we represent an n-vertex polygon P by a sequence (po. p1. P2. ... Pac1)
of its vertices in order of their appearance on the boundary of P. Computational
geometry can also apply to three dimensions, and even higher-dimensional spaces,
but such problems and their solutions can be very difficult to visualize. Even in
two dimensions, however, we can see a good sample of computational-geometry
techniques.

Section 33.1 shows how to answer basic questions about line segments effi-
ciently and accurately: whether one segment is clockwise or counterclockwise
from another that shares an endpoint, which way we turn when traversing two
adjoining line segments, and whether two line segments intersect. Section 33.2
presents a technique called “sweeping” that we use to develop an O(n lgn)-time
algorithm for determining whether a set of n line segments contains any inter-
sections. Section 33.3 gives two “rotational-sweep” algorithms that compute the
convex hull (smallest enclosing convex polygon) of a set of n points: Graham's
scan, which runs in time O(n lgn), and Jarvis's march, which takes O(nh) time,
where £ is the number of vertices of the convex hull. Finally, Section 33.4 gives




