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DISJOINT SETS

S =1{S,,5,,5,....5,}

Representative
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CONNECTED COMPONENTS

S
&

CONNECTED-COMPONENTS (G) CONNECTED-COMPONENTS I 5,
s4e same 5oV Ll 58 5T 50 O

1 for each vertex v € G.V / LT
L3088 (g L8 oA

2 MAKE-SET (V) s Laal (WD) Jb 58 sl ars O

3 for each edge (u,v) € G.E aa U 5 U Jol 4 lade yann

4 if FIND-SET (1) # FIND-SET (V) L3 5 o (paanS

5 UNION(u, v)

SAME-COMPONENT (u, V) SAME-COMPONENT I s,

1 if FIND-SET(u) == FIND-SET(V) i‘f’ ! ‘T"J*E i’:;"%“}!‘f*’ °
Jd K} Do

2 return TRUE G =

coaa b il S8 wisea (g4dl 3o
3 else return FALSE
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CONNECTED COMPONENTS
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Edge processed Collection of disjoint sets
initial sets {a} {6y A{c} {d} A{e} U ey A 4y )
(b.d) {a} {bd} {c} {e} U gy iy i {7}
(e.8) {a} {bd} {c} tegr thy iy Ub
(a,c) {a,c} {b.d} {egr thy iy U}
(h,1) {a,c} {b.d} {egr {h,i} Ul
(a.b) {a.b.c.d} {egr  fr {h,i} Ur
(e, /) {a,b.c.d} le.f.8} {h,i} Ul
(b,c) {a,b,c.d} {e.f.8} {h,i} Ul

‘\ Prepared by Kazim Fouladi | Spring 2025 | 39 Edition

o
&



Prepared by Kazim Fouladi | Spring 2025 | 39 Edition

Loyos)g-E1 o 9 >0
|20 slads gano
S ol b plasl

DISJOINT SETS

S0 Sl S b de gane 5o ikl O
Aﬁw&LUTguwga&fmu‘ﬁbgmﬁg’:;.uej‘).&)d&f_&ug\g‘ O

(sdlxgwcsb;ﬁ‘)l:\&u

A

rep[S,] saisled guse 4 5 S Ll

e gons (gars guae (gl Sd 4 g Seplal <

L,
’U};b/



|20 slads gano

Loy 0501 Jalond g ool

DISJOINT SETS

‘\ Prepared by Kazim Fouladi | Spring 2025 | 39 Edition

o
&

JBe g3 gy o b plai sl

\ 4

rep[S;]

A




Prepared by Kazim Fouladi | Spring 2025 | 39 Edition

Loty o- 5l Jlonsi g 110
|20 slads gano

DISJOINT SETS

S
&

ol Olel dalas gl sy e b (plad5ls

S: =X, X0y o0y Xi )

: _ﬁ e o o
rep[S;]
« MAKE-SET(x) initializes x as a lone node. —O(1)
* FIND-SET(x) walks left in the list containing x
until it reaches the front of the list. —O(n)
« UNION(x, ) concatenates the lists containing
x and y, leaving rep. as FIND-SET|x]. —O(n)
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AUGMENTED LINKED-LIST

Store set S. = {x,, x,, ..., x,.; as unordered doubly
linked list. Define rep[S;] to be front of list, x;,.
Each element x; also stores pointer rep[x;| to rep[S;].

rep
Sl : 'xl . > x2 > e .(__ xk
rep|S;]
* FIND-SET(x) returns rep|x]. —0O(1)

« UNION(x, ) concatenates the lists containing
x and y, and updates the rep pointers for
all elements 1n the list containing y. —O(n)
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AUGMENTED LINKED-LIST

S | |x

Each element x; stores pointer rep|x;| to rep[S,].

UNION(x, )

* concatenates the lists containing x and y, and
* updates the rep pointers for all elements 1n the

list containing y.

rep

X2

rep[S,]

S

rep

V1

rep[S,]

%)

V3
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AUGMENTED LINKED-LIST

Each element x; stores pointer rep|x;| to rep[S,].
UNION(x, )
* concatenates the lists containing x and y, and
* updates the rep pointers for all elements 1n the
list containing y.

quSy: rep
aall I S N E51 A re
14
rep[S,] N
\ Vil k : Ml k : V3
rep|S, ]
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AUGMENTED LINKED-LIST

Each element x; stores pointer rep|x;| to rep[S,].
UNION(x, )
* concatenates the lists containing x and y, and
* updates the rep pointers for all elements 1n the
list containing y.

rep
S, U,
ol =L |y
rep[S, U S,] \
\ vl =k | =R |
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AUGMENTED LINKED-LIST

UNION(x, y) could instead
* concatenate the lists containing y and x, and
* update the rep pointers for all elements in the
list containing x.

rep

rep

repls,]

Sool ol =L | =L s
repls,]
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AUGMENTED LINKED-LIST

UNION(x, y) could 1nstead
» concatenate the lists containing y and x, and
* update the rep pointers for all elements in the
list containing x.

rep
AR X)
: rep
Vil k : Ml k : V3 /
rep[S,]
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UNION(x, y) could 1nstead
» concatenate the lists containing y and x, and
* update the rep pointers for all elements in the

list containing x.

rep
rep adl
S, U,
V1 V2 Y3
rep[S, v 3]
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head |@ > > >/ head > > > >
S A S A
tail tail |@
[ J [ J [ J [ J
YYYYY) S g d c h e b
head |@ > > > > > > >/
Sl A
tail | @
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Operation Number of objects updated S st s s wlbilae M3 gldlss O
MAKE-SET(x1) 1 m—=992n — 1
MAKE-SET(x2) 1 el MAKE-SET ( J5l olilee 7 O
; ; 2wl UNION gas wbilee n — 1 ©
MAKE-SET(xy,) 1
UNION(X2,X1) 1 a...L.l@(n) JJ‘ C:;t:a.Lo.c. ns“).;‘ C)LAJ O
UNION(x4, X3) 3 S (e plSA | pl
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UNION(xp, Xn—1 n—1 1
! S i = 0(n?)
1=1
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WEIGHTED-UNION HEURISTIC

(e O sumlic slaas = coand 58 055) Sl 5y & ladal S ) gua o5,
MSL;&&L&|JSGAY3E&&|:\JM|JJSOB3SCA.&:\JM
J
cd.:InL) m‘dy&ﬂ(n) ‘LCJA%.OJJJA;‘
LS o B e ooy (M) (¢ Laial) UNION wilalec

MAKE-SET O

FIND-SET o
UNION o
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WEIGHTED-UNION HEURISTIC

To save work, concatenate smaller list onto the end
of the larger list. Cost = ©(length of smaller list).
Augment list to store its weight (# elements).

Let n denote the overall number of elements
(equivalently, the number of MAKE-SET operations).
Let m denote the total number of operations.

Let / denote the number of FIND-SET operations.

Theorem: Cost of all UNION’s 1s O(#n 1g n).
Corollary: Total cost 1s O(m + n Ig n).
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WEIGHTED-UNION HEURISTIC

To save work, concatenate smaller list onto the end
of the larger list. Cost = (1 +length of smaller list).

Theorem: Total cost of UNION’s 1s O(7 1g n).

Proof. Monitor an element x and set S, containing it.
After initial MAKE-SET(x), weight[S.] = 1. Each
time S 1S united w1th set S, weight[S,] = weight[S_],
pay 1 to update rep|x dy weight[S | at least
doubles (increasing by wezght[ S.1). Each time S, 18
united with smaller set S, pay nothing, and
weight|S.| only increases. Thus pay < Ig » for x.
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BALANCED-TREE REPRESENTATION

5= X1, Xg, X3, X4, Xs |
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BALANCED-TREE REPRESENTATION

S, =X, X0 o0y X}

* MAKE-SET(x) 1nitializes x
as a lone node. - 0(1)
* FIND-SET(x) walks up the
tree containing x until 1t
reaches the root. —O(lgn)
* UNION(x, y) concatenates
the trees containing x and y,
changing rep. — O(lg n)
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BALANCED-TREE REPRESENTATION

Store each set §; = {x,, x,, ..., x, } as an unordered,
potentially unbalanced, not necessarily binary tree,
storing only parent pointers. rep|S.| 1s the tree root.

* MAKE-SET(x) 1mitializes x
as a lonenode.  —O(1)
» FIND-SET(x) walks up the rep[Si] | x,
tree containing x until 1t
reaches the root. — O(depth|x])
* UNION(x, 1) concatenates
the trees containing x and y...

;= X1, X5, X3, X4, X5, Xg |




YO

=

2 (slads gane JSua

Loyais; o501 Jadons g >l

DISJOINT SETS FOREST

‘\ Prepared by Kazim Fouladi | Spring 2025 | 39 Edition

o
&

o slade sane S g olwsnly S
ZCL\..:.u‘ J‘J‘Lﬁ&f\) 6LAC.\.AJJ S ‘L.S L@JT@L&.}‘}L}

ol pae Sy gsniasyline S ;4 O
M‘Mwé&bMdom&Jdﬂ (@)

.Qﬂ‘%wgb.ﬁfm:&\)dﬂcsue‘) O
LS e auld) (Eu A b oA ju gdn, O

O 2 UNION(e, g)

(a) (b)




Prepared by Kazim Fouladi | Spring 2025 | 39 Edition

72

Loty o- 5l Jlonsi g 110

520 sladse gans JSua

0 s s g ladal Sl g0 g

UNION BY RANK

MAKE-SET (x)

I xp=x
2 x.rank = 0
UNION(x, y)

1 LINK(FIND-SET(x), FIND-SET(y))

LINK(x, y)

1 if x.rank > y.rank

2 y.p =X

3 elsex.p=1y

4 if x.rank == y.rank

5 y.rank = y.rank + 1

llog 1| = 130s slade sane 5062 58 545,

S go S ulaas b el o (g4
S e bl i (ga S ulaad b A o gddn,

t§ ylaoalay ()

0 S o Sl duala @i ) e sl e (b et

taasla e K 1, TANK]T] 45, Tsa S 5o (5] 5
s S ¢ 83,1 YL o) S = rank| 7]

(G40 ¢35 oo ol (5 mie SO (gde gans S8
.C;\..w“)é_@(é‘)i C):“CS“:‘JJ‘

LS S 45, b st g laial 5lal alKia
S o aplal B85 (s, b sl
(- o35S pad Lyl Ladss, u A )
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UNION BY RANK

Let n denote the overall number of elements
(equivalently, the number of MAKE-SET operations).
Let m denote the total number of operations.

Let / denote the number of FIND-SET operations.

UNION(x, v) can use a simple concatenation strategy:
Make root FIND-SET(y) a child of root FIND-SET(x).
—> FIND-SET()) = FIND-SET(x).

xl "..
N
Merge tree with smaller L4 axl B V4
weight into tree with N
larger weight. ol I ES Y EC Yal| |V \
Height of tree increases only when its size | s

doubles, so height is logarithmic in weight.
Thus total cost 1s O(m + f'lg n).
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UNION BY RANK

Theorem: Total cost of FIND-SET’s 1s O(m Ig n).

Proof: Amortization by potential function.

The weight of a node x is # nodes in its subtree.
Define 0(x,, ..., x,) = 2, lg weight|x;,].
UNION(x;, x,) increases potential ot root FIND-SET(x,)
by at most g weighit[root FIND-SET(x))| < Ig 7.

Each step down p — ¢ made by FIND-SET(x,),

except the first, moves ¢’s subtree out of p’s subtree.
Thus 1f weight|c] = > weight|p], ¢ decreases by > 1,
paying for the step down. There can be at most Ig 7
steps p — ¢ for which weight|c]| < > weight|p].
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PATH COMPRESSION

MAKE-SET (x)

I x.p=x
2 x.rank = 0

UNION(x, y)
1 LINK(FIND-SET(x), FIND-SET(y))

LINK(x, y)

1 if x.rank > y.rank

2 y.p =X
3 elsex.p=y
4 if x.rank == y.rank

5 y.rank = y.rank + 1
The FIND-SET procedure with path compression

FIND-SET(x)

1 ifx #x.p

2 x.p = FIND-SET(x.p)
3 return x.p

L]
’U};K

. JJ—A-:ZIG.A salén ) FIND-SET J.A.c, O Hd pwwe Ls:)Lme‘).fidz

.Aﬁé)bi‘@fJi%LAﬁL@(dﬁ‘:\#ﬂ)déﬁﬂéﬁ[ﬁ

.&Jwﬂ&ﬁ‘)u@);wcs;uéd‘)m

t§ Hlwoalsy (5l 43

JJJ@YQW@C\:&E\W\)J‘JJ‘G%JAJJ O

JJJ@&&QMQOE‘:\WJJ‘?JJGQAJAJJ @)
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PATH COMPRESSION

FIND-SET( @) glyal tun 5o sawe g5lasa yiid

(a) (b)

(5“);| 5 das de gano Olea (goanS Ls:\LMJLi SA 3
FIND-SET(a)
e s 5lwss 8 L

FIND-SET(a)
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PATH COMPRESSION

When we execute a FIND-SET operation and walk
up a path p to the root, we know the representative
for all the nodes on path p.

Path compression makes N
all of those nodes direct
children of the root.

Cost of FIND-SET(x) ol [5] 126 V4 'y—?{

s still ©(depth[x]) FIND-SET(v) 0]
- 2

Vs
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PATH COMPRESSION

N — — A

Xy X [ Xy X4 X3 (Vi D2] [V
/ \ [ / N\ / N\ [ [
Xo | [ Xs] X6 Ya| (V3 X | X5 X X5 Xel |Va Vs

/ N\ |
FIND-SET(y,) V2] Vs FIND-SET(y,) V2] Vs FIND-SET(y,)
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PATH COMPRESSION

MAKE-SET O
FIND-SET o
UNION o

PN

¢35 alasl FIND-SET 31 Ju8 UNION slilac alad a3l 4253 b
Do glade gane (Fa 50 (laddh Slesliiul b

43y ren o p Lalal + saie (g 5lawss 588 (295

20l 5 55 oled 4 adls a3 Hu wlidac S ddlss ol

O(m)

* 0
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PATH COMPRESSION

Theorem: If all UNION operations occur before
all FIND-SET operations, then total cost 1s O(m).

Proof: If a FIND-SET operation traverses a path
with & nodes, costing O(k) time, then £ — 2 nodes
are made new children of the root. This change
can happen only once for each of the » elements,
so the total cost of FIND-SET 1s O(f + n).
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PATH COMPRESSION

MAKE-SET O

FIND-SET o

UNION o

S as)ls

.o MAKE-SET . T O

el UNION T m — 1 iKlas aais 50 O
e FIND-SET . T s f ©

(RlB0) e s5lwsn 28 (245
01 3 3 oled 4 el i o lilae 31l oyl

C) n+f-(1—|—10g2+in)
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PATH COMPRESSION

MAKE-SET O

FIND-SET o

UNION o

S as)ls

.o MAKE-SET . T O

el UNION T m — 1 iKlas aais 50 O
e FIND-SET . T s f ©

) s o plalal + aie g 5buwen 183 Gl
13 5 ) oles 4 Slla s 5 slilae 31 s ol

O(m - a(n))

ol 23S 5l w5 b (B e ST ls GusSae (1)
el (M) < 4 1jas slade gans 3 28l 5 05,8 Ha Hu S
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Ackermann’s function 4

. j+1 it k=0,
Define 4, (j) =
A,()~2] o A4,(1)=3
A(j)~21 2> A,(1)=7
2/ A,(1)=2047
22" Ji .
A3(]) > ) J 22
A,(j)1s alot bigger. A4,(1)>2

2

2047

2048

y

AIE{J{l) (j) if k>1. - iteratej+I times

Define ou(n) = min {k: A,(1) = n} < 4 for practical n.
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Theorem: In general, total cost 1s O(m ou(n)).
(long, tricky proof — see Section 21.4 of CLRS)
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Chapter 19

—

19 Data Structures for Disjoint Sets

Some applications involve grouping n distinct elements into a collection of dis-
joint sets—sets with no elements in common. These applications often need to
perform two operations in particular: finding the unique set that contains a given
element and uniting two sets. This chapter explores methods for maintaining a data
structure that supports these operations.

Section 19.1 deseribes the operations supported by a disjoint-set data structure
and presents a simple application. Section 19.2 looks at a simple linked-1ist imple-
mentation for disjeint sets. Section 19.3 presents a more efficient representation
using rooted trees. The running time using the tree representation is theoretically
superlinear, but for all practical purposes it 15 linear. Section 19 4 defines and dis-
cusses a very quickly growing function and its very slowly growing inverse, which
appears in the running time of operations on the tree-based implementation, and
then, by a complex amortized analysis, proves an upper bound on the mmming time
that 1s just barely superlinear.

19.1 Disjoint-set operations

A disjoint-set data structure maintains a collection § = {5,582, ..., Si} of dis-
joint dynamic sets. To identify each set, choose a representative, which is some
member of the set. In some applications, it doesn’t matter which member is used
as the representative; it matters only that if vou ask for the representative of a dy-
namic set twice without modifying the set between the requests, you get the same
answer both times. Other applications may require a prespecified rule for choosing
the representative, such as choosing the smallest member in the set (for a set whose
elements can be ordered).
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Data Structures for Disjoint Sets

RICHARD E. NEAPOLITAN ruskal's algorithm (Algorithm 4.2 in Section 4.1.2) requires that we

by o create disjoint subsets, each containing a distinet vertex in a graph,

and repeatedly merge the subsets until all the vertices are in the

same set. To implement this algorithm, we need a data structure for

disjoint sets. There are many other useful applications of disjoint sets. For

example, they can be used in Section 4.3 to improve the time complexity of
Algorithm 4.4 (Scheduling with Deadlines).

Recall that an abstract data type consists of data objects along with
permissible operations on those objects. Before we can implement a disjoint
set abstract data type, we need to specify the objects and operations that
are needed. We start with a universe Il of elements. For example, we could

have
U={AB,C,D,E}.

We then want a procedure makesef that makes a set out of a member of 7.

The disjoint sets in Figure C. 1(a) should be created by the following calls:

for (each =z € U)
makeset(xr);

We need a type set_pointer and a function find such that if p and g are of
type set_pointer and we have the calls

. p = find(‘B');
R.E. Neapolitan, q = find(‘C");

3 : then p should point to the set contamning B, and g should point to the set
Foundatlons Of Algorlthms’ containing C. This is illustrated in Figure C.1{a). We also need a procedure
5th Ed]tlon’ Jones and Bartlett PubllsherS’ 20 1 5 . merge to merge two sets into one. For example, if we do

p = find(‘B’);
g = find('C’);

Appendix C merge(p,q);
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