Laai ) S oo sud g0 (sl
SIS slapds ) oSl

Graph Algorithms

4als (5u¥ 5i abIS
u_jblj &de_id‘d cLs_.qu:\.e-A éds_in:\‘d
Ol s LA N

http://courses.fouladi.ir/algorithm



Prepared by Kazim Fouladi | Spring 2025 | 3" Edition

SIS

Lo g8 il g >l

S
-

Example

Transportation network:
airline routes

LAJJ?J‘S

Nodes

airports

Edges
nonstop flights

Communication networks

computers, hubs,
routers

physical wires

Information network: web | pages hyperlinks
Information network: articles references
scientific papers

Social networks people “uis v’s friend”,

“u sends email to v”,
“u’s MySpace page links to v”

Computer programs

functions (or
modules)

statement blocks

“u calls v”

“v can follow u”
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G=(V,E)
y=11,2,...n EL Vx V
All..n,1..n]

[ 1ifG))eE,
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GRAPH REPRESENTATION

e c 411 2 3 4
R

Ac;;'acency Matrix ‘ 1 O 1 1 O

10 0 1 0

9 e 310 0 0 0

410 0 1 0
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V=1{1,2, ..., n}

EclVxV

An adjacency list of a vertex v e V1s the list Adj[v] of vertices adjacent to v
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Adjacency List

For undirected graphs, | Adj[v]| = degree(v).
For digraphs, |Adj[v]| = out-degree(v).

Adj|
Adj|
Adj|
Adj|

1=12, 3}
1=135
1=
1=135
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Sparse Representation
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&
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Al1 2 3 4
1[0 110
200 0 1 0
310 0 00
410010
Adj[1] = 12, 3}
Adj[2] = {3}
Adj[3] = {}
Adj[4] = 13}
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(w,w,), (wy,wy ), (wy, ws),...,(w,_4,v)
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(w,w,), (wy,w,y ), (wy, ws),...,(w,_4,v)

Alldiffs(u, wy, wy, wsy,...,w, _;,)
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Simple Cycle

(u, wy ), (wy,w,), (Wy, ws),...,(w,_,u)

Alldiffs(w,, wy,ws,...,w, ;)
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Theorem B.2 (Properties of free trees)
Let G = (V, E) be an undirected graph. The following statements are equivalent.

G is a free tree.

Any two vertices in G are connected by a unique simple path.

G is connected, but if any edge is removed from FE, the resulting graph is dis-connected.
G is connected, and |E| = |V]| — 1.

G is acyclic, and |E| = |V| — 1.

G 1is acyclic, but if any edge is added to FE, the resulting graph contains a cycle.

A o e
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depth 1
depth 2

depth 3

depth 4

Ordered Rooted Tree
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COMPLETE BINARY TREE

JolsS 9390 Cd o
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Complete Binary Tree

A depth 0
depth 1

height =3
depth 2
Y depth 3

A complete binary tree of height 3 with 8 leaves and 7 internal nodes.
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Breadth-first search
while O =
do u <— DEQUEUE(Q)
for each ve Adj|u]
do if d[v]| =0
then d|v]| < d[u] + 1
ENQUEUE(O, V)

Analysis: Time = O(V + E)
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BFS iw o oLl

Correctness of BFS

while O =
do 2 < DEQUEUE(Q)
for each ve Adj[u]
do if d[v] =
then d[v]| < d[u] + 1
ENQUEUE(Q, V)

Key idea:
The FIFO O in breadth-first search mimics
the priority queue O in Dijkstra.

 Invariant: v comes after v in O implies that
dlv]=d[u] ord|v]=du] + 1.
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BFS(G, s)

1

NN Nk WIN

11
12
13
14
15
16
17
18

for each vertex u € V[G] — {s}
do color[u] <— WHITE
d[u] < oo
mlu] < NIL
color[s] < GRAY
d[s] < O
m[s] < NIL
Q0«0
ENQUEUE(Q, s)
while O # ()
do u < DEQUEUE(Q)
for each v € Adj[u]
do if color[v] = WHITE
then color[v] < GRAY
d[v] < d[u] + 1
mwlv] < u
ENQUEUE(Q, v)
color[u] < BLACK

unvisited

in queue
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BFS(G, s)

1

NN Nk WIN

11
12
13
14
15
16
17
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for each vertex u € V[G] — {s}
do color[u] <— WHITE
d[u] < oo
mlu] < NIL
color[s] < GRAY
d[s] < O
m[s] < NIL
0«9
ENQUEUE(Q, s)
while O # ()
do u < DEQUEUE(Q)
for each v € Adj[u]
do if color[v] = WHITE

b S sl 5 (sl

o)

oL s SSlaa U 5o (gl

then color[v] < GRAY @(E )
d[v] < d[u] + 1

mwlv] < u

ENQUEUE(Q, v)

color[u] < BLACK

sseae s OV + F)
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DFS(G)

1 for each vertex u € V[G]

2 do color[u] <— WHITE

3 m[u] < NIL

4 time < 0

5 for each vertex u € V[G]

6 do if color[u] = WHITE
7 then DFS-VISIT ()

DFS-VISIT(u)

time < time +1
dlu] < time

do if color[v] = WHITE
then 7w [v] < u
DFS-VISIT(v)

O 03O Dt & Wi =

flu] < time < time +1

1 < d[v] < flv] < 2n

color[u] < GRAY > White vertex u has just been discovered.

for each v € Adj[u] > Explore edge (u, v).

color[u] < BLACK > Blacken u; it is finished.

discovery time d[u]

unvisited

in queue

finishing time f|u]
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TOPOLOGICAL SORT

TOPOLOGICAL-SORT(G)

1 call DFS(G) to compute finishing times f[v] for each vertex v
2 as each vertex 1s finished, insert it onto the front of a linked list
3 return the linked list of vertices

We can perform a topological sort in time ®(V 4 E), since depth-first search
takes @(V + E) time and it takes O(1) time to insert each of the |V | vertices onto
the front of the linked list.
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STRONGLY CONNECTED COMPONENTS

STRONGLY-CONNECTED-COMPONENTS (G)

1 call DFS(G) to compute finishing times f[u] for each vertex u

2 compute G!

3 call DFS(G"), but in the main loop of DFS, consider the vertices
in order of decreasing f[u] (as computed in line 1)

4 output the vertices of each tree in the depth-first forest formed in line 3 as a
separate strongly connected component

b LU Gl s sl U] oLk oLy DFS(G) 5 slinwl b ()
S e dalaa 1 (sulgdl 3 1K) GT Gl S (sladl g0 S o sSae L (Y
(rpeoSise sb3 5o flU] (Jo35 S5 4 1) Ll lal gdila Hucal) oS o 2131, DFS(GT) (¥
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20 Elementary Graph Algorithms

This chapter presents methods for representing a graph and for searching a graph.
Searching a graph means systematically following the edges of the graph so as to
wisit the vertices of the graph. A graph-searching algorithm can discover much
about the structure of a graph. Many algorithms begin by searching their input
eraph to obtain this structural information. Several other graph algorithms elabo-
rate on basic graph searching. Technigues for searching a graph lie at the heart of
the field of graph algorithms.

Section 20.1 discusses the two most common computational representations of
eraphs: as adjacency lists and as adjacency matrices. Section 20.2 presents a sim-
ple graph-searching algorithm called breadth-first search and shows how to cre-
ate a breadth-first tree. Section 203 presents depth-first search and proves some
standard results about the order in which depth-first search visits vertices. Sec-
tion 20 .4 provides our first real application of depth-first search: topelogically sort-
ing a directed acyelic graph. A second application of depth-first search, finding the
strongly connected components of a directed graph, 1s the topic of Section 20.5.

20.1 Representations of graphs

You can choose between two standard ways to represent a graph G = (V, E):
as a collection of adjacency lists or as an adjacency matnx. Either way applies
to both directed and undirected graphs. Because the adjacency-list representation
provides a compact way to represent sparse graphs—those for which | E| is much
less than |T/|2 —it 15 usually the method of choice. Most of the graph algorithms
presented in this book assume that an input graph is represented in adjacency-list
form. You might prefer an adjacency-matrix representation, however, when the
graph is dense—| E| is close to |Vi2—0cr when you need to be able to tell quickly
whether there is an edge connecting two given vertices. For example, two of the



