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f(n) = af (%) + cn’

OB g > b
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f(n) < af () + cn?

05 a > b
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f(n) > af () + cn?

| Q(n'°8 ") ,a > b?
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T(n) o ) =5
T(n) = 6T(§)—|—7n4 T1) =1
T(n) = 4T(%) + 2n%, T(16) = 50
T'(n) =2T(%) +loggn, T(1) =0
T(n) =3T(3) +mn, T(1)=0.5
Ttn)=TE) +1, TA)=0
T(n)=2T(H)+1, T1)=0
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BINARY SEARCH

o
&

x..s:‘.‘SJ(6.3\3:_@)14(55445'4%3).069“)'\‘26.)3‘)‘9
Ao taga g ade & gus 8 ol T o Wl Guail s g S

BINARY-SEARCH(A[4,],2) | i < Ja ol

m | +))/2]

x < Alm]| x > Alm]

Y

x =|A[m]

Y

BINARY-SEARCH(A[i,m -1],)

return m |||BINARY-SEARCH(A[m +1,j],z)
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x=18 10 12 13 14 18 20 25 27 30 35 40 45 47

Choose left subarray Compare Iwith 25
because x < 25. .

Y
10 12 13 14 18 20

!

Compare x with 13.

Choose right subarray
because x> 13.

Y
14 18 20

T

Compare x with 18.

Determine that x is present
because x = 18.
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BINARY-SEARCH(A, i, j, )
if 7 < j then
m «— L(i+7) /2]
if x = A|m| then
return m
else if x < A|m]
return BINARY-SEARCH(A, i, m -1, z)
else > = > A[m]
return BINARY-SEARCH(A, m +1, j, x)
else
return 0
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MERGE SORT

o
&

MERGE-SORT(A|4,])

i <j

m—|(+)/2]

Z‘JAO‘J

Y

MERGE-SORT(A[%,m)])

y

MERGE-SORT(A[m +1,7])

Y

MERGE(A[i,m],A[m~+1,])

A
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27 10 12 20 25 13 15 22

Divide

27 10 12 20 25 13 15 22

Divide Divide

12 15

Merge Merge

10 12 20 27 13 16 22 25

Merge

10 12 138 15 20 22 256 27




Prepared by Kazim Fouladi | Spring 2025 | 39 Edition

Y

Lo g-Sdf Julonsi g 10l
oLyl (5l o

MERGE SORT

MERGE-SORT(A4, i, j)
if © < j then
m «— L(i+j) /2!
MERGE-SORT( A4, i, m)
MERGE-SORT (A, m~+1, )
MERGE(A, i, m, j

O(nlog, n) :(twslis) clal Jae gl yal slaad Coun j 1l al L5
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MERGE ALGORITHM

Y g X 58 S 50 sl T 0 g Laiad 51 (850 0l T S sl 1dua

MERGE(X|1..n],Y[1..m]) =
| |

MERGE(X[1.n — 1], Y[1l..m — 1]), X[n],Ym]|] ,X|n]=Y]m
{IMERGE(X][1..n — 1], Y[1..m]), X[n]] , X|n] > Y|m
k:MERGE(Xil..n],Y[l..m —1]),Y[m]] , X[n| <Ym

MERGE(X,| ]|) = X
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QUICK SORT

o
&

(e Oy o L A[ln] (5@“)'\/(5‘}@93).0 JE-RV.5

QUICK-SORT( A[4,7])

l<] :‘JAO‘J

T «<— pivot index

Y

(A_,A_) <« PARTITION(A, )

A_« QUICK-SORT(A_)

A_«— QUICK-SORT(A.)

Y

A

return [A_ A[n],A_]
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PARTITION ALGORITHM BASED ON P1vOT ITEM
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QUICK-SORT(X[1..n]) = (QuicK-SorT(X_), X|7|, QUICK-SORT(X_ ))
QUICK-SORT([ |) = | |
: 5,80
X G gslas b3l 3855 sealic dda 3 oy X gaal,T: X
X[ U s slane b 5 580 S sualie G3da 3l gy X sl T X0
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15 22 10 27 13 12 20 25
Y
10 13 12 15 2 27 20 25
Y
10 13 12 15 20 22 27 25
10 12 13 15 20 22 25 27




Prepared by Kazim Fouladi | Spring 2025 | 39 Edition

VWV

Loyosyg- 51 oo 110
2o b 4o

QUICK SORT

(e Oy o L A[ln] (5@“)'\/(5‘}@93).0 JE-RV.5

QUICK-SORT (A, 1, j)
T« 1
if + < j then
7 «<— PARTITION(A, i, 7, j)
QUICK-SORT(A, i, m-1)
QUICK-SORT (A, 741, j)

W) = 0(n?) :(duslis) ol Joe cun 5oiedls o yias al gle )
A(n) = O(nlogz n) (emlis) dual oo thsio oldla |Hal Gyl
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A — All A12 B — Bll BlQ
_A21 A22_ _321 322_
M, + M, — M, + M, M, + M,

AX B =

M, + My — My + Mg

(o sans an, KU1 Lyal oL

M2 + M4

M, = <A11 + A22)(B11 + 322)
M, = (Ay + Ay)By,

M, = All(Bl2 B22)

M, = Ay, (B, — By)

M5 (A11 + A12)B

Mg = (A — A;)(By; + Byy)
M? = ( A22)(Bz + 322)
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STRASSEN(A, B, n)

&
&

if n > 1 then

117 127A217A22 — divide A
B117B1273217B22 «— divide B

H(nlogz 7) (u‘)J.A) L}J.«al JA_Q ETRTE

(Ol Sl anin 5 $SUN) Tyl Gle

M, « StrassEN(A); + Ay, By + By,, )

M, « STRASSEN(A), + Ay, By, " ) FT _ 77 (n

M, < STRASSEN(A,,, B, — B, %) (n) o (5)

M, < STRASSEN(A,,, B - B3 T(l) — 1

M, + STRASSEN(4,, + 12,B ) L 1

Mg « STRASSEN(Ay, — Ay, By + By, D) — T(’n) n 08 T — n2 81

M, « STRASSEN(A,, A22,321 + By, %)

C — M + M M + M

Cp, — M, + M, L e i i i : _

f | i E

Gy = M, + M, n2] Cy ' Cya Ay 1 A By 1 Bio

C — M, + M M -+ M vy | L A (T L N - .

O Ch 012} Coy 1 Cop Ay 1+ A By 1+ By
U Oy i : | i : 4 L : .

return C

else return A * B
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S[6] S[5] S[4] (3] S[2] S[1] all ol S e

567,832 = 567 x10° + 832

6 digits 3 digits 3 digits
9,423,723 = 9423 x 10° + 723
\ y J —— ——

7 digits 4 digits 3 digits

567,832 x 9,423,723 = (567 x 10° + 832) x (9423 x 10° + 723)
= (567 x 9423) x 10°

+ (567 x 723 + 9423 x 832) x 10°
+ (832 x 723)
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u=[ x U
—— ——

2| digits 2] digits
v=1[ W Z
—— ——

o| digits || digits

X 10" +y ey = aw(2)+ en
=0

wx10™ + 2

(dsmre a5 601 yal L5

(x x10™ 4+ y)(w x 10™ + 2)
wr X 10°™ + (zz + yw) x 10™ + yz

m =

n
2
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u=[ x T
— — 55 Cpal b ) palie
% digits [%} digits XW, XZ + yw, VZ
UV = w y4
—— —

[%‘ digits digits

n
2
r=(z+y)(w+2)

= zw + (22 + yw) + yz

= bos GBAIS e S lag s wlaal las (ol b

T2+ Yyw = 1r — W — Yz
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:U,_, j_, T(n) - 3T<%) — T(n) — plog,3 _ 158
1| digits  [2] digits T1) =1

LARGE-NUMBERS-MULTIPLY (u, v, n)
if n > 1 then
(z,y) « divide(u, ln/2])
(w,2) «— divide(wv, ln/2])
zw «<— LARGE-NUMBERS-MULTIPLY (z, w, ln/2])
yz «— LARGE-NUMBERS-MULTIPLY (y, 2, ln/2))
r <« LARGE-NUMBERS-MULTIPLY (2+vy, w+2z, ln/2))
return wz x 10°" + (r — zw — yz) X 10™ + yz
else o plail WlT o 4 cdid L) - (slag 55 50 s
return v X v o plaiin b Gl o ad iad, N oue g0 G dT g pan
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T.H. Cormen, C.E. Leiserson, R.L. Rivest, C. Stein,
Introduction to Algorithms,
4th Edition, MIT Press, 2022.

Divide-and-Conquer

The divide-and-conquer method 15 a powerful stratepy for designing asymptotically
efficient algorithms. We saw an example of divide-and-conquer in Section 2.3.1
when learning about merge sort. In this chapter, we'll explore applications of the
divide-and-conquer method and acquire valuable mathematical tools that vou can
use to solve the recurrences that arise when analyzing divide-and-conquer algo-
rithms.

Recall that for divide-and-conquer, you solve a given problem (instance) recur-
sively. If the problem is small enough—the base case—vou just solve it directly
without recursing. Otherwise—the recursive case—vou perform three character-
istic steps:

Divide the problem into one or more subproblems that are smaller instances of the
same problem.

Conguer the subproblems by solving them recursively.

Combine the subproblem solutions to form a solution to the original problem.

A divide-and-conquer algorithm breaks down a large problem into smaller sub-
problems, which themselves may be broken down into even smaller subproblems,
and so forth. The recursion bottoms out when it reaches a base case and the sub-
problem is small enough to solve directly without further recursing.

Recurrences

To analyze recursive divide-and-conquer algorithms, we’ll need some mathemat-
ical tools. A recurrence is an equation that describes a function in terms of its
value on other, typically smaller, arsuments. Recurrences go hand in hand with
the divide-and-conquer method because they give us a natural way to characterize
the running times of recursive algorithms mathematically. You saw an example
of a recurrence in Section 2.3.2 when we analyzed the worst-case running time of
merge sort.
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Divide-and-Conquer

RICHARD E. NEAPOLITAN ur first approach to desigming algorithms, divide-and-conquer, 1s

by . wad A patterned after the brilliant strategy employed by the French
emperor Napoleon in the Battle of Austerlitz on December 2, 1805,

A combined army of Austrians and Russians outnumbered
Napoleon's army by about 15,000 soldiers. The Austro-Russian army laun-
ched a massive attack against the French right flank. Anticipating their
attack, Napoleon drove against their center and split their forces in two.
Because the two smaller armies were individually no match for Napoleon,
they each suffered heavy losses and were compelled to retreat. By dividing
the large army into two smaller armies and individually conquering these

two smaller armies, Napoleon was able to conquer the large army.

The divide-and-congquer approach employs this same strategy on an
mnstance of a problem. That 1s, it divides an instance of a problem into two
or more smaller instances. The smaller instances are usually instances of
the original problem. If solutions to the smaller instances can be obtained
readily, the solution to the original instance can be obtained by combining
these solutions. If the smaller instances are still too large to be solved readily,
they can be divided into still smaller instances. This process of dividing
the instances continues until they are so small that a solution is readily
obtainable.

The divide-and-conquer approach is a top-down approach. That is,
the solution to a top-level instance of a problem is obtained by going dowmn
and obtaining solutions to smaller nstances. The reader may recognize this

. as the method used by recursive routines. Recall that when writing recur-

R.E. NeapOhtaIl, sion, one thinks at the problem-solving level and lets the system handle the

o . details of obtaining the solution (by means of stack manipulations). When

Foundatlons Of Algorlthms, developing a divide-and-conquer algorithm, we usually think at this level

th L . and write it as a recursive routine. After this, we can sometimes create a
5 Edltlon: Jones and Bartlett PubllSherS, 20 1 5 . more efficient iterative version of the algorithm.

We now introduce the divide-and-conquer approach with examples,
starting with Binary Search.

Chapter 2

51
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