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f(n) = f(n ~ 1)+ f(n—2)
f(0) =0
f1) =1

FIB-NUMBER(n)
if n > 0and n < 1 then
return n
else if n > 1 then
return FIB-NUMBER(n — 1) + FIB-NUMBER(n — 2)

L) oldsradagay dolo o ale gands iy,
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f(n) = f(n =1) + f(n - 2)

HON=0 @ Number of Terms
f=1 n Computed
0 ]
L 1
2 3
© ol
4 9
5 15
6 25

S
-
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Loyt o-E ki g gl
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FIB-NUMBER(n)
F « array|0..n]

f(n)=f(n—1)+ f(n —2) Fl0] « 0

f(0) =0 Al <1
if n > 1 then
f(l)zl for 1 — 2 to n do
Fli) « Fli— 1] + Fli— 2]
return F|n]
T(n) € ©(n) Uiiua J7<?JS lad st Uasly o510 gl 1 Jgaan SO gl
S(n) € ©(n) s o laal LT 651,50 sialae 51 B o s oo sulaniul
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Lo@yyg-lf ol g o
(S $Ldd w93 b Liga %0l i 152 g2 @l sl

FIB-NUMBER-IMPROVED(n)

F, <0
fn) = fln—1)+ f(n —2) 1;2<—1 '
if n = 0 then
f(0) =0 Fe 0
f(l)=1 else if n = 1 then
F«1

else if n > 1 then
for 1 <— 2 to n do
F«— F, + F,
Fy < L,
Fy«— F
return F

S(n) < @(1) ﬁ—“\;\sw salan il J_“\.i_“\-o Ly JI d._*\l‘)'li leé 4_., eyl :)I“‘ A C)T
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g9 & modali (w90 b dhius &S S S 0

655 35 G 5ad K (s e sl € AESH0 Jg0 8 S (8L
S o ot s (laa 5Ka S slad gad Jasl

e S sladga e bbb gubooso v diue i da ©

ZJ_LQJJLAL@JIJJ\H JJMJ&AI&MJA&G&JJU:JQJLM
g e Juala A8 0S sladbsal s da ol S el 58 gl gy U el
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n—1 n—1 .
[Z]: [k_l i ] O<k<n
1 k=0k=n
BINOM(n, k)
if k=0 or £ = n then
return 1
else

return BINOM(n — 1,k — 1) + BINOM(n — 1,k)

Tn)=2( |—1 . .. “
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4 Loyt o-E ki g gl
L gs (s 39 ysols ju (4 9y rs) e 93 s pid (sdaiulas

Blij] = (Il) S oS e sulitid B[0.1,0.K] (suas 50 sl T 5|

. | Bli—Ljl+Bi—-17-1 ,0<j<i
B[z,]]{l 0=
s J ] = 1
BINOM-DP(n, k) LI ] &
B « array|0..n,0..k] aER
for : <— 0 to n do N
for j < 0 to min(s, k) do e
if 7= 0 or j = i then
Bli,j <« 1
else Bli- 11~ 1] Bli~ 11l
Bliyg| < Bli—1,j— 1] + Bli—1,9] . BII 1)
return B|n, k] ,
T(n) € ©(nk) (poa e wlaad Cia 0) 1yal e
S(n) € ©(nk) (Jsan) (8 nae slas
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- B[0,0]=1
[0.,0] B[4,2] = (2) Jto
Compute row 1:
« B[1,0]=1
« B[1,1]=1

Compute row 2:

- B[2,0]=1

« B[2,1]=B[1,01+B[1,1]=1+1=2
- B[2,2]=1

A WO NOM =2 O
N T T =~ O Y e ]
A W N =

Compute row 3:

- BI[3,0]=1

- B[3,1]=B[2,0]+B[2,1]=1+2=3
- B[32]=B[21]+B[2,2]=2+1=3 S
Bli-1][j— 1] Bli-1](/]
Compute row 4: |
B[4,0] =1 i B[i](/]
B[4,11=B[3,01+B[3,1]1=1+3=4
B[4,2]=B[3,1]1+B[3,2]=3+3=6

o
-
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FLOYD-WARSHALL ALGORITHM
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FLOYD-WARSHALL ALGORITHM

Dladss Dlacga SIS S Sl el sada uly 98 8 G sose (385 S (380 (S0

wli,j] =+

(

weight on edge ,(v;,v;) € E(G)
00 , (v, vj) € E(G)
0 =]

SIS slag sy o ble 159 9,9
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A shortest path from v;to v;using only vertices in {vy,v,, ..., vy}
[ﬂ)Z]

A shortest path from vito viusing A shortest path from v, to v;using

only vertices in {vq,vy, ..., Vi} only vertices in {v4,v,, ..., V,}

ol 5 99 O o G 38068 (S 5L J g 54

DW[i, 5] = min {D*V]i, j], D¥V[i, k] + D* [k, 5]}

1<k<n
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S
-

A shortest path from/v;to v;using only vertices in {vy,v, ..., v}

DM, 5]

A
' A\
@ D®)[G, k] : D®k, j] @
L. J L J
Y Y

A shortest path from v;to vusing A shortest path from v, to v;using
only vertices in {vy,Vy, ..., Vi} only vertices in {vq,vs, ..., Vi}

ol 5 99 G s 5058806 LS 5L J se 58

DWi,j] = min {D* V[, ], D*V[i, k] + D* Y[k, j]}

1<k<n

poO - pb _, p@ _, ... p1 _, pln

I I
W D
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SIS S (il y 99 A e (g peligS (8L

D058 Slacga SIS S5 Sl sl sata Guly 99 Oy saes Cp 3l S (3L 130
W: 3l S slagss el 169 9,9
D:ladl 1§ QfﬂalSJS uufJSLo :@\9:&
D) [4, 5] = min {D(k’—l) 4, j])D(k—l) [, k] + D=1 [k, 5]} FECLS PR

1<k<n oul 5 99 O s ySe G sS

Dlij)  min {Dli g}, DliK] + DIk, ]} o800 5 iy s i

SHORTEST-PATH( W,n)

D— W

for kK <— 1 to n do

for 1 <— 1 to n do
for j «— 1 to n do
Dl1,5] <« min(D|i,j], D[i,k] + D|k,j])
return D

S
&
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2 3 4 5 1 2 3 5

1 oo 5 110 1 3 4

0 3 2 @ © 218 0 3 5

00 0 4 34100 11 @ 7

00 2 0 3 416 r 2 3

00 0 oo 0 5] 3 4 6 0
w D
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W Loyeuiy gl el g o->10
SIS S gl 9 B (s yauas (g3 yioli oS (8L

SIS uls 59 58 O spee (n SeB S Ola

SI905 sl GBI K 5ol sad uly 99 (s saere (38l S (3L 1 dua
W: 81 8 slagss s sle 1589, 9
saase (385 5S uga 5 D:iladlials (p 5aB S G ke 1 (e 955

SHORTEST-PATH( W,n) PATH(P, i, j)

P < array|1..n,1..n if Pli,7] = 0 then
P« [0] PATH(P, i, P[i,j])
D— W print P[i,7]

for £k — 1 to n do PATH(P, P[i,]], j)

for 1 <— 1 to n do
for j «— 1 to n do
if D[,)] > D|i,k] + D|k,j] then
Dli,j) < D[i,k] + D[k,j|
Pli,j) — k
return D

ceal ST 51 e 0588668 0 (Alae Gush s puaad] 50 )58, 50 Al
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A Loe20)6-E1 bl § gl
JUio 1318 S (gl y 99 5 (i yauss (3 ol S (8L

SIS uls 59 58 O spee (n SeB S Ola

1 2 3 4 5 1 2 4
10 1 o 1 5 110 1 1 4
29 o0 3 2 o 2|8 0o 3 2 5
3l o 0 4 o 310 1 o 4 7
4|lw o 2 0 3 4le 7 2 o 3
5[3 o o o 0 5|3 4 6 4 0
w D
1 2 4
110 4 0

PATH(P, 1, j)

25 o o o 4 if P[i,7] = O then
PATH(P, 7, Pli,j])
print P|i,j|

415 5 0 0 0 PATH(P7 P[Z,]], ])
5|0 1 4 1 0
P

* 0

7Y
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In Figure the optimal (longest) simple path
form v, to v, is [v,, 1, V¥, 1,]. However, the
subpath [, 15] is not an optimal (longest) path
from v, to v, because

length vy, vs] =1 and length [vy, ve, v3] = 4.

Therefore, the principle of optimality does not
apply. The reason for this is that the optimal
paths from v, to 1, and from 1, to v, cannot be
strung together to given an optimal path from
v, to .
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CONVEX OPTIMAL POLYGON TRIANGULATION

(g s)) Labaas s o) JSiie Gy Jntie Sy ealidann °
H@JJJJJ.&#JAAZL’JJ °
ol 9ot (s4ba®s 9o 5o Hule bas,ly € alodis Syiouae aloaia
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oS e el glad e oS a cga A ;) e, S S
Vo, V1is ..., U, 1. Fodges are v;v;11, where v,, = vg
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w(Avivjvg) = [vivs] + [vjor] + |okvi] 1050 b e S

(“U?:» Vi1, .- -

mli, j

L Uj) erliasia ) e slwetie s 039 M, J]

g suabialie S 059 Jse

= mli, k] + mlk, j] + w(Dvvok)
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min {m[i, k] + m[k, j] + w(avv,v,)}

1<k<jg

ool ]
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mlk, jI
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\lg Lo )5l ki g Il
e e e ki
mli, j] = 7g13{m[27 k| + mlk, j] + w(Avv,0,) } S50 J g S
<k<j (“U?:: Vid1y ey “Uj) u:..‘.@d.s%‘):s‘) S G‘JJ s o5lwdlia S O uzsl_:‘ 6‘)—‘
j sl TRIANGULATION(P,n)

o
-

Uj—l

m «— array[l..n,1..n]

for : < 1 to n do
mli, i +1] < 0

for d<—1ton—-1do

mlk, j]
for 1 < 1ton - ddo
je—1i+d
mli,j] < oo
for k< 1+1toj—1do
| q — mli,k| + mlk,j] + w(P,[i,j;k])
o A if ¢ < m|i,j] then
mli,j] < g
return m|1,n)
T(n) € ©(n?) Hoyal Gle
S(n) € ©(n?) Sl v, slas
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Row-major

for 1 — 1 to n do
for j<— 1 to ndo

Column-major

for j«— 1 to ndo
for 1 <— 1 to n do

Diagonal-major

for d <— 0 to n-1 do
for 1 <— 1 to n-d do
je— 14+ d
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MATRIX CHAIN PRODUCT

aeodl s G 1 ) g Sle g o aliala aaal A o wiS (554

.

123 23 99 35 41 38

456 12342 T | 74 89 104 83
6789]

I1x7+2x2+3x6.

3 multiplications

Q&u‘e;’xbdu&;‘)_@ YXVXVT.C.J.A%.&(JJ‘JJ.&A:\L Yx¥ &JJ—LA.LA.@‘.A‘:)J%
2Xx4x3=24.
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A x B x (C x D

20x2 2x30 30x12 12x8




Loz;9- )1 ko o> 150
Lo dlecSlopash o s

A x B x (C x D

20%2 2x30 30x12 12%8

CD)) 30X 12X 8 +2x30x 8 +20x2x 8 = 3680

(BC)D) 2x30%x12+2x12x8 +20x2x8 = (1232
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(CD)  20%x2x30+30x12x 8+ 20 x 30 x 8 = 8880

)D 20 x2x30 420 x30x12 +20x12x 8 = 10320
)D 2x30x124+20x2x12420x12x 8 = 3120
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LS s ca 8318 P sl T Lo e Sile sl
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\le Lo g8 il g >l

Lo s il 510y
&S
0 Z: ] .
9 ’ 2 E80  eddasd
M= win fmfi, k] + mlk 4+ 1,7+ ppep,} i< SHEEOR sl

1<k<j

MATRIX-CHAIN-ORDER(p)
n < length(p) — 1 PRINT-OPTIMAL-PARENS (5, i, j) i aiys ola
m «— array[l..n,1..n]
for 1 — 1 to n do

m|i, 1] < 0
for d— 1ton—1do
for 1 — 1ton—ddo
j— 14+ d
m|i,j] < oo
for k< 1to j— 1 do
q < m[i,k + m[k + 1,5 + p[i — 1]*p[k]*p[]
if ¢ < m|i,j] then
mli.j] < q
sli,g] — k

ifi =
then print “A”;
else print “(”
PRINT-OPTIMAL-PARENS (s, 1, s[7, j])
PRINT-OPTIMAL-PARENS (s, s[i, j]+ 1, j)
print *)”

AN B Lo =

return m|1,n]
’ T(n) € O(n%) Hyal ol )y
S(n) € ©(n?) S usse slas

S
&
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R R X R TR

JGs

matrix  dimension

Al 30 x35
Ay 35x15
A3 15 x5
A4 5% 10
As 10 x 20
Ag 20 x25

‘m[2,2] +m[3,5]+ p1paps = 0+2500 +35-15-20 = 13000,
m[2,5] = min { m[2, 3] + m[4, 5] + pi p3p5s = 2625 + 1000 + 35 -5-20 = 7125,
‘m[2, 4] 4 m[5,5] + pi paps = 4375+ 0+35-10-20 = 11375
— 7125.
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100x1 1x100 100x1 1x100
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Gl bl ds Suish b LA yibe (Slo sy o

MEMOIZED-MATRIX-CHAIN (p)

1 n < lengthlp] — 1
2 fori < 1ton

3 dofor j < iton
4 do m[i, j] < o0
5 return LOOKUP-CHAIN(p, 1, n)

LOOKUP-CHAIN(p, i, J)

if m[i, j] < oo

then return m|i, j]

ifi = |

else fork < itoj—1
do g <~ LOOKUP-CHAIN(p, 1, k)

oo

9 return mli, j]

1
2
3
4 thenmli, j] < 0
5
6

+ LOOKUP-CHAIN(p, k + 1, j) + pi—1pkp;

ifg <mli, j]

then m[i, j| < ¢
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LONGEST COMMON SUBSEQUENCE (LCS)

TS e DB Hu 1 ) el
X =(z,25,...,7,)

[
X = (A, B,C,B,D, A, B)

Z, = (A,C,B,D,B) dtisy;

N
||
Q=
[
S
C
2
!

w

ole oo ) ZnJ:S‘JAndJ.’a‘L}‘L“:\;JS:ﬁ

S
-
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LONGEST COMMON SUBSEQUENCE (LCS)

1 e;uzgw B3 sl ) dlhg o

X:<331,332,...,33m> Y:<y1,y2,...,yn>
il o 5 gdlon ) S sl gldlos cdlog go S ke by ) S

X =(A,B,C,B,D, A, B) 1Jle
Y = (B,D,C, A, B, A)

Z, = (B,C,A) s, iy,

Zy = (A, B) Sriesdlsnn

= (B, D, A, B) S»ie stlisns e sh

N
|

3

S
-
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LONGEST COMMON SUBSEQUENCE (LCS)

LS (o DB Sl ) bty g
X:<£E1,£E2,...,£Em> Y=<y1,y27---ayn>

col LS g S pidie gdlady yay (G B SY gho 8L 1 Bua

S
-
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JbA L 1S pidio (sadlida y3) (3 F oY g

LONGEST COMMON SUBSEQUENCE (LCS)

X =(z,2,,...,2 ) Y = (Y, Y5---,Y,) LSRR

Xi — <£E1,$2,.,.,xz.> Y@ (yl,yQ,...,yQ X

L7200 %k cpaelin 21,50 Y 5 XS i gadliin ) (S SY b

1. If z,, = y,,, then 2z, = z,, = vy,, and e80T
Z1=LCS(X,n_1,Y0_1).

2. If z,, # y,, then z; # z,, implies
Z =LCS(X,,_1,Y).

3. If x,,, # y,, then 2z, # y, implies
Z =LCS(X,Y,_1).
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LONGEST COMMON SUBSEQUENCE (LCS)

e
cli, j| = |LOS(X5, Y;)
:A:Ju.oo.u.-aQLCSJDAL.UJJ:QLSLLK;QJJA,AQJH@\JJ

0 if 2 or =0
cli,jl=1¢ cli—1,7—1]+1 if @; =y
max{cli,j — 1], cji —1,7]} if z; # y;

X:<5131,£E2,...,£I3m> Y:<y17y27"'7yn>
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LONGEST COMMON SUBSEQUENCE (LCS)
LCS-LENGTH(X,Y)

1 m < length| X]

2 n < lengthlY]

3 fori < 1tom

4 do ¢[i,0] < O

5 forj < Oton

6 do [0, j] < O

7 fori < 1tom

8 dofor j < 1ton

9 do if x; = y;
10 thenc[i, j] < c[i — 1, —1]+1
11 bli, j] < “N”
12 else ifc[i —1,j7]>cli,]j— 1]
13 then c[i, j] < c[i — 1, j]
14 bli, j] < “1”
15 else c[i, j] < cli, j =11 | 20 n) co@m) Hoal ol
16 bli, J] < “<7 S(m,n) € O(mn) 5Ll 3,50 slad

17 return c and b
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PRINT-LCS (b, X, i, )
I ifi=00rj=0

Z then return

3 [, j]=""

4 then PRINT-LCS (b, X, i — 1, — 1)
5 print x;

6 elseif b[i, j] = “1"

7 then PRINT-LCS (b, X.,i — 1, )

8 else PRINT-LCS (b, X,i,j — 1)

> &= T & 6O & >

0 3 5 6

Vi D C A B A

Ol 0] 0O O] O] O] O

T 1 1 AN

O] 0] O] O] 1«1 1
TIN

O] 1|« 1< 1 1| 2«2

T TIN T 1

0] 1 1 22| 2| 2
T T TN

0] 1 1| 2] 2] 3|<3

T (N

O 1] 2] 2| 2} 3| 3

T 11 TIN

O 1| 2| 2| 3| 3| 4

T T 1IN T

O 1{ 2 2] 3] 4 4
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length
length
length

U1, V2,03, U4, U1 |

U1, V3, V2, V4, V1|

V1, V3, V4, U2, U1 |

4

[Ulv U3, V4, V2, Ul]

P o

3 4
9 0
6 4
0 8
0 0
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ool ML JelS€ SIS S5 0 g 553 038k

IS o 15 LT 0 536l S 5 aniS o s 1 ol ML JolS GBI S S sl 55 alas

ol ML Jal€ GBS G slag, o5 alaas b cwliie o yal yle

(mn—1)(n—2)---(1)=(n—1)! € O(n!)
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sl V1 0 Vg 5l sase (55006 S
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TRAVELLING SALESMAN PROBLEM (TSP)

SIS slagels stegans 1/
ACYV SIS slaguls e sane s & A

9538 o b S TaB0 A uly 58 51 S Vg 4V 5 e o 30558 Jsbo D[U,;, A]

D[’Ui?A] — HllIl(W[’L,j] + D[Uj,A — {Uj}]), A 75 @,i ?é 1,7]7; g A

U cA

Dlv;, 2] = Wi, 1]

minimum tour length = D{vy, V — {v}]
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=

{vs}

length|vg, vs, v1]

o0

Dlvs, A]

V = {Ul,UQ,US,U4}

=

{U37U4}

. l@ﬂgth[ﬂ2703,’l)4,’l]1]
min
lengthl[vs, v4, v3, 1]

min(20, co)

20
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TRAVELLING SALESMAN PROBLEM (TSP)

(e 3 08) ugis Sl ssude k= 0 slade gano ) 510 il

2
Y 1 2 D:'U2,®: = 1
3 A _D:’Ug,@: = o
fl ] ]
6 7 |6 Divg, ] = 6
9
X (laze 51 u8) pusis Sl sde b = 1 slade sane 5 (513 s
8 .
g ' Dlos, {ea}] = min (W[3,5]+ Dloj, {v2} ~ {u3})
‘U4 v
S = W]|3,2] + D[vy, 9]
& 1 o2 8 1 = 74+1=8
”§; 1o 2 9 o olie s 4
21 o & 4 Dlvg,{v2}] = 3+1=4
D ale o0 s Dlmfmll = 6reo=o
-§ Dvy,{vs}] = oo+ o0 =0
S 4|6 3 ® 0 Dvg,{v4}] = 4+6=10
§ Dlvs,{v4}] = 8+6=14
&

S
-
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TRAVELLING SALESMAN PROBLEM (TSP)

)
vy 1 Vo (laxe 5 ) oy Sl s e b = 2 slade gons 53 (513 upss
3 X
4 Dlvg,{va,v3}] =~ min (W[4, )]+ Dlvj, {v2,v3} — {v;}])
6 716 J:UJG{U27US}
9 - . W[4, 2] —|—D[?Jg,{v3}]
Y - mm{ W4, 3] + Dlvs, {v2}]
Vs < Va = min(3 4 00,00 4+ 8) = 00
1 2 3 4
1lo 2 9 rsbde ok 4
sle 5 = a3 Dlvs,{v2,v4}] = min(74 10,8 +4) =12
Dlvg, {vs,v4}] = min(6+ 14,4 + o) = 20
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2
vy 1 Vo (lawe 51 m8) Gusis Sl s e k= 3 slade sanse 1) (513 s
%1 Dlvy,{va,vs,v4}] = min (WL, j] + Dlv;, {ve, v3,va} — {v;}])
& = e jvje{va,v3,va}
9 W1, 2] + Dlve, {vs, vq}]
Y = min{ WL, 3] + Dlvs, {vz, va}]
Vs 8 vs W1,4] + Dlvy, {ve, v3}]

= min(2+ 20,9 + 12,00 + 00) = 21 e o8 dsk

110 2 9 o < V — {01} slade gane 5 N
{@} | {ve) [ {va} | {va} | {vo,v3} | {v2,va} | {vz,va} | {va,v3,v4})
211 0 6 4 0 51
D= ()] 1 o0 10 20
3 | o 7 0 8 U3 00 8 14 12
Uy 6 4 00 00

—

Joos Had o
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TRAVELLING SALESMAN PROBLEM (TSP)

2
V. 1 v
1 2 3 4 9
3 K
/)
6 7 |6 P[1, {v,, U3, U4}] P[3, {v,, U4}] P[4, {v,}]
9
Y
8 e ool calsl pwast = P [1][{v,, v, U4}] = 3
Vy Vs
S ool e pmasl = P [3][{v,, v4}] =4
b ool Gpe s sl = P [4][{va}] = 2
P O
[Vy, U3, U4, Uy, U4].
{@} | {va} | {vs} | {va} | {ve,va} | {va,va} | {v3,v4} | {v2,v3,v4}
U1 21
D =| v,y 1 o0 10 20
V3 o0 8 14 12
(3 6 4 o0 00
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TRAVELLING-SALESMAN-PROBLEM( W, n)

D <« array[l..n, P(V—{v})]
P « array[l..n, P(V—{v})]

for 1 <— 2 to n do
Dli, o] « Wi, 1]

for k— 1ton—2do

for all subsets A CV—{v,} containing k vertices do
for 7 such that ¢ = 1 and v, ¢ A do

D[i, A] « min(W[i,j] + D[vj, A — {v;}])
P[i, A] « value of j that gave the minimum

D[vy,V —{v}] « erji<nn(W[1,j] + D[v;,V — {v}])

P[v,,V — {v1}] « value of j that gave the minimum
minlength < D[vy,V — {v;1}]

return minlength
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TRAVELLING-SALESMAN-PROBLEM( W, n ) Jos! 4@l

K slnpsene S

zn_z
k=1

D <« array[l..n, P(V—{v})]
P « array[l..n, P(V—{v})]

for 1 — 2 to n do

Dli, @] «— Wi, 1] ags dila
(" for k—1ton—2do ) ol K ol slade gana ) olaai 4
for all subsets A CV—{v,;} containing k vertices do_—| n—1
for 7 such that i =1 and v,¢ A do\ k
DIi, Al « min(W i, 1 + DI, A ~ {v}]) T ek

\_ P[i, A] « value of j that gave the minimum ) ;
L)-ut)n - 1 - k O3
D[vy,V = {vi}] « min (W[1,j] + D[v;,V = {v:}]) o Joe K Ll 0l 1 S 5 sl

P[vy,V — {v;}] « value of j that gave the minimum

minlength «— D[vy,V — {v1}]

, g bl Joe o
return minlength

S
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TRAVELLING-SALESMAN-PROBLEM( W, n )

D « array[l..n, P(V—{v})]
P < array[l..n, P(V—{v})]

for 1 — 2 to n do

D[i, @] «— Wi, 1] shal &m0l

4 for k< 1ton—2do
for all subsets A CV—{v,} containing k vertices do
for i such that ¢ = 1 and v, ¢ A do

D[i,A]l « min(W[i, j] + D[v;, A — {v;}])
J
\_ P[i, A] « value of j that gave the minimum

~

J

D[vli V- {171}] o Zgljlgn(w[l']] + D[vj; V- {vl}])
Plvy,V — {v,}] « value of j that gave the minimum

minlength < D[vy,V — {v,}]

return minlength

Ibdu:u.u‘d‘)ydy‘)é\g.l

n

(nlk)(

S

k=1

;1) _ (n1)(";2)
(-
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TRAVELLING-SALESMAN-PROBLEM( W, n )

D « array|[l..n, P(V—{v, . N
[ P arra)}f’[[l..n, P((V—{{vl}}:))]] hol (S ran slad

for 1 — 2 to n do

Dli, @] — Wi, 1]
for k<— 1ton—2do

for all subsets A CV—{v,} containing k vertices do
for i such that ¢ = 1 and v, ¢ A do

D[i,A]l « min(W[i, j] + D[v;, A — {v;}])
P[i, A] « value of j that gave the minimum

D[vli V- {171}] < ZIPJIIIn(W[l']] + D[vj; V- {vl}])

P[v,,V — {v1}] « value of j that gave the minimum
minlength «— D[vy,V — {v1}]

return minlength

mn—lglJlgV—{vl}guw
.on—1
M‘uwx‘)z K]

S(n) = 2xn2"!

= S(n) € O(n2")
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0/1-KNAPSACK

S = {item,,item,,...,item_}

w, = weight(item,)

p, = value(item,)

W = total weight of knapsack

select A C §

maximize E j
item, €A

subject to Z wr, < W

item, cA

where z, € {0,1},

1 <1 <n
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Greedy algorithm
does not work for

0-1 knapsack problem
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(W 5T S 055 55la3 pae 1B cule s L) crds gaalad O ) Jusla s aadie P4, W]
1 >0, w>0
Pli.w] = max(P[t — 1,w],p; + Plt — L, w —w;]) ,w; <w
’ Pli — 1, w] , Wi > W
Pli,0] = P[0,w] =0
caiie Klaa = Pln, W]
Pl0..n,0..W]
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.o max(P[i —Lw],pi+ Pli —1Lw—w;]) ,w; <w
P[z,w}—{ Pli — 1, w] Wi > W

Pli,0] = P[0, w] = 0

O/I—KNAPSACK(p,w, VV) cadie Sl = P[’n, W]
n < length(p)
P « array[0..n, 0.. W]
for w <« 0 to Wdo
PO, w] « 0
for 1 < 0 to n do
Pli, 0] < 0
for 1 < 1 to n do
for w < W downto w, do
if Pli — 1,w— w] + p, > Pli — 1,w| then
P[Za ’lU] N P[Z_ 1w - wz] + D
else P|i, w] «— Pli— 1,u]
return P[n, W]
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0/1-KNAPSACK(p,w, W)
n < length(p)
P « array|0..n, 0.. W]
for w<« 0 to Wdo
PlO, w] « 0
for 1 < 0 to n do
Pli, 0] <0
for 1 < 1 to n do
for w < W downto w, do
if Pl — 1,w — w] + p, > Pli — 1,w| then
Pli, w] « Pli— 1,w— w)] + p,
else P[i, w] «— Pli— 1,u]
return P[n, W]

NW € O(NW) 18580 trulan & (5 alic slass

(-l 550 Ll 4l I ) Juala als, SI Gley @ suo ol oo S W= 1 YA consls & slsadaas Wl 550 ol S5 (61 5)
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Dynamic Programming

Dwnamic programming, like the divide-and-conquer method, solves problems by
combining the solutions to subproblems. (“Programming™ in this context refers
to a tabular method, not to writing computer code.) As we saw in Chapters 2
and 4, divide-and-conquer algorithms partition the problem into disjoint subprob-
lems, solve the subproblems recursively, and then combine their solutions to solve
the original problem. In contrast, dynamic programming applies when the subprob-
lems overlap—that 15, when subproblems share subsubproblems. In this context,
a divide-and-conquer algorithm does more work than necessary, repeatedly solv-
ing the common subsubproblems. A dynamic-programming algorithm solves each
subsubproblem just once and then saves its answer in a table, thereby avoiding the
work of recomputing the answer every time it solves each subsubproblem.

Dynamic programming typically applies to oprimization problems. Such prob-
lems can have many possible solutions. Each sclution has a value, and you want
to find a solution with the optimal (minimum or maximum) value. We call such
a solution an optimal solution to the problem, as opposed to the optimal solution,
since there may be several solutions that achieve the optimal value.

To develop a dynamic-programming algorithm, follow a sequence of four steps:

. Characterize the structure of an optimal solution.
. Recursively define the value of an optimal solution.
. Compute the value of an optimal solution, typically in a bottom-up fashion.

= =

. Construct an optimal solution from computed information.

Steps 1-3 form the basis of a dynamic-programming solution to a problem. If you
need only the value of an optimal solution, and not the solution itself, then you
can omit step 4. When vou do perform step 4, it often pays to maintain additional
information during step 3 so that you can easily construct an optimal solution.
The sections that follow use the dynamic-programming method to solve some
optimization problems. Section 141 examines the problem of cutting a rod into
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Dynamic Programming T e

FOUNDATIONS OF

RICHARD E. NEAPOLITANMN ecall that the number of terms computed by the divide-and-conquer
_ algorithm for determining the nth Fibonacei term (Algorithm 1.6)
is exponential in n. The reason is that the divide-and-conquer
approach solves an instance of a problem by dividing it into smaller
instances and then blindly solving these smaller instances. As disenssed
in Chapter 2, this is a top-down approach. It works in problems such as
Mergesort, where the smaller instances are unrelated. They are unrelated
because each consists of an array of keys that must be sorted indepen-
dently. However, in problems such as the nth Fibonacei term, the smaller
instances are related. For example, as shown in Section 1.2, to compute
the fifth Fibonacei term we need to compute the fourth and third Fibonacei
terms. However, the determinations of the fourth and third Fibonacei terms
are related in that they both require the second Fibonaeei term. Because
the divide-and-conquer algorithm makes these two determinations indepen-
dently, it ends up eomputing the second Fibonacei term more than onee.
In problems where the smaller instances are related, a divide-and-conguer
algorithm often ends up repeatedly solving common instances, and the result
is a very inefficient algorithm.

Dy ic progr ing, the technique discussed in this chapter,
takes the opposite approach. Dynamie programming is similar to divide-and-
conquer in that an instance of a problem is divided into smaller
instances. However, in this approach we solve small instances first, store the
results, and later, whenever we need a result, look it up instead of recomput-
ing it. The term “dynamic programming” comes from control theory, and

R.E. Neap()litan, in this sense “programming” means the use of an array (table) in which
. . a solution is constructed. As mentioned in Chapter 1, our efficient algo-
Foundations of Algorlthms, rithm (Algorithm 1.7) for computing the nth Fibonacei term is an example
.. . of dynamic programming. Recall that this algorithm determines the nth

Sth Edltlon, Jones and Bal'tlett PUthherS, 20 1 5 . Fibonacei term by constructing in sequence the first n+1 terms in an array

[ indexed from 0 to n. In a dynamie programming algorithm, we construet
a solution from the bottom up in an array (or sequence of arrays). Dynamic

Chapter 3

95
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