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DyYNAMIC TABLES

TABLE-INSERT(T, x)

1 if 7T.size ==
2 allocate T.table with 1 slot
3 T.size = 1

4 if T.num == T.size

allocate new-table with 2 - T.size slots
insert all items 1n 7. table into new-table
free T.table

T.table = new-table

T.size = 2 - T.size

10 1insert x into 7.table

11 T.num = T.num + 1
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I 1 2 3 4 5 6 7 8 9 10
size; 1 2 4 4 8 8 8 8 16 16
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s
potential difference AD,

It AD.>0,thenc;>c;
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Note:
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* O(D;) = 0 for all i.
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otherwise.
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Case 1: 7 — 1 1s an exact power of 2.
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Therefore, n insertions cost ®(7) 1n the worst case.
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MULTIPOP(S, k)

1 while not STACK-EMPTY(S) and k > 0
2 PoOP(S)
3 k=k—1
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MuULTIPOP(S,4)

top > 23
17

6

39

10

47

(a)

MULTIPOP 3 Jtis

MULTIPOP(S,7)

top > 10
47

(b) (c)

Figure 17.1 The action of MULTIPOP on a stack S, shown initially in (a). The top 4 objects are
popped by MULTIPOP(S, 4), whose result is shown in (b). The next operation is MULTIPOP(S, 7),
which empties the stack—shown in (¢) —since there were fewer than 7 objects remaining.
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INCREMENT (A)
1 1 =0
2 whilei < A.length and Ali] ==
3 Ali] =0
4 I =1+ 1
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Amortized Analysis

Imagine that you join Buff's Gvm. Buff charges a membership fee of 360 per
month, plus $3 for every time vou use the gyvm. Because vou are disciplined,
vou visit Buff's Gym every day during the month of November. On top of the
560 monthly charge for November, vou pay another 3 x $30 = $90 that month.
Although vou can think of vour fees as a flat fee of 360 and another 390 in daily
fees, you can think about it in another way. All together, you pay S150 over 30
days, or an average of 55 per day. When you look at your fees in this way, you are
amortizing the monthly fee over the 30 days of the month, spreading it out at 52
per day.

You can do the same thing when vou analyze runming times. In an amortized
analysis, you average the time required to perform a sequence of data-structure
operations over all the operations performed. With amortized analysis, you show
that if vou average over a sequence of operations, then the average cost of an oper-
ation is small, even though a single operation within the sequence might be expen-
sive. Amortized analysis differs from average-case analysis in that probability is
not involved. An amortized analysis guarantees the average performance of each
operation in the worst case.

The first three sections of this chapter cover the three most commeoen techniques
used in amortized analvsis. Section 16.1 starts with aggregate analysis, in which
vou determine an upper bound T'(n) on the total cost of a sequence of n operations.
The average cost per operation is then T(n)/n. You take the average cost as the
amortized cost of each operation, so that all operations have the same amortized
cost.

Section 16.2 covers the accounting method, in which vou deternune an amor-
tized cost of each operation. When there 1s more than one tvpe of operation, each
type of operation may have a different amortized cost. The accounting method
overcharges some operations early in the sequence, storing the overcharge as “pre-



