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2. P(s;v) = p(v,s)

vel vel
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A FLOW ON A NETWORK

wi POSIEIVE  capacity =

ﬂOW \1:3/

Flow conservation (like Kirchoff’s current law):
* Flow into z1s 2 + 1 = 3.
* Flowoutofui1s 0+ 1+ 2 =3,

The value of this flowi1s 1 — 0 + 2 =3,
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THE MAXIMUM-FLOW PROBLEM
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The value of the maximum flow 1s 4.
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Net flow from
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Theorem. The two definitions are equivalent.

Proof. (=) Let f(u, v) = p(u, v) — p(v, u).

* Capacity constraint: Since p(u, v) < c(u, v) and
p(v, u) >0, we have f(u, v) < c(u, v).

e Flow conservation:

> flu,y)= Z (p(u,v)— p(v,u))
—Zp(u V) — Zp(v 1)
* Skew symmetry:
fu, v) = p(u, v) - p(v, u)

- (p(V, I/l) _p(ua V))
=—f(v, u).
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* Capacity constraint: By definition, p(u, v) > 0. Since f
(u, v) < c(u, v), 1t follows that p(u, v) < c(u, v).

» Flow conservation: 1If f(u, v) > 0, then p(u, v) — p(v, u)

=f(u,v). Itf(u,v) <0, then p(u, v) - p(v, u) = —f(v, u)
= f(u, v) by skew symmetry. Therefore,

D puy)=D pau)=Y f(u,v).
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Example — flow conservation:
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Flow Value

D fun=0 0y flu,V)=0forallue V- {s,1].
el
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Maximum Flow
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SIMPLE PROPERTIES OF FLOW

Lemma.

(X, X) =0,

[ (X, V) =—f(Y, X),

f(XVY, D) =fX,2)+f(Y, )it XnY=0O.

Theorem. | /| = f(V, ?).
Proof.

/1= 1(s, 1)
= f(V,V)—f(V=s, V)  Omit braces.
= f(V, V=s)
= f(V,t)+ f(V, V=s—t)
= f(V, ).
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FLOW INTO THE SINK

f1= (s, V) =4 J,n=4
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fS, =2 +2)+(2+1-1+2)=4
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=761

S5, T)=1(S, V)=1(S,5)
=/ (5, 7)
:f(Sa V) +f(S_S9 V)
Efol
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CAPACITY OF A CUT
C(S T L csd 21 (ST) G o ke Gl S Cud )l
conal T 5o LT wimto ul; 5.8 5o LTiase ul s <€ (ol cud sl ¢ gans Capacity of a Cut
c(S,T) = E E c(u,v)
uesS veT

Definition. The capacity of a cut (S, T) 1s c(S, T).

cS,N=B+2)+(1+2+3)=11
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f(SaT) — f(vpvg) + f(UQavg) + f(vgavzl)
=124+ (—4) + 11
=19
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f(5,T) < (S5, T)
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Proof. f1=f(8.T)

ueSvel
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c(S,T).
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RESIDUAL NETWORK
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c(u, v) =c(u, v) —f(u, v) >0

L iy e s i L EF 50 usa e sladl

c,(u, v)—c(u V) —f(u, v)

o @D o @D

cpu, v) = c(u, v)—f(u, v)

Lemma. [E <
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AUGMENTING PATH
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cr(p)= (;gi)gp{c r(u,v)}

D 05533 srase 45 Blate sladl cud sk aas o = Cr (D)

Ex.: 3:5 2:6 0:2
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Augmenting Path
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MAX-FLOW, MIN-CUT THEOREM
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Proof.

(/) = (2): Since | /| < ¢(S, T) for any cut (S, 7)
(by the corollary) the assumption that
| /1= c(S, T) implies that / 1s a maximum flow.

(2) = (3): If there were an augmenting path, the
flow value could be increased, contradicting the

maximality of f.
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MAX-FLOW, MIN-CUT THEOREM
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(3) = (/): Suppose that / admits no augmenting paths.
Define S = {ve J/: there exists a path in G, from s to v},
and let 7= 1 —§. Observe that s € Sand r< 7, and thus
(S, 7) 1s a cut. Consider any vertices u € Sand ve T.

pathin G,

S

@

T

We must have ¢, (u, v) = 0, since if ¢, (u, v) > 0, then v € S,
notve 7 as assumed. Thus, /(u, v) = c(u, v), since ¢, (u, v)
=c(u, v)—f(u,v). Summingoverallue Sandve T

yields (S, 7) = c(S, T), and since | /| = f(S, T), the theorem

follows.
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Algorithm:

flu,vl<—Oforall u,ve V
while an augmenting path p in G wrt f exists
do augment / by ¢,(p)

FORD-FULKERSON-METHOD (G, s, t)

1 initialize flow f to 0

2 while there exists an augmenting path p in the residual network G
3 augment flow f along p

4 return f

.MJ@J‘JBJLA&JM‘JL&JQJ@(‘J:\:\‘JJ @)

HJ@&‘%‘QJJ\}.&‘&L&MO:j‘:\lf‘\)‘)u‘)‘ﬁaoc‘)‘ﬁcs‘(ﬂa‘)d @)
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Algorithm:

flu,vl<—Oforall u,ve V
while an augmenting path p in G wrt f exists

do augment / by ¢,(p)
Can be slow:
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Algorithm:

flu,vl<-Oforallu,ve V
while an augmenting path p in G wrt f exists

do augment / by ¢,(p)
Can be slow:
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Algorithm:

flu,vl<-Oforallu,ve V
while an augmenting path p in G wrt f exists

do augment / by ¢,(p)
Can be slow:
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Algorithm:

flu,vl<-Oforallu,ve V
while an augmenting path p in G wrt f exists

do augment / by ¢,(p)
Can be slow:
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Algorithm:

flu,vl<-Oforallu,ve V
while an augmenting path p in G wrt f exists

do augment / by ¢,(p)
Can be slow:
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Algorithm:

flu,vl<-Oforallu,ve V
while an augmenting path p in G wrt f exists

do augment / by ¢,(p)
Can be slow:
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Algorithm:

flu,vl<«-Oforallu,ve V
while an augmenting path p in G wrt f exists

do augment / by ¢,(p)
Can be slow:




YF Lo g5 ol g 1l
sl slaasady

(ASIA) JBe 1y g S 58 - 058 L aas 3SLe o, S

Algorithm:

flu,vl<—Oforall u,ve V
while an augmenting path p in G wrt f exists

do augment / by ¢,(p)
Can be slow:
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FORD-FULKERSON(G, s, t)

for each edge (u, v) € E[G]
do flu,v] <0
flv,u] <0
while there exists a path p from s to 7 in the residual network G ¢
do cs(p) < min{cs(u,v) : (u, v)isin p}
for each edge (u#, v) in p
do flu,v] < flu, v]+cs(p)
flv,ul < —flu, vl

O JON LN B~ W

b oo S18 S (s gl I Ladl sla G Ss s, e 90 ()

S o dpnlas | a8 G (saile (4o (¥
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FORD-FULKERSON(G, s, 1)

1 for each edge (u,v) € G.E

2 (u,v).f =0

3 while there exists a path p from s to ¢ in the residual network G
4 cr(p) = min{crs(u,v) : (u,v)isin p}

5 for each edge (u,v) in p

6 if (u,v) € E

7 (,).f = (,v).f + s (p)

8 else (v, u).f = (v,u).f —cr(p)



" Loy 501 redon § b0
L slaasad

(YIV) e s S 58 - a5 58 Ll e 3SLe a5 S

@
o ' 2
B

Te——®
14

(a)
c
RS
=
L
B
®
0
S
_‘é (b)
5
wn
o
E
>
(o]
LL
E
N
X
>
o
©
g ()
Q
<
o

K%



oLl slaasad

Lo -8 ol g b0

Prepared by Kazim Fouladi | Spring 2025 | 39 Edition

K%

(d)

(e)

(®)

(YIY) e s S 58 - a5 58 Ll e 3SLe o 5 S




A Lo g5 ol g 1l
sl slaasady

ol olel 1 smu S 58 - u 58 5L aes 3SLe ol S

Sl 035581 (5L yae (aS (g5 4 Cranly a5 S 0ol sl Loy

FORD-FULKERSON(G, s, )

1 for each edge (u, v) € E[G]

2 do flu,v] <0 O(E)

3 flv,u] <0

4 while there exists a path p from s to ¢ in the residual network G

5 do cs(p) < min{cs(u,v) : (u, v) isin p}

6 for each edge (u, v) in p O (E’ ‘f*
7 do flu, v] < flu, vl +cp(p)

8 flv,u] < —flu, v]

) O(|f*]) :while aals 1 <5 sluas JiSlas
IS5 s Hu sl Hlade | 3)
(-3l il 38 saly S Jola

(- piS suliial suile (s4Sud 50 e S5 33L 510 DFS L BFS 51 £1) O (F) «us sladb slass & jiSlaa sfor il gdila

|

O(E+E‘f*

)= ofz]r
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EDMONDS-KARP ALGORITHM

Edmonds and Karp noticed that many people’s
implementations of Ford-Fulkerson augment along
a breadth-first augmenting path: a shortest path in
G, trom s to / where each edge has weight 1. These
implementations would always run relatively fast.

Since a breadth-first augmenting path can be found
in O(F) time, their analysis, which provided the first
polynomial-time bound on maximum flow, focuses
on bounding the number of flow augmentations.

(In independent work, Dinic also gave polynomial-
time bounds.)
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EDMONDS-KARP ALGORITHM: MONOTONICITY LEMMA

Lemma. Let 0(v) = 0,(s, v) be the breadth-first
distance from s to v in G,. During the Edmonds-
Karp algorithm, o(v) increases monotonically.

Proof. Suppose that / 1s a flow on G, and augmentation
produces a new flow [. Leto'(v) =06,(s, v). We’ll
show that 6'(v) > 0(v) by induction on o(v). For the base
case, 0'(s) =0(s) = 0.

For the inductive case, consider a breadth-first path s —
- —>u—vin G, We must have 6'(v) = 0'(u) + 1, since
subpaths of shortest paths are shortest paths. Certainly,
(u,v) € E, , and now consider two cases depending on
whether (u, v) € E,.



Prepared by Kazim Fouladi | Spring 2025 | 39 Edition

¥o

Loyoay-Sf kond g ol pbo
JLAIJ QSLQ‘\S-\-MJ. "

(YY) Rl a8 saal s 5 I
EDMONDS-KARP ALGORITHM: MONOTONICITY LEMMA

Case 1

Case: (1, v) € E;.
We have
o(v) <o(u)+1 (triangle 1nequality)
<0o'(u)+1 (induction)
=0'(v) (breadth-first path),

and thus monotonicity of 6(v) is established.
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EDMONDS-KARP ALGORITHM: MONOTONICITY LEMMA

Case 2

Case: (u,v) ¢ E,.
Since (u,v) € E, ,the augmenting path p that produced

/" from f must have included (v, u). Moreover, p 1s a
breadth-first path in G

p=8S—>>V—o>Uu—>- - —>1I.
Thus, we have

o(v) =o(u)—1 (breadth-first path)
<o'(u)—1 (induction)
<o'(v)-2 (breadth-first path)
<o'(v),

thereby establishing monotonicity for this case, too.
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EDMONDS-KARP ALGORITHM: COUNTING FLOW AUGMENTATIONS

Theorem. The number of flow augmentations
in the Edmonds-Karp algorithm (Ford-Fulkerson
with breadth-first augmenting paths) 1s O(V'E).

Proof. Let p be an augmenting path, and suppose that
we have c¢,(u, y) = .cf.(p) for ec.ige. (u,v) € p. Then, we
say that (u, v) 1s critical, and 1t disappears from the
residual graph after flow augmentation.

Example: c(p) =2
2 4 7 2 3
3 2 1 2
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EDMONDS-KARP ALGORITHM: COUNTING FLOW AUGMENTATIONS

Theorem. The number of flow augmentations
in the Edmonds-Karp algorithm (Ford-Fulkerson
with breadth-first augmenting paths) 1s O(V'E).

Proof. Let p be an augmenting path, and suppose that
the residual capacity of edge (i, v) € p1s ¢ (u, v) = ¢/(p).
Then, we say (u, v) 1s critical, and it disappears from the
residual graph after flow augmentation.

Example:
2 5 1
5 4 4 3 4
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EDMONDS-KARP ALGORITHM: COUNTING FLOW AUGMENTATIONS

The first time an edge (u, v) 1s critical, we have o(v) =
o(u) + 1, since p 1s a breadth-first path. We must wait
until (v, ©) 1s on an augmenting path before (u, v) can
be critical again. Let o’ be the distance function when
(v, u) 1s on an augmenting path. Then, we have
o' (u) =0"(v)+1  (breadth-first path)
>0(v) + 1 (monotonicity)
=0(u) +2 (breadth-first path).

Example:

O Y
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EDMONDS-KARP ALGORITHM: COUNTING FLOW AUGMENTATIONS

The first time an edge (u, v) 1s critical, we have o(v) =
o(u) + 1, since p 1s a breadth-first path. We must wait
until (v, ©) 1s on an augmenting path before (2, v) can
be critical again. Let o’ be the distance function when
(v, u) 1s on an augmenting path. Then, we have
o'(u)y=0'(v)+1  (breadth-first path)
>0(v) + 1 (monotonicity)
=0(u) +2 (breadth-first path).

Example: 6(u) =5
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EDMONDS-KARP ALGORITHM: COUNTING FLOW AUGMENTATIONS

The first time an edge (u, v) 1s critical, we have o(v) =
o(u) + 1, since p 1s a breadth-first path. We must wait
until (v, ©) 1s on an augmenting path before (2, v) can
be critical again. Let o’ be the distance function when
(v, u) 1s on an augmenting path. Then, we have
o'(u)y=0'(v)+1  (breadth-first path)
>0(v) + 1 (monotonicity)
=0(u) +2 (breadth-first path).

Example: o(u) =5

O Y

5(v) = 6
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EDMONDS-KARP ALGORITHM: COUNTING FLOW AUGMENTATIONS

The first time an edge (u, v) 1s critical, we have o(v) =
o(u) + 1, since p 1s a breadth-first path. We must wait
until (v, ©) 1s on an augmenting path before (2, v) can
be critical again. Let o’ be the distance function when
(v, u) 1s on an augmenting path. Then, we have
o'(u)y=0'(v)+1  (breadth-first path)
>0(v) + 1 (monotonicity)
=0(u) +2 (breadth-first path).

Example: 6(u) =7
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EDMONDS-KARP ALGORITHM: COUNTING FLOW AUGMENTATIONS

The first time an edge (u, v) 1s critical, we have o(v) =
o(u) + 1, since p 1s a breadth-first path. We must wait
until (v, ©) 1s on an augmenting path before (2, v) can

be critical again. Let o’ be the distance function when
(v, u) 1s on an augmenting path. Then, we have

o'(u)y=0'(v)+1  (breadth-first path)
>0o(v)+ 1 (monotonicity)
=0(u) +2 (breadth-first path).

Example: 6(u) =7

O Y

S(v) > 6
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EDMONDS-KARP ALGORITHM: COUNTING FLOW AUGMENTATIONS

The first time an edge (u, v) 1s critical, we have o(v) =
o(u) + 1, since p 1s a breadth-first path. We must wait
until (v, ©) 1s on an augmenting path before (2, v) can
be critical again. Let o’ be the distance function when
(v, u) 1s on an augmenting path. Then, we have
o'(u)y=0'(v)+1  (breadth-first path)
>0(v) + 1 (monotonicity)
=0(u) +2 (breadth-first path).

Example: 6(u) =7
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EDMONDS-KARP ALGORITHM: RUNNING TIME

Distances start out nonnegative, never decrease, and are
at most |//| — | until the vertex becomes unreachable.
Thus, (u, v) occurs as a critical edge O(V) times, because
0(v) increases by at least 2 between occurrences. Since
the residual graph contains O(£) edges, the number of
flow augmentations 1s O(V E).

Corollary. The Edmonds-Karp maximum-flow
algorithm runs in O(V E?) time.

Proof. Breadth-first search runs in O(£) time, and all
other bookkeeping 1s O()) per augmentation.
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EDMONDS-KARP ALGORITHM: RUNNING TIME

* The asymptotically fastest algorithm to date for
maximum flow, due to King, Rao, and Tarjan,
runs in O(V E logg -, V) time.

* If we allow running times as a function of edge
weilghts, the fastest algorithm for maximum
flow, due to Goldberg and Rao, runs 1n time

O(min{V?3, EV2} . Elg (VYE+2)- 1g C),
where C'1s the maximum capacity of any edge
in the graph.
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(b)

ola wia — aais wan ola SO — a1 5
Multiple Source — Multiple Sink Single Source — Single Sink

Converting a multiple-source, multiple-sink maximum-flow problem into a problem
with a single source and a single sink. (a) A flow network with five sources S = {s1, 52,53, 54, 55}
and three sinks 7" = {t1,12,73}. (b) An equivalent single-source, single-sink flow network. We add
a supersource s and an edge with infinite capacity from s to each of the multiple sources. We also
add a supersink ¢ and an edge with infinite capacity from each of the multiple sinks to 7.
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MAXIMUM BIPARTITE MATCHING

‘\ Prepared by Kazim Fouladi | Spring 2025 | 39 Edition

o
&

=2

(a) (b) (c)

Figure 26.8 A bipartite graph G = (V, E) with vertex partition V' = L U R. (a) A matching
with cardinality 2, indicated by shaded edges. (b) A maximum matching with cardinality 3. (c¢) The
corresponding flow network G’ with a maximum flow shown. Each edge has unit capacity. Shaded
edges have a flow of 1, and all other edges carry no flow. The shaded edges from L to R correspond
to those in the maximum matching from (b).
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INTRODUCTION TO

Just as you can model a road map as a directed graph in order to find the shortest
path from one point to another, you can also interpret a directed graph as a “flow
network”™ and use it to answer questions about material flows. Imagine a mate-

Over rial coursing through a system from a source, where the material is produced, to
1 MILLION a sink, where it is consumed. The source produces the matenial at some steady
rate, and the sink consumes the material at the same rate. The “flow™ of the mate-
rial at any point in the system 1s intuitively the rate at which the material moves.
Flow networks can model many problems, including liquids flowing through pipes,
parts through assembly lines, current through electrical networks, and information
through communication networks.

You can think of each directed edge in a flow network as a conduit for the mate-
ral. Each conduit has a stated capacity, given as a maximum rate at which the ma-
terial can flow through the conduit, such as 200 gallons of liquid per hour through
a pipe or 20 amperes of electrical current through a wire. Vertices are conduit
FOURTH EDITIC junctions, and other than the source and sink, material flows through the vertices
without collecting in them. In other words, the rate at which material enters a ver-
tex must equal the rate at which it leaves the vertex. We call this property “flow
conservation,” and it 1s equivalent to Kirchhoff's current law when the material is
electrical current.

The goal of the maximum-flow problem is to compute the greatest rate for ship-
ping material from the source to the sink without violating any capacity constraints.

copies sold
worldwide

TH. Cormen, C.E. Leiserson, R.L. Rivest, C. Stein’ It is one of the simplest problems concerning flow networks and, as we shall see

. . in this chapter, this problem can be solved by efficient algorithms. Moreover,

Introduction to Algorlthms, other network-flow problems are solvable by adapting the basic techniques used
.. in maximum-flow algerithms.

4th Edltlon, MIT PreSS, 2022. This chapter presents two general methods for solving the maximum-fiow prob-

lem. Section 24.1 formalizes the notions of flow networks and flows, formally
defining the maximum-flow problem. Section 24 2 describes the classical method

Chapter 24
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