
 ﹏Â¨VG ² ¿W0ay«FÃ`³﹍©0 1½ 

·︺¨﹇ ¾\﹐³﹁ «}1﹋
¿?0`1﹁ ®1﹎]﹊l±0\ ċ¿i]°¼﹞ ¶]﹊l±0\

®0a¼G ¶1﹍l±0\

http://courses.fouladi.ir/algorithm

«FÃ`³﹍©0 ¿W0ay ¾1½ j²`
1Ã³C ¾cÃ` ·﹞1±a? j²`

Methods of Algorithm Design: Dynamic Programming

«N°C IV>﹞
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¿S1±³>Â﹁ ︹?1G ¾ ·>i1V﹞ č·>¨︾ ² «Âh﹆G j²`

FIB-NUMBER(n)
if n ≥ 0 and n ≤ 1 then

return n

else if n > 1 then

return FIB-NUMBER(n – 1) + FIB-NUMBER(n – 2)

( ) ( 1) ( 2)

(0) 0

(1) 1

f n f n f n

f

f

= − + −

=

=

 \1Ãb ¿±1m³B¬½ \³O² ﹏Â©\ ·? ·>¨︾ ² «Âh﹆G j²`

EhÂ± ]﹞2`1﹋ ċ·¨Æh﹞aÃb ²\ ¯Â?ĉ
( ) ( ) , 1n

T n α α∈ Θ >
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¿S1±³>Â﹁ ︹?1G ¾ ·>i1V﹞ č ·>¨︾ ² «Âh﹆G j²`Ě1لJ﹞ę

( ) ( 1) ( 2)

(0) 0

(1) 1

f n f n f n

f

f

= − + −

=

=
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¿S1±³>Â﹁ ︹?1G ¾ ·>i1V﹞ č1Ã³C ¾cÃ` ·﹞1±a? j²`

FIB-NUMBER(n)
F ← array[0..n]
F[0] ← 0
F[1] ← 1
if n > 1 then

for i ← 2 to n do

F[i] ← F[i – 1] + F[i – 2]
return F[n]

( ) ( 1) ( 2)

(0) 0

(1) 1

f n f n f n

f

f

= − + −

=

=

 ·¨Æh﹞ aF﹊S³﹋ ¾1½ ·±³¬± ﹏W ¶0` ¾`0]¼﹍± ¾0a? ²ل]O ﹉Ã b0

\³m <1°FO0 1¼±2 ¾`0a﹊G ¾ ·>i1V﹞ b0 1G \³m ¿﹞ ¶\1﹀Fi0Ċ

( ) ( )

( ) ( )

T n n

S n n

∈ Θ

∈ Θ
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¿S1±³>Â﹁ ︹?1G ¾ ·>i1V﹞ č¿﹁ap﹞ ¾1t﹁ \³>¼? 1? 1Ã³C ¾cÃ` ·﹞1±a? j²`

FIB-NUMBER-IMPROVED(n)
F

1
← 0

F
2
← 1

if n = 0 then 

F ← 0
else if n = 1 then

F ← 1
else if n > 1 then

for i ← 2 to n do

F ← F
1 
+ F

2

F
1
← F

2

F
2
← F

return F

( ) ( 1) ( 2)

(0) 0

(1) 1

f n f n f n

f

f

= − + −

=

=

¿¨>﹇`0]﹆﹞ ²\ ·? w﹆﹁ ︹?1G `0]﹆﹞ ¾ ·>i1V﹞ ¾0a? ·﹋ 1N±2 b0

«Â°﹋ Á﹞ ¶\1﹀Fi0 aÂ︽F﹞ ·i b0 ·Ã0`2 ¾1O ·? ċEi0 b1Â± ®2Ċ

( ) ( )

( ) (1)

T n n

S n

∈ Θ

∈ Θ
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1Ã³C ¾cÃ` ·﹞1±a? j²` 1? «FÃ`³﹍©0 ¿W0ay

Ã³C ÀcÃ` ·﹞1±a? j²` 1? ·¨Æh﹞ ﹉Ã ﹏W ¾0a?1č
• ÁFl﹎b1? ³ل﹞a﹁ ﹉Ã ¯F﹁1Ã ·﹋¶0`  ﹏W²` b0 0` ·±³¬± ﹉Ã ¾0a? ·¨Æh﹞ ¾

¶0`  ﹏W]°﹋ Á﹞ oZl﹞ ·¨Æh﹞ ®1¬½ aF﹊S³﹋ ¾1½ ·±³¬±Ċ
•﹏W  D`³q ·? ·¨Æh﹞ ¾ ·±³¬± ﹐1? ·? ¯ÂÃ1CS³﹋ ¾1½ ·±³¬± b0 ~²am 1?aF﹊Ċ

 ·﹋ ]°Fh½ ﹏W ﹏?1﹇ j²` ¯Ã0 1? ¿¨Ç1h﹞ ¿﹍°Â¼? ﹏q0]m1? 1\قq 1¼±2 \`³﹞ `\č

\³m Á﹞ ﹏q1W aF﹊S³﹋ ¾1½ ·±³¬± ¾ ·°Â¼? ﹏W ¶0` b0 ·±³¬± a½ ¾0a? ·°Â¼? ﹏W ¶0`Ċ

 b0 ¶\1﹀Fi0 ċÀcÃ` ·﹞1±a? b0 `³|°﹞¾]°? ²ل]O Ei0 ·¨Æh﹞ ﹏W `\Ċ

 T﹑xq0Ğ1Ã³C ĝ Ei0 ¶]﹞2 ¿﹊Â﹞1°Ã\ لaF°﹋ ¾1½ «FhÂi `\ j²` ¯Ã0 \a?`1﹋ b0ĚBellman, 1959Ċę
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¾0 ·¨¬O²\ =Ãau ¾ ·>i1V﹞

( )
!

, 0
! !

n n
k n

k k n k

⎛ ⎞⎟⎜ ⎟⎜ = ≤ ≤⎟⎜ ⎟⎟⎜ −⎝ ⎠

1 1
,0

1

1 , 0,

n n
n k n

k k
k

k k n

⎧⎛ ⎞ ⎛ ⎞− −⎪ ⎟ ⎟⎜ ⎜⎪⎛ ⎞ ⎟ ⎟⎜ ⎜+ < <⎪ ⎟ ⎟⎟⎜ ⎜ ⎜⎪ ⎟ ⎟⎟ −⎜ ⎟ ⎟= ⎜ ⎜⎨⎟ ⎝ ⎠ ⎝ ⎠⎜ ⎟ ⎪⎟⎜⎝ ⎠ ⎪ = =⎪⎪⎩

︿Ãa︺Gč

﹁a﹝³ل 

¿Fl﹎b1?č
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0aO0 ®1﹞b č︹¬O ﹏¬︻ \0]︺G =hW a?

D1>K0 č¿u1Ã` ¾0a﹆Fi0 1?

¾0 ·¨¬O²\ =Ãau ¾ ·>i1V﹞ č·>¨︾ ² «Âh﹆G j²`

BINOM(n,k)
if k = 0 or k = n then

return 1
else

return BINOM(n – 1,k – 1) + BINOM(n – 1,k)

1 1
,0

1

1 , 0,

n n
n k n

k k
k

k k n

⎧⎛ ⎞ ⎛ ⎞− −⎪ ⎟ ⎟⎜ ⎜⎪⎛ ⎞ ⎟ ⎟⎜ ⎜+ < <⎪ ⎟ ⎟⎟⎜ ⎜ ⎜⎪ ⎟ ⎟⎟ −⎜ ⎟ ⎟= ⎜ ⎜⎨⎟ ⎝ ⎠ ⎝ ⎠⎜ ⎟ ⎪⎟⎜⎝ ⎠ ⎪ = =⎪⎪⎩

( )( ) 2 1
n

k
T n = −
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 0aO0 ®1﹞bĚ︹¬O ﹏¬︻ \0]︺G =hW a?čę

 ¿﹁ap﹞ ¾1t﹁Ě²ل]Očę

¾0 ·¨¬O²\ =Ãau ¾ ·>i1V﹞ č1Ã³C ¾cÃ` ·﹞1±a? j²`

BINOM-DP(n,k)
B ← array[0..n,0..k]
for i ← 0 to n do

for j ← 0 to min(i, k) do

if j = 0 or j = i then

B[i,j] ← 1
else

B[i,j] ← B[i – 1,j – 1] + B[i – 1,j]
return B[n,k]

[ 1, ] [ 1, 1] , 0
[ , ]

1 , 0,

B i j B i j j i
B i j

j j i

⎧ − + − − < <⎪
⎪= ⎨
⎪ = =⎪⎩

( ) ( )

( ) ( )

T n nk

S n nk

∈ Θ

∈ Θ

 ¾]︺?²\ ¾ ·Ã0`2 b0�[0..�,0..�]  ·﹋ «Â°﹋ Á﹞ ¶\1﹀Fi0� �,� ≔
��
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¾0 ·¨¬O²\ =Ãau ¾ ·>i1V﹞ č1Ã³C ¾cÃ` ·﹞1±a? j²`

•﹝1Jل• B [0,0] = 1

Compute row 1:

• B [1,0] = 1

• B [1,1] = 1

Compute row 2:

• B [2,0] = 1

• B [2,1] = B [1,0] + B [1,1] = 1+1 = 2

• B [2,2] = 1

Compute row 3:

• B [3,0] = 1

• B [3,1] = B [2,0] + B [2,1] = 1+2 = 3

• B [3,2] = B [2,1] + B [2,2] = 2+1 = 3

Compute row 4:

• B [4,0] = 1

• B [4,1] = B [3,0] + B [3,1] = 1+3 = 4

• B [4,2] = B [3,1] + B [3,2] = 3+3 = 6 

( )42[4,2] :B =
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0a﹎ ﹉Ã f4` ²\ a½ ¯Â? aÂh﹞ ¯ÃaG ¶1G³﹋ ¯F﹁1Ãف

FLOYD-WARSHALLALGORITHM

0a﹎ ﹉Ã b0 ¶0³Z©\ f4` ²\ a½ ¯Â? aÂh﹞ ¯ÃaG ¶1G³﹋ ¯F﹁1Ãف č`0\ ®b² `0\ E¼O ½[ف
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0a﹎ ﹉Ã f4` ²\ a½ ¯Â? aÂh﹞ ¯ÃaG ¶1G³﹋ ¯F﹁1Ãف

FLOYD-WARSHALLALGORITHM

0a﹎ ﹉Ã b0 ¶0³Z©\ f4` ²\ a½ ¯Â? aÂh﹞ ¯ÃaG ¶1G³﹋ ¯F﹁1Ãف č`0\ ®b² `0\ E¼O ½[ف
¾\²`² č0فa﹎ ¾1½ ®b² gÃaG1﹞

	 �, � = 
���
ℎ� �� ��
�    , (�� , ��) ∈ �(�)

∞                               , (�� , ��) ∉ �(�)

0                                                   , � = �
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0a﹎ ﹉Ã f4` ²\ a½ ¯Â? aÂh﹞ ¯ÃaG ¶1G³﹋ ¯F﹁1Ãف

( )[ , ]kD i j

( )[ , ]k
D i k

( )[ , ]kD k j

( ) ( 1) ( 1) ( 1)

1
[ , ] min { [ , ], [ , ] [ , ]}k k k k

k n

D i j D i j D i k D k j− − −

≤ ≤

= +

¿Fl﹎b1? ³ل﹞a﹁ č4` ²\ ¯Â? aÂh﹞ ¯ÃaG ¶1G³﹋f
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0a﹎ ﹉Ã f4` ²\ a½ ¯Â? aÂh﹞ ¯ÃaG ¶1G³﹋ ¯F﹁1Ãف

( )[ , ]kD i j

( )[ , ]k
D i k

( )[ , ]kD k j

( ) ( 1) ( 1) ( 1)

1
[ , ] min { [ , ], [ , ] [ , ]}k k k k

k n

D i j D i j D i k D k j− − −

≤ ≤

= +

¿Fl﹎b1? ³ل﹞a﹁ č4` ²\ ¯Â? aÂh﹞ ¯ÃaG ¶1G³﹋f

(0) (1) (2) ( 1) ( )n n

D D D D D

W D

−→ → → → →

↑ ↑

�
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0a﹎ ﹉Ã f4` ²\ a½ ¯Â? aÂh﹞ ¯ÃaG ¶1G³﹋ ¯F﹁1Ãف

1

[ , ] min { [ , ], [ , ] [ , ]}
k n

D i j D i j D i k D k j
≤ ≤

← +

¿Fl﹎b1? ³ل﹞a﹁  č

f4` ²\ ¯Â? aÂh﹞ ¯ÃaG ¶1G³﹋

0aO0 ®1﹞bč

b1Â± \`³﹞ ¾1t﹁č

SHORTEST-PATH(W,n)
D ← W

for k ← 1 to n do

for i ← 1 to n do

for j ← 1 to n do

D[i,j] ← min(D[i,j], D[i,k] + D[k,j])
return D

3

2

( ) ( )

( ) ( )

T n n

S n n

∈ Θ

∈ Θ

0a﹎ ﹉Ã b0 ¶0³Z©\ f4` ²\ ¯Â? aÂh﹞ ¯ÃaG ¶1G³﹋ ¯F﹁1Ãف č`0\ ®b² `0\ E¼O ½[ف
¾\²`² č0فa﹎ ¾1½ ®b² gÃaG1﹞ čW

¿O²a[ č1½ ·¨q1﹁ ¯ÃaG ¶1G³﹋ gÃaG1﹞ čD

( ) ( 1) ( 1) ( 1)

1
[ , ] min { [ , ], [ , ] [ , ]}k k k k

k n

D i j D i j D i k D k j− − −

≤ ≤

= +

 ¾ ·Ã0`2 ﹉Ã b0 ¶\1﹀Fi0 1? 0` D1>i1V﹞ ﹏﹋ ®0³G ¿﹞D \0\ ª1N±0

 axi aÃ\1﹆﹞ 0aÃbk  ®³Fi ²k  `0a﹊G `\k!]°﹋ ¿¬± aÂÂ︽G ·﹆¨W ª0č
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﹝1Jل0a﹎ ﹉Ã f4` ²\ a½ ¯Â? aÂh﹞ ¯ÃaG ¶1G³﹋ ¯F﹁1Ã čف
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0a﹎ ﹉Ã f4` ²\ a½ ¯Â? aÂh﹞ ¯ÃaG ¶1G³﹋ ¯F﹁1Ãف
0a﹎ f4` ²\ a½ ¯Â? aÂh﹞ ¯ÃaG ¶1G³﹋ @1Sف

P[i,j]  b0 aÂh﹞ ¯ÃaG ¶1G³﹋ `\ ¿±1Â﹞ f³Ç` gÃ]±0 ¯ÃaF﹎`c?i  1Gj Ei0Ċ

SHORTEST-PATH(W,n)
P ← array[1..n,1..n]
P ← [0]
D ← W

for k ← 1 to n do

for i ← 1 to n do

for j ← 1 to n do

if D[i,j] > D[i,k] + D[k,j] then

D[i,j] ← D[i,k] + D[k,j]
P[i,j] ← k

return D

 \0a﹎ ﹉Ã b0 ¶0³Z©\ f4` ²\ ¯Â? aÂh﹞ ¯ÃaG ¶1G³﹋ ¯F﹁1Ã`0ف č®b² `0\ E¼O ½[ف
¾\²`² č0فa﹎ ¾1½ ®b² gÃaG1﹞ čW

¿O²a[ č1½ ·¨q1﹁ ¯ÃaG ¶1G³﹋ gÃaG1﹞ čD aÂh﹞ ¯ÃaG ¶1G³﹋ \³[ ²

PATH(P, i, j)
if P[i,j] ≠ 0 then

PATH(P, i, P[i,j])
print P[i,j]
PATH(P, P[i,j], j)



18الگورىتم ها تـحلىلطراحی و 

E
d
it
io
n

rd
3

| 
2
0
2
5
  

S
p
ri
n
g
 

P
re
p
a
re
d
 b
y
 K
a
z
im

 F
o
u
la
d
i  
| 
  

﹝1Jل0a﹎ ﹉Ã f4` ²\ a½ ¯Â? aÂh﹞ ¯ÃaG ¶1G³﹋ ¯F﹁1Ã čف
0a﹎ f4` ²\ a½ ¯Â? aÂh﹞ ¯ÃaG ¶1G³﹋ @1Sف

PATH(P, i, j)
if P[i,j] ≠ 0 then

PATH(P, i, P[i,j])
print P[i,j]
PATH(P, P[i,j], j)

P
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¿﹍°Â¼? ﹏q0

•The principle of optimality
\³m Á﹞ ﹏q1W aF﹊S³﹋ ¾1½ ·±³¬± ¾ ·°Â¼? ﹏W ¶0` b0 ·±³¬± a½ ¾0a? ·°Â¼? ﹏W ¶0`Ċ

u x y v

u x y v

x y

 ¯Â? aÂh﹞ ¯ÃaG ¶1G³﹋ ¯Ã0 a﹎0u  ²v ]m1?č

 ¯Â? aÂh﹞ ¯ÃaG ¶1G³﹋ ¯Ã0 ¶1﹎ ®2x  ²y Ei0č
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¿﹍°Â¼? ﹏q0 ² ¶\1i aÂh﹞ ¯ÃaG ¿±﹐³y ¾ ·¨Æh﹞

 a﹎0 ¿﹍°Â¼? ﹏q0 j²` ®0³G Á¬± ċ]m1>± `0a﹇a? ¾0 ·¨Æh﹞ \`³﹞ `\

\a? `1﹋ ·? ®2 ¾0a? 0` 1Ã³C ¿hÃ³± ·﹞1±a?Ċ

In Figure the optimal (longest) simple path 

form v
1

to v
4

is [v
1
, v

3
, v

2
, v

4
]. However, the 

subpath [v
1
, v

3
] is not an optimal (longest) path 

from v
1

to v
3

because

Therefore, the principle of optimality does not 

apply. The reason for this is that the optimal 

paths from v
1

to v
3

and from v
3

to v
4

cannot be 

strung together to given an optimal path from 

v
1

to v
4
.
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<]V﹞ ¿︺¨u]°S ﹉Ã ¾ ·°Â¼? ¾]°? I¨J﹞

CONVEX OPTIMAL POLYGON TRIANGULATION

•¿︺¨u]°S č 1½ w[ ¶`1C b0 ﹏﹊lF﹞ ·Fh? ¿°V°﹞ ﹉ÃĚ~﹑u0ę
•f4` č︹¨u ²\ \`³[a? ﹏V﹞
•<]V﹞ ¿︺¨u]°S č¶0³Z©\ ¾ ·x﹆± ²\ a½ ¯Â?1﹞ w[ ¶`1C ·﹋ ¿︺¨u]°S ﹉Ã 

\aÂ﹎ `0a﹇ ¿︺¨u]°S ®1¬½ ®²`\ Ø﹑﹞1﹋ ®2Ċ
•«ÃaÂ﹎ Á﹞ E︻1i ¾1½ ·?a﹆︻ E﹋aW E¼O ف﹑[ a? 0` f³Ç` =ÂGaGč

•ax﹇ č`²1N﹞aÂ︾ f4` ²\ ¾ ¶]°½\ 1لpG0 w[ ¶`1C
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<]V﹞ ¿︺¨u]°S ﹉Ã ¾ ·°Â¼? ¾]°? I¨J﹞

CONVEX OPTIMAL POLYGON TRIANGULATION

¾]°? I¨J﹞  č
Á﹞ «Âh﹆G ®1m³B¬½1± ¾1½ I¨J﹞ ·? 0` ¿︺¨u]°S ·﹋ 1½ax﹇ b0 ¾0 ·︻³¬N﹞ ¯ÂÂ︺G]°﹋ Ċ

·°Â¼? ¾]°? I¨J﹞č
 Á︺¨u]°S ﹉Ã  ®b² ︹?1G ² Ei0 ¶]m ¶\0\  Ċ

«Â?1Â? 0` ~³¬N﹞ ®b² «¬Â± Á﹞ 1? À]°? I¨J﹞ ﹉Ã «Â½0³[ Á﹞Ċ

 f4`
 ax﹇
 I¨J﹞
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<]V﹞ ¿︺¨u]°S ﹉Ã ¾ ·°Â¼? ¾]°? I¨J﹞ č®b² ︹?1G

®b² ︹?1G ·±³¬± ﹉Ãč
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<]V﹞ ¿︺¨u]°S ﹉Ã ¾ ·°Â¼? ¾]°? I¨J﹞ č®b² ︹?1G

®b² ︹?1G ·±³¬± ﹉Ãč

¿︺¨u]°SaÃb ¾b1i I¨J﹞ ¾ ·°Â¼? ®b²

·°Â¼? ¾]°? I¨J﹞ ﹉Ã ®b² ³ل﹞a﹁č
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<]V﹞ ¿︺¨u]°S ﹉Ã ¾ ·°Â¼? ¾]°? I¨J﹞

 ÁFl﹎b1? ³ل﹞a﹁
¿︺¨u]°SaÃb ﹉Ã ¾0a? ¾b1i I¨J﹞ ¾ ·°Â¼? ®b² ¯F﹁1Ã ¾0a?

[ , ] min { [ , ] [ , ] ( )}
i j k

i k j
m i j m i k m k j w v v v

< <

= + + �
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<]V﹞ ¿︺¨u]°S ﹉Ã ¾ ·°Â¼? ¾]°? I¨J﹞ č]﹋ ·>m

TRIANGULATION(P,n)
m ← array[1..n,1..n]
for i ← 1 to n do

m[i, i +1] ← 0
for d ← 1 to n – 1 do

for i ← 1 to n – d do
j ← i + d
m[i,j] ← ∞

for k ← i +1 to j – 1 do
q ← m[i,k] + m[k,j] + w(P,[i,j,k])
if q < m[i,j] then

m[i,j] ← q
return m[1,n]

 ÁFl﹎b1? ³ل﹞a﹁
]°SaÃb ﹉Ã ¾0a? ¾b1i I¨J﹞ ¾ ·°Â¼? ®b² ¯F﹁1Ã ¾0a?¿︺¨u

[ , ] min { [ , ] [ , ] ( )}i j k
i k j

m i j m i k m k j w v v v
< <

= + + �

0aO0 ®1﹞bč

b1Â± \`³﹞ ¾1t﹁č

3

2

( ) ( )

( ) ( )

T n n

S n n

∈ Θ

∈ Θ
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<]V﹞ ¿︺¨u]°S ﹉Ã ¾ ·°Â¼? ¾]°? I¨J﹞ č1لJ﹞

]Â?1Â? aÃb ¿︺¨u]°S ¾0a? 0` ®b² ¯ÃaG «﹋ 1? ¾]°? I¨J﹞č

1 1

2

2 2

1 1

2

2 2

5

55

1

2

3 4

5
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O ®\a﹋ aC =ÂGaG[²ل

¾axi
Row-major

¿±³Fi
Column-major

¾ax﹇
Diagonal-major

for i ← 1 to n do

for j ← 1 to n do

for j ← 1 to n do

for i ← 1 to n do

for d ← 0 to n-1 do

for i ← 1 to n-d do

j ← i + d

n

n

n

n n

n

d j i= −
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1½ gÃaG1﹞ ¾0 ¶aÂN±b <au

MATRIX CHAIN PRODUCT

«Ã`²2 Ei\ ·? 0` aÃb gÃaG1﹞ ²\ <at¨q1W «Â½0³[ Á﹞ ]Â°﹋ ra﹁č

«Ã`0\ <at¨q1W ³® ²0لFi ² ²0ل axi ap°︻ ¯F﹁1Ã ¾0a?č

 <at¨q1W ®³S%Ē۲  Ø1︻³¬N﹞ ċ\`0\ ap°︻۳Ē%Ē۲ Ei0 ªb﹐ ¶\1i <auč
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1½ gÃaG1﹞ ¾0 ¶aÂN±b <au

i j

j k

B
A

×

×

⎡ ⎤
⎢ ⎥⎡ ⎤
⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥⎣ ⎦
⎢ ⎥⎣ ⎦

�
�

�

\`0]±1Fi0 j²` 1? gÃaG1﹞ ²\ <at¨q1W `\ ¿¨﹋ `³y ·?

i j k× ×

Ei0 ªb﹐ ¶\1i <au
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1½ gÃaG1﹞ ¾0 ¶aÂN±b <au

 ċ«Âm1? ·Fm0\ <au ¾0a? gÃaG1﹞ ²\ b0 aG kÂ? a﹎0
 \a﹋ <au «½ `\ ¿﹀¨FZ﹞ ¾1½ E©1W ·? ®0³G Á﹞ 0` 1½ ®2

Ě¿hÃaG1﹞ <au ¾aÃ_C E﹋am EÂq1[Ċę

Ĉ\`0\ 0` 1½ <au \0]︺G ¯ÃaG «﹋ =ÂGaG ª0]﹋

20 2 2 30 30 12 12 8

A B C D

× × × ×

× × ×

( ( ))

( )( )

(( ) )

(( ) )

( ( ))

A B CD

AB CD

A BC D

AB C D

A BC D
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1½ gÃaG1﹞ ¾0 ¶aÂN±b <au

Ĉ\`0\ 0` 1½ <au \0]︺G ¯ÃaG «﹋ =ÂGaG ª0]﹋

( ( )) 30 12 8 2 30 8 20 2 8 3680

( )( ) 20 2 30 30 12 8 20 30 8 8880

(( ) ) 2 30 12 2 12 8 20 2 8 1232

(( ) ) 20 2 30 20 30 12 20 12 8 10320

( ( )) 2 30 12 20 2 12 20 12 8 3120

A B CD

AB CD

A BC D

AB C D

A BC D

× × × × × ×

× × × × × ×

× × × × × ×

× × × ×

+ + =

+ + =

× ×

× × ×

+ + =

+ + =

+ =× ×+ ×

20 2 2 30 30 12 12 8

A B C D

× × × ×

× × ×
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1½ gÃaG1﹞ ¾0 ¶aÂN±b <au

 b0 ¾0 ¶aÂN±bn «Ã`0\ gÃaG1﹞]±³m <au «½ `\ ]Ã1? ·﹋Ċ
č ]m1? ·Fm0\ 0` <au \0]︺G ¯ÃaG «﹋ ·﹋ 1½ gÃaG1﹞ b0 ¿>ÂGaG ¯F﹁1ÃĊ½[ف

 ¾ ·Ã0`2 `\ 1½ gÃaG1﹞ \1︺?0p \³m ¿﹞ ¶\0\Ċ

1 2 3 n
A A A A× × × ×�

0 1 2 n
p p p p p⎡ ⎤= ⎢ ⎥⎣ ⎦

…

p

p

p

p
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1½ gÃaG1﹞ ¾0 ¶aÂN±b <au

«Â°﹋ Á﹞ ra﹁č
  <au ¾ ·°Â¼? ¾`0_﹎cF±0aC `\ 1½ <au \0]︺G ﹏﹇0]W� � ]m1?Ċ

D`³q ¯Ã0 `\
 \³? ]½0³[ ·¨Æh﹞ <0³OĊ

 ¾ ·x﹆± `\ ·°Â¼? <0³O a﹎0 «Ã`0\ ċ\³m ·Fh﹊mč

1
[ , ] [ , ] [ 1, ]

i k j
m i j m i k m k j p p p

−

= + + +

1
( )( )

i k k j
A A A A

+
… …
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1½ gÃaG1﹞ ¾0 ¶aÂN±b <au

¿Fl﹎b1? ¾ ·x?0`č

1

0 ,
[ , ]

min { [ , ] [ 1, ] } ,
i k j

i k j

i j
m i j

m i k m k j p p p i j
−

≤ <

⎧ =⎪
⎪⎪= ⎨

+ + + <⎪
⎪⎪⎩

1
( )( )

i k k j
A A A A

+
… …
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1½ gÃaG1﹞ ¾0 ¶aÂN±b <au
]﹋ ·>m

¿Fl﹎b1? ¾ ·x?0`č
1

0 ,
[ , ]

min { [ , ] [ 1, ] } ,i k j
i k j

i j
m i j

m i k m k j p p p i j
−

≤ <

⎧ =⎪
⎪⎪= ⎨

+ + + <⎪
⎪⎪⎩

MATRIX-CHAIN-ORDER(p)
n ← length(p) – 1
m ← array[1..n,1..n]
for i ← 1 to n do

m[i, i] ← 0
for d ← 1 to n – 1 do

for i ← 1 to n – d do
j ← i + d
m[i,j] ← ∞

for k ← i to j – 1 do
q ← m[i,k] + m[k + 1,j] + p[i – 1]*p[k]*p[j]
if q < m[i,j] then

m[i,j] ← q
s[i,j] ← k

return m[1,n]

°Â¼? =ÂGaG @1S·

0aO0 ®1﹞bč

b1Â± \`³﹞ ¾1t﹁č

3

2

( ) ( )

( ) ( )

T n n

S n n

∈ Θ

∈ Θ
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1½ gÃaG1﹞ ¾0 ¶aÂN±b <au
﹝1Jل
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1½ gÃaG1﹞ ¾0 ¶aÂN±b <au
﹝1Jل

1 2 3 4

100 1 1 100 100 1 1 100

A A A A

× × × ×

× × ×

0 1 2 3 4
100 1 100 1 100p p p p p p⎡ ⎤ ⎡ ⎤= =⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

m s
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¾`1Biay1[ ·? ﹉Â°﹊G

MEMOIZAION

 ﹉Â°﹊G¾`1Biay1[ ·?č
°﹋ ¿﹞ ¾`0\a? ¶a¼? ¯ÂÃ1C ·? ﹐1? j²` b0 ·﹋ 1Ã³C ¾cÃ` ·﹞1±a? ¾b1i ¶\1ÂC ¿︻³±]Ċ

•i0 ÁFl﹎b1? j²` ·?1l﹞ ċ²ل]O ®\a﹋ aC ¾0a? Á©aF°﹋ `1F[1iEĊ
•\³m Á﹞ ¶aÂ[^ ²ل]O `\ ®2 aÃ\1﹆﹞ ċ]m ﹏W ·﹋ ·¨Æh﹞aÃb a½Ċ
•\³m Á﹞ ¿½\`0]﹆﹞ ċ·Â©²0 aÃ\1﹆﹞ 1? 0]F?0 `\ ²ل]OĊ
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¾`1Biay1[ ·? ﹉Â°﹊G 1? 1½ gÃaG1﹞ ¾0 ¶aÂN±b <au
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aFl﹞ ¾ ·©1>±\aÃb ¯ÃaG ¿±﹐³yک

LONGEST COMMON SUBSEQUENCE (LCS)

«ÃaÂ﹎ ¿﹞ a|± `\ 0` aÃb ¾ ·©1>±\č

 ﹉Ã ·©1>±\ aÃb®2 b0 ap°︻ aFlÂ? 1Ã a﹀q ف_W b0 ﹏q1W ¾ ·©1>±\ ċ·©1>±\ ﹉Ã b0 Ei0Ċ

1J﹞čل

1 2
, , ,

n
X x x x= 〈 〉…

1

2

3

, , , , , ,

, , , ,

, ,

, ,

X A B C B D A B

Z AC B D B

Z A B D

Z C D A

= 〈 〉

= 〈 〉

= 〈 〉

= 〈 〉

·©1>±\aÃb

·©1>±\aÃb

·©1>±\aÃb

³y ·? ·©1>±\ ﹉Ã  aJ﹋0]W� \`0\ ·©1>±\aÃbĊل 



42الگورىتم ها تـحلىلطراحی و 

E
d
it
io
n

rd
3

| 
2
0
2
5
  

S
p
ri
n
g
 

P
re
p
a
re
d
 b
y
 K
a
z
im

 F
o
u
la
d
i  
| 
  

aFl﹞ ¾ ·©1>±\aÃb ¯ÃaG ¿±﹐³yک

LONGEST COMMON SUBSEQUENCE (LCS)

«ÃaÂ﹎ ¿﹞ a|± `\ 0` aÃb ¾ ·©1>±\ ²\č

 ﹉Ã کaFl﹞ ¾ ·©1>±\ aÃb ]m1? ²\ a½ ¾ ·©1>±\aÃb ·﹋ Ei0 ¾0 ·©1>±\ ċ·©1>±\ ²\Ċ

1J﹞čل

1 2 1 2
, , , , , ,

m n
X x x x Y y y y= 〈 〉 = 〈 〉… …

1

2

3

, , , , , ,

, , , , ,

, ,

,

, , ,

X A B C B D A B

Y B D C A B A

Z B C A

Z A B

Z B D A B

= 〈 〉

= 〈 〉

= 〈 〉

= 〈 〉

= 〈 〉

aFl﹞ ¾ ·©1>±\aÃbک

aFl﹞ ¾ ·©1>±\aÃbک

aFl﹞ ¾ ·©1>±\aÃb ¯ÃaG ¿±﹐³yک
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aFl﹞ ¾ ·©1>±\aÃb ¯ÃaG ¿±﹐³yک

LONGEST COMMON SUBSEQUENCE (LCS)

«ÃaÂ﹎ ¿﹞ a|± `\ 0` aÃb ¾ ·©1>±\ ²\č

aFl﹞ ¾ ·©1>±\ aÃb ¯ÃaG ¿±﹐³y Ei0 ·©1>±\ ²\Ċک č ¯F﹁1Ã ½[ف
1 2 1 2
, , , , , ,

m n
X x x x Y y y y= 〈 〉 = 〈 〉… …
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aFl﹞ ¾ ·©1>±\aÃb ¯ÃaG ¿±﹐³y č`1F[1iک

LONGEST COMMON SUBSEQUENCE (LCS)

¾ ·©1>±\ ²\

a﹎0

?aFl﹞ ¾ ·©1>±\aÃb ¯ÃaG ¿±﹐³y ²X  ²Y 0` ċZ ċ«Â﹞1°ک 

¶1﹎ ®2č

1 2 1 2
, , , , , ,

m n
X x x x Y y y y= 〈 〉 = 〈 〉… …

1 2 1 2
, , , , , ,

i i i i
X x x x Y y y y= 〈 〉 = 〈 〉… …

1 2

1 2

, , ,

, , ,

k

i i

Z z z z

Z z z z

= 〈 〉

= 〈 〉

…

…
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﹁a﹝³ل ?aFl﹞ ¾ ·©1>±\aÃb ¯ÃaG ¿±﹐³y č¿Fl﹎b1ک

LONGEST COMMON SUBSEQUENCE (LCS)

«Â°﹋ Á﹞ ︿Ãa︺Gč

 `1F[1i b0 aÃb ¿Fl﹎b1? ³ل﹞a﹁ D`³q ¯Ã0 `\ ]Ã2 Á﹞ Ei\ ·?č

1 2 1 2
, , , , , ,

m n
X x x x Y y y y= 〈 〉 = 〈 〉… …
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aFl﹞ ¾ ·©1>±\aÃb ¯ÃaG ¿±﹐³y č]﹋ ·>mک

LONGEST COMMON SUBSEQUENCE (LCS)

0aO0 ®1﹞bč

b1Â± \`³﹞ ¾1t﹁č

( , ) ( )

( , ) ( )

T m n mn

S m n mn

∈ Θ

∈ Θ
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aFl﹞ ¾ ·©1>±\aÃb ¯ÃaG ¿±﹐³y č]﹋ ·>mک
aFl﹞ ¾ ·©1>±\aÃb ¯ÃaG ¿±﹐³y @1Sک 

﹝1Jل
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\a﹎ ¶`²\ ¾ ¶]°m²a﹁ ¾ ·¨Æh﹞

TRAVELLING SALESMAN PROBLEM (TSP)

·¨Æh﹞ ︿Ãa︺G

kÃ1½﹐1﹋ j²a﹁ ¾0a? ]½0³[ ¿﹞ \a﹎ ¶`²\ ¾ ¶]°m²a﹁ ﹉Ã
 n Ď\\a﹎b1? 4]>﹞ a¼m ·? ¶`1?²\ ² ]°Â>? ¾a﹍Ã\ b0 gC ¿﹊Ã 0` a¼m

]m1? ﹏﹇0]W ċ]°﹋ ¿﹞ ¿y ·﹋ ¾aÂh﹞ ³لy ·﹋ vam ¯Ã0 1?Ċ
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\a﹎ ¶`²\ ¾ ¶]°m²a﹁ ¾ ·¨Æh﹞

TRAVELLING SALESMAN PROBLEM (TSP)

·¨Æh﹞ ¿︻0cF±0 ︿Ãa︺G

`0a﹎ ﹉Ã `\ ·°Â¼? `³G ¯F﹁1Ãn f4ف ﹋1﹝﹏ ?1 

0a﹎ `\ ¾aÂh﹞Ċف 0a﹎ f³Ç` ª1¬G b0 ·﹋ j\³[ ·? f4` ﹉Ã b0ف ︻<³` ﹋°[  `³GĚ¿±³F¨Â¬½ `²\ę
Tour (Hamiltonian Cycle)

1Ã ®b² ~³¬N﹞ęل ½³y ĖaÂh﹞ ¾1ل ﹝³y ¯ÃaG ¶1G³﹋ 1? ¾`³GĚ aÂhل  ·°Â¼? `³G
Optimal Tour
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\a﹎ ¶`²\ ¾ ¶]°m²a﹁ ¾ ·¨Æh﹞

TRAVELLING SALESMAN PROBLEM (TSP)

﹝1Jل

·°Â¼? `³Gč
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\a﹎ ¶`²\ ¾ ¶]°m²a﹁ ¾ ·¨Æh﹞

TRAVELLING SALESMAN PROBLEM (TSP)

·±1Âm1± «FÃ`³﹍©0

`0a﹎ ﹉Ã `\ ·°Â¼? `³G ¯F﹁1Ãn f4ف ﹋1﹝﹏ ?1 

0a﹎ ﹉Ã ¾1½`³G ª1¬Gn «Â±0\a﹎ ¿﹞a? 0` 1¼±2 ¯ÃaG ¶1G³﹋ ² «Â°﹋ ¿﹞ ¿i`a? 0` f4`Ċف ﹋1﹝﹏ ?1 

0aO0 ®1﹞b č 1? ﹏﹞1﹋ 0فa﹎ ﹉Ã ¾1½`³G \0]︺G 1? =i1°F﹞n f4`
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\a﹎ ¶`²\ ¾ ¶]°m²a﹁ ¾ ·¨Æh﹞

TRAVELLING SALESMAN PROBLEM (TSP)

¿﹍°Â¼? ﹏q0

`0a﹎ ﹉Ã `\ ·°Â¼? `³G ¯F﹁1Ãn f4ف ﹋1﹝﹏ ?1 

 a﹎0��  b0 gC f4` ¯ÂFhZ±�� ċ]m1? ·°Â¼? `³G a½ ¾²`
 b0 `³G ®2 aÂh﹞aÃb��  ·?��ċ

 b0 aÂh﹞ ¯ÃaG ¶1G³﹋��  ·?��  Ei0
\`_﹎ ¿﹞ `1? ﹉Ã w﹆﹁ a﹍Ã\ f³Ç` b0 ª0]﹋ a½ b0 ·﹋Ċ

⇓

Ei0 `0a﹇a? ¿﹍°Â¼? ﹏q0Ċ
⇓

\a﹋ ¶\1﹀Fi0 ·¨Æh﹞ ﹏W ¾0a? 1Ã³C ¾cÃ` ·﹞1±a? j²` b0 ®0³G ¿﹞Ċ
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\a﹎ ¶`²\ ¾ ¶]°m²a﹁ ¾ ·¨Æh﹞

TRAVELLING SALESMAN PROBLEM (TSP)

·¨Æh﹞ ¾]°? ³ل﹞a﹁

﹝0a﹎ ¾1½ f4` ¾ ·︻³¬Nف V

0a﹎ ¾1½ f4` b0 ·︻³¬N﹞aÃb ﹉Ãف A

 b0 aÂh﹞ ¯ÃaG ¶1G³﹋ ³لy��  ·?��  f4` a½ b0 ·﹋A \`_﹎ ¿﹞ `1? ﹉Ã Ø1﹆Â﹇\Ċ
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\a﹎ ¶`²\ ¾ ¶]°m²a﹁ ¾ ·¨Æh﹞

TRAVELLING SALESMAN PROBLEM (TSP)

·¨Æh﹞ ¾]°? ³ل﹞a﹁ č1لJ﹞
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\a﹎ ¶`²\ ¾ ¶]°m²a﹁ ¾ ·¨Æh﹞

TRAVELLING SALESMAN PROBLEM (TSP)

1J﹞Ě۱  b0%ęل 

 ¾1½ ·︻³¬N﹞aÃb ¾0a? 0]F?0� � 0  f³Ç` b0 ¾³t︻Ě4]>﹞ b0 aÂ︾ę

 ¾1½ ·︻³¬N﹞aÃb ¾0a? gBi� � 1  f³Ç` b0 ¾³t︻Ě4]>﹞ b0 aÂ︾ę

·?1l﹞ `³y ·?č
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\a﹎ ¶`²\ ¾ ¶]°m²a﹁ ¾ ·¨Æh﹞

TRAVELLING SALESMAN PROBLEM (TSP)

1J﹞Ě۲  b0%ęل 

 ¾1½ ·︻³¬N﹞aÃb ¾0a? gBi� � 2  f³Ç` b0 ¾³t︻Ě4]>﹞ b0 aÂ︾ę

·?1l﹞ `³y ·?č
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\a﹎ ¶`²\ ¾ ¶]°m²a﹁ ¾ ·¨Æh﹞

TRAVELLING SALESMAN PROBLEM (TSP)

1J﹞Ě۳  b0%ęل 

O ®]m aC E¼O[²ل

 ¾1½ ·︻³¬N﹞aÃb� � ����

·°Â¼? `³G ³لyč

 ¾1½ ·︻³¬N﹞aÃb ¾0a? gBi� � 3  f³Ç` b0 ¾³t︻Ě4]>﹞ b0 aÂ︾ę
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\a﹎ ¶`²\ ¾ ¶]°m²a﹁ ¾ ·¨Æh﹞

TRAVELLING SALESMAN PROBLEM (TSP)

1J﹞Ě%  b0%ęل 

·°Â¼? `³Gč

¿±1Â﹞ f4` ¯Â©²0 gÃ]±0

¿±1Â﹞ f4` ¯Â﹞²\ gÃ]±0

¿±1Â﹞ f4` ¯Â﹞³i gÃ]±0
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\a﹎ ¶`²\ ¾ ¶]°m²a﹁ ¾ ·¨Æh﹞

TRAVELLING SALESMAN PROBLEM (TSP)

]﹋ ·>m

TRAVELLING-SALESMAN-PROBLEM(W, n )

D ← array[1..n, P(V−{v
1
})]

P ← array[1..n, P(V−{v
1
})]

for i ← 2 to n do
D[i, ∅] ← W[i, 1]

for k ← 1 to n – 2 do
for all subsets A ⊆V−{v

1
} containing k vertices do

for i such that i ≠ 1 and v
i
∉ A do

� �, 	 ← min
��∈�

(
 �, � + �[�� , 	 − {��}])

� �, 	 ← value of j that gave the minimum

� ��, � − {��} ← min
�����

(
 1, � + �[�� , � − {��}])

� ��, � − {��} ← value of j that gave the minimum

minlength ← � ��, � − {��}

return minlength
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TRAVELLING-SALESMAN-PROBLEM(W, n )

D ← array[1..n, P(V−{v
1
})]

P ← array[1..n, P(V−{v
1
})]

for i ← 2 to n do
D[i, ∅] ← W[i, 1]

for k ← 1 to n – 2 do
for all subsets A ⊆V−{v

1
} containing k vertices do

for i such that i ≠ 1 and v
i
∉ A do

� �, 	 ← min
��∈�

(
 �, � + �[�� , 	 − {��}])

� �, 	 ← value of j that gave the minimum

� ��, � − {��} ← min
�����

(
 1, � + �[�� , � − {��}])

� ��, � − {��} ← value of j that gave the minimum

minlength ← � ��, � − {��}

return minlength

\a﹎ ¶`²\ ¾ ¶]°m²a﹁ ¾ ·¨Æh﹞

TRAVELLING SALESMAN PROBLEM (TSP)

0aO0 ®1﹞b ﹏Â¨VG

W¨﹆· ²0ل

ª²\ ·﹆¨W

ª³i ·﹆¨W

 ¿i`a?
 − 1 − � f4`
 1½ f4` ¯Ã0 b0 ª0]﹋ a½ ¾0a?� ︹¬O ﹏¬︻

 ﹏﹞1m ¾1½ ·︻³¬N﹞aÃb \0]︺G ·?� f4`č

 − 1

�

 ¾0a? ~³¬N﹞ ﹉Ã�
� …

�	�


��

¿¨q0 ﹏¬︻ =hWa? č︹¬O

¿¨q0 ¿﹁ap﹞ ®1﹞b
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TRAVELLING-SALESMAN-PROBLEM(W, n )

D ← array[1..n, P(V−{v
1
})]

P ← array[1..n, P(V−{v
1
})]

for i ← 2 to n do
D[i, ∅] ← W[i, 1]

for k ← 1 to n – 2 do
for all subsets A ⊆V−{v

1
} containing k vertices do

for i such that i ≠ 1 and v
i
∉ A do

� �, 	 ← min
��∈�

�
 �, � � ���� , 	 � ������
� �, 	 ← value of j that gave the minimum

� ��, � � ���� ← min
�����

�
 1, � � ���� , � � ������
� ��, � � ���� ← value of j that gave the minimum

minlength ← � ��, � � ����
return minlength

\a﹎ ¶`²\ ¾ ¶]°m²a﹁ ¾ ·¨Æh﹞

TRAVELLING SALESMAN PROBLEM (TSP)

0aO0 ®1﹞b ﹏Â¨VG č·﹞0\0

¿¨q0 ¿﹁ap﹞ ®1﹞b

¶\1﹀Fi0 \`³﹞ ³ل﹞a﹁ ²\č
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TRAVELLING-SALESMAN-PROBLEM(W, n )

D ← array[1..n, P(V−{v
1
})]

P ← array[1..n, P(V−{v
1
})]

for i ← 2 to n do
D[i, ∅] ← W[i, 1]

for k ← 1 to n – 2 do
for all subsets A ⊆V−{v

1
} containing k vertices do

for i such that i ≠ 1 and v
i
∉ A do

� �, 	 ← min
��∈�

�
 �, � � ���� , 	 � ������
� �, 	 ← value of j that gave the minimum

� ��, � � ���� ← min
�����

�
 1, � � ���� , � � ������
� ��, � � ���� ← value of j that gave the minimum

minlength ← � ��, � � ����
return minlength

\a﹎ ¶`²\ ¾ ¶]°m²a﹁ ¾ ·¨Æh﹞

TRAVELLING SALESMAN PROBLEM (TSP)

¿﹁ap﹞ ¾1t﹁ ﹏Â¨VG

¿¨q0 ¿﹁ap﹞ ¾1t﹁
 ¾ ·︻³¬N﹞� � ����  ¾0`0\
 � 1  ³t︻
 ²2�	� Ei0 ·︻³¬N﹞aÃbĊ
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 ¿FlC ·©³﹋ ¾ ·¨Æh﹞0/1

0/1- KNAPSACK

n «Ã`0\ ︿¨FZ﹞ ¾1½ jb`0 ² 1½ ®b² 1? ·︺x﹇Ċ
 EÂ﹁a} 1? ¿FlC ·©³﹋ ﹉ÃW Ei0 \³O³﹞Ċ

·﹋ «Â°﹋ <1ZF±0 0` ÁÃ1½ ·︺x﹇ «Â½0³[ Á﹞

o ®1﹊﹞0 ]W 1G ¿FlC ·©³﹋aC ² ċ\³m
o فa} ﹏﹋ jb`0 ~³¬N﹞«¬Ãc﹋1﹞ \³mĊ
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 ¿FlC ·©³﹋ ¾ ·¨Æh﹞0/1

0/1-KNAPSACK

1 2
{ , , , }

( )

( )

total weight of knapsack

n

i i

i i

S item item item

w weight item

p value item

W

=

=

=

=

…

select 

maximize 

subject to 

where  {0,1}     , 1

i

i

i

i i

item A

i i

item A

A S

p x

w

x

x W

i n

∈

∈

⊆

≤

∈ ≤ ≤

∑

∑
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 ¿FlC ·©³﹋ ¾ ·¨Æh﹞0/1

0/1- KNAPSACK

﹝1Jل
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 ¿FlC ·©³﹋ ¾ ·¨Æh﹞0/1

0/1-KNAPSACK

·±1Âm1± «FÃ`³﹍©0

 ¿FlC ·©³﹋ ¾ ·¨Æh﹞ `\0/1

 ¾1½ ·︻³¬N﹞aÃb ¾ ·¬½n  «Â°﹋ ¿﹞ ¿i`a? 0` ·︺x﹇
 \`0\ 0` E︺﹀°﹞ ¯ÃaFlÂ? ·﹊±2 ²Ě¿FlC ·©³﹋ ®b² aJ﹋0]W ]Â﹇ b0 b²1NG ®²]? ę«Â±0\a﹎ ¿﹞a?Ċ

0aO0 ®1﹞b č ¾ ·︻³¬N﹞ ﹉Ã ¾1½ ·︻³¬N﹞aÃb \0]︺G 1? =i1°F﹞n ¾³t︻
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 ¿FlC ·©³﹋ ¾ ·¨Æh﹞0/1

0/1-KNAPSACK

¿﹍°Â¼? ﹏q0

 ¿FlC ·©³﹋ ¾ ·¨Æh﹞ `\0/1

 «Â°﹋ ¿﹞ ra﹁A  b0 ·°Â¼? ¾ ·︻³¬N﹞aÃb ﹉Ãn ]m1? ·︺x﹇Ċ
\`0\ \³O² E©1W ²\č

o����� ∉ � č D`³q ¯Ã0 `\A  b0 ·°Â¼? ¾0 ·︻³¬N﹞aÃb 1? Ei0 ¾²1h﹞� − 1 EhZ± ¾ ·︺x﹇Ċ
o����� ∈ � č `\ \³O³﹞ D1︺x﹇ b0 ﹏q1W ﹏﹋ E︺﹀°﹞ D`³q ¯Ã0 `\A  Ei0 ¾²1h﹞

 ¾ ·︺x﹇ jb`0 1?n  b0 ¾0 ·︻³¬N﹞aÃb b0 ·﹋ Ei0 ¾0 ·°Â¼? E︺﹀°﹞ ¾ ·﹁1u0 ·?� − 1  Ei\ ·? EhZ± ¾ ·︺x﹇
 ]Ã2 ¿﹞Ě b0 ]Ã1>± 1¼±2 ﹏﹋ ®b² ·﹋ ]Â﹇ ¯Ã0 EÃ1︻` 1?	 − 
� \³m aFlÂ?Ċę

⇓

Ei0 `0a﹇a? ¿﹍°Â¼? ﹏q0Ċ
⇓

\a﹋ ¶\1﹀Fi0 ·¨Æh﹞ ﹏W ¾0a? 1Ã³C ¾cÃ` ·﹞1±a? j²` b0 ®0³G ¿﹞Ċ
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 ¿FlC ·©³﹋ ¾ ·¨Æh﹞0/1

0/1-KNAPSACK

·¨Æh﹞ ¾]°? ³ل﹞a﹁

 ·︺x﹇ jb`0i ª0
 ·︺x﹇ ®b²i ª0

 <1ZF±0 b0 ﹏q1W ¾ ·°Â¼? E︺﹀°﹞i  EhZ± ¾ ·︺x﹇Ě b0 1¼±2 ﹏﹋ ®b² b²1NG ª]︻ ]Â﹇ EÃ1︻` 1?Wę

 ĖE︺﹀°﹞ aJ﹋0]W

¿FlC ·©³﹋ ¿±b² kÃ1N°﹎ aJ﹋0]W
1½ ·︺x﹇ \0]︺G
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 ¿FlC ·©³﹋ ¾ ·¨Æh﹞0/1

0/1-KNAPSACK

]﹋ ·>m

0/1-KNAPSACK(p,w,W)
n ← length(p) 
P ← array[0..n, 0..W]
for w ← 0 to W do

P[0, w] ← 0
for i ← 0 to n do

P[i, 0] ← 0
for i ← 1 to n do

for w ← W downto w
i
do

if P[i – 1,w – w
i
] + p

i
> P[i – 1,w] then

P[i, w] ← P[i – 1,w – w
i
] + p

i

else P[i, w] ← P[i – 1,w]
return P[n,W]

 ĖE︺﹀°﹞ aJ﹋0]W
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 ¿FlC ·©³﹋ ¾ ·¨Æh﹞0/1

0/1-KNAPSACK

0aO0 ®1﹞b ﹏Â¨VG

]±³m ¿﹞ ·>i1V﹞ ·﹋ ¾aq1°︻ \0]︺Gč

 ¯Â? ¾0 ·x?0` ®³S�  ²	 Ei0 ¿x[ ³ل﹞a﹁ ¯Ã0 ·﹋ \a﹋ ra﹁ ®0³G ¿¬± ċ\`0]± \³O²Ċ
Ě ﹉Ã ¾0a?
  ®0³G ¿﹞ n1[
 Ø﹑J﹞ ċEm0\ گ`c? ¶0³Z©\ ·? č
 � 
! Ei0 aG]? ·±1Âm1± «FÃ`³﹍©0 b0 ﹏q1W «FÃ`³﹍©0 ®1﹞b D`³q ¯Ã0 `\ ·﹋ęĊ

0/1-KNAPSACK(p,w,W)
n ← length(p) 
P ← array[0..n, 0..W]
for w ← 0 to W do

P[0, w] ← 0
for i ← 0 to n do

P[i, 0] ← 0
for i ← 1 to n do

for w ← W downto w
i
do

if P[i – 1,w – w
i
] + p

i
> P[i – 1,w] then

P[i, w] ← P[i – 1,w – w
i
] + p

i

else P[i, w] ← P[i – 1,w]
return P[n,W]
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︹Oa﹞

T.H. Cormen, C.E. Leiserson, R.L. Rivest, C. Stein,

Introduction to Algorithms,

4th Edition, MIT Press, 2022.

Chapter 14
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︹Oa﹞

R.E. Neapolitan,

Foundations of Algorithms,

5th Edition, Jones and Bartlett Publishers, 2015.

Chapter 3


