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Analysis of Algorithms
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1½ «FÃ`³﹍©0 ﹏Â¨VG

=hWa? «FÃ`³﹍©0 ﹏Â¨VGč
À\²`² .

¾\²`² ¾ ¶b0]±0 .

FÃ`³﹍©0 ¾0aO0 À0a? Á﹁ap﹞ ®1﹞b«FÃ`³﹍©0 ¾0aO0 À0a? Á﹁ap﹞ ®1﹞b«`³﹍©0 ¾0aO0 À0a? Á﹁ap﹞ ¾1t﹁«FÃ`³﹍©0 ¾0aO0 À0a? Á﹁ap﹞ ¾1t﹁«FÃ

n1[ ﹏¬︻ ﹉Ã f1i0 a? «FÃ`³﹍©0 ﹏Â¨VG
]°±1﹞ č<au ċ︹¬O ċsÃ³︺G ċ<1hF±0 ċ·hÃ1﹆﹞
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«FÃ`³﹍©0 ﹉Ã ¾0aO0 ®1﹞b
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«FÃ`³﹍©0 ﹉Ã ¾0aO0 ®1﹞b
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0aO0 ®1﹞b ︹?0³G

«FÃ`³﹍©0 ¾0aO0 ®1﹞b ︹?0³G
T(n)

•D﹐1W ¾ ·¬½ À0a? 0aO0 ®1﹞b

W(n): worst-case

•\³m Á﹞ 0aO0 Á¨q0 ﹏¬︻ ·﹋ ÁG1︺﹁\ aJ﹋0]W a﹍±1Â?Ċ

A(n): average-case

• ¯Â﹍±1Â﹞ĚÁu1Ã`]Â﹞0 ę\³m Á﹞ ª1N±0 Á¨q0  ﹏¬︻ ·﹋ ÁG1︺﹁\ \0]︺GĊ
B(n): best-case

•\³m Á﹞ 0aO0 Á¨q0 ﹏¬︻ ·﹋ ÁG1︺﹁\ ﹏﹇0]W a﹍±1Â?Ċ
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`0a﹊G ċ«Â¬pG ċ=ÂGaG ¾1½`1F[1i ² 0aO0 ®1﹞b

Order

•`³Fi\
•=﹋a﹞ `³Fi\

Decision

• ¿yam `³Fi\if-then

•¿yam `³Fi\ if-then-else

Repeat

•`³Fi\  `0a﹊Gfor

• `0a﹊G `³Fi\while-do

• `0a﹊G `³Fi\do-while

• `0a﹊G `³Fi\repeat-until
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`³Fi\ ¾0aO0 ®1﹞b

STATEMENT EXECUTION TIME

  1? 0` `³Fi\S «Â½\ Á﹞ kÃ1¬± ĊEi0 Á¬FÃ`³﹍©0 ]W0² ¯ÃaF﹊S³﹋ ċ`³Fi\ ﹉ÃĊ
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=﹋a﹞ `³Fi\ ¾0aO0 ®1﹞b

COMPOUND STATEMENT

1

k

ii=

\`0\ ª1± =﹋a﹞ `³Fi\ ċ`³Fi\ ]°S 1Ã ²\ b0 À0 ·©1>±\  Ċ
\`0\ ª1± =﹋a﹞ `³Fi\ ·﹋ Ei0 `³Fi\ ﹉Ã cÂ± `³Fi\ ]°S ¾ ·©1>±\ a﹍Ã\ D`1>︻ ·?Ċ
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¿yam `³Fi\ ¾0aO0 ®1﹞b

IF-THEN STATEMENT

C

1C

1 1C

 ¾0aO0 1ل¬FW01S

1

 a﹎0C  ² vam ﹉ÃS  ċEi0 `³Fi\ ﹉Ã cÂ± aÃb `1F[1i ċ]m1? `³Fi\ ﹉Ã
\³m Á﹞ 0aO0 `³Fi\ ċ]m1? Ei`\ vam a﹎0 ·﹋ À`³y ·?č
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¿yam `³Fi\ ¾0aO0 ®1﹞b

IF-THEN-ELSE STATEMENT

1 2( ) ( ) min{ ( ), ( )}CB n T n T n T n

1 2( ) ( ) max{ ( ), ( )}CW n T n T n T n

1 1 2 2( ) ( ) ( ) ( ) ( ) ( )CA n T n p n T n p n T n

1 2 1p p+ =

 a﹎0C  ² vam ﹉Ã1S  ²2S  a﹎0 ·﹋ À`³y ·? ċEi0 `³Fi\ ﹉Ã cÂ± aÃb `1F[1i ċ]m1? `³Fi\
 `³Fi\ ċ]m1? Ei`\ vam1S  `³Fi\ ċ]m1? Ei`\1± vam a﹎0 ²2S \³m Á﹞ 0aO0Ċ
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¶\1i `0a﹊G `³Fi\ ¾0aO0 ®1﹞b

FOR STATEMENT

 `0_﹎ gÃ]±0 ¾ ·︻³¬N﹞ ﹉Ã  a﹎0Ě·Fhh﹎ ² =Ga﹞ ¾ ·︻³¬N﹞ ę ċ]m1?
 `³Fi\ ·﹋ Ei0 `³Fi\ ﹉Ã aÃb `1F[1iS  a½ À0b0 ·? 0` ]°﹋ Á﹞ 0aO0Ċ
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¿yam `0a﹊G `³Fi\ ¾0aO0 ®1﹞b

WHILE-DO STATEMENT

( ) ( ) ( ( ) ( ))C S C
C True

T n T n T n T n
≡

= + +

 a﹎0C  ² vam ﹉ÃS  ċEi0 `³Fi\ ﹉Ã cÂ± aÃb `1F[1i ċ]m1? `³Fi\ ﹉Ã
\³m Á﹞ 0aO0 `³Fi\ ċ]m1? Ei`\ vam ·﹋ ÁF﹇² 1G ·﹋ À`³y ·?Ċ

Ě\³m Á﹞ Ái`a? vam 0]F?0ę
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¿yam `0a﹊G `³Fi\ ¾0aO0 ®1﹞b

DO-WHILE STATEMENT

( ) ( ) ( ( ) ( )) ( )S C S C
C True

C False

T n T n T n T n T n
≡

≡

 a﹎0C  ² vam ﹉ÃS  ċEi0 `³Fi\ ﹉Ã cÂ± aÃb `1F[1i ċ]m1? `³Fi\ ﹉Ã
\³m Á﹞ 0aO0 `³Fi\ ċ]m1? Ei`\ vam ·﹋ ÁF﹇² 1G ·﹋ À`³y ·?Ċ

Ě\³m Á﹞ Ái`a? vam 1¼F±0ę
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¿yam `0a﹊G `³Fi\ ¾0aO0 ®1﹞b

REPEAT-UNTIL STATEMENT

 a﹎0C ² vam ﹉Ã S  ċEi0 `³Fi\ ﹉Ã cÂ± aÃb `1F[1i ċ]m1? `³Fi\ ﹉Ã
 \³m Á﹞ 0aO0 `³Fi\ ċ]m1? Ei`\ vam ·﹋ ÁF﹇² 1G ·﹋ À`³y ·?

Ě\³m Á﹞ Ái`a? vam 1¼F±0ę

( ) ( ) ( ( ) ( )) ( )S C S C
C False

C True

T n T n T n T n T n
≡

≡
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¿?1Ã ~³¬N﹞ a﹍¨¬︻

SUMMATION OPERATOR

( ) ( ) ( 1) ( ) ,

( ) 0 ,

n

i m
n

i m

f i f m f m f n m n

f i m n

=

=

⎧⎪⎪⎪ = + + + + ≤⎪⎪⎪
⎨
⎪⎪⎪ = >⎪⎪⎪⎩

�

[ .. ]

( ) ( )
n

i m i m n

f i f i
= ∈

=
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¿?1Ã ~³¬N﹞ a﹍¨¬︻ č1½ EÂq1[

i i

i i i

i i i
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¿?1Ã ~³¬N﹞ a﹍¨¬︻ č1½ EÂq1[

1

n n

i m i m

n n

i m i m i

η

η

η

η

+

= = +

= = = +
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¿?1Ã ~³¬N﹞ a﹍¨¬︻ č1½ EÂq1[

n

i m=
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¿?1Ã ~³¬N﹞ a﹍¨¬︻ č1½ EÂq1[

1

n

i=

1

n

i=

2
1

n

i=

3 2 2
1

n

i=

4 3 2
1

n

i=

1

n
n i

i=
1

, 1
1

i

i

x
x x

x

∞

=
= <

−
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¿?1Ã ~³¬N﹞ a﹍¨¬︻ č1½ EÂq1[
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<au a﹍¨¬︻

PRODUCT OPERATOR

( ) ( ) ( 1) ( ) ,

( ) 1 ,

n

i m
n

i m

f i f m f m f n m n

f i m n

=

=

⎧⎪⎪⎪ = × + × × ≤⎪⎪⎪
⎨
⎪⎪⎪ = >⎪⎪⎪⎩

�

[ .. ]

( ) ( )
n

i m i m n

f i f i
= ∈

=
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<au a﹍¨¬︻ č1½ EÂq1[

1

n
n

i=

1

n

i=

n

i m=
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UÂVq \0]︻0 ¾²` ︹?0³G

UÂVq \0]︻0 ︹?0³G 1¼±2 w?0²` ²

Floor

•¯ÃaG گ`c?   1? À²1h﹞ 1Ã aG ﹉S³﹋ UÂVq \]︻x

Ceiling

•¯ÃaG ﹉S³﹋   1? À²1h﹞ 1Ã aG گ`c? UÂVq \]︻x

Truncate

• \]︻ UÂVq kZ?x

Modulus

•¾ ¶]±1¬Â﹇1?  «Âh﹆Ga  a?b

Factorial

•<au ﹏q1W  \0]︻01   1Gn



الگورىتم ها تـحلىلطراحی و 
E
d
it
io
n

rd
3

| 
2
0
2
5
  

S
p
ri
n
g
 

P
re
p
a
re
d
 b
y
 K
a
z
im

 F
o
u
la
d
i  
| 
  

27

UÂVq /cO ︹?0³G č1½ Á﹎eÃ²

2 2
/ /

1 1

n n

n a n an n

b ab b ab

a b a ba a

b b b b
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¶]±1¬Â﹇1?
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﹏Ã`³F﹋1﹁ č1½ Á﹎eÃ²
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¾0 ·¨¬O²\ =Ãau
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¾0 ·¨¬O²\ =Ãau č1½ Á﹎eÃ²
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﹝1Jل
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﹝1Jل
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﹝1Jل
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﹝1Jل
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﹝1Jل



الگورىتم ها تـحلىلطراحی و 
E
d
it
io
n

rd
3

| 
2
0
2
5
  

S
p
ri
n
g
 

P
re
p
a
re
d
 b
y
 K
a
z
im

 F
o
u
la
d
i  
| 
  

38

﹝1Jل
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 0aS¾1½ ·﹞1±a? Ĉ¿Fl﹎b1?

 El﹎b1? b0À0a? ︿Ãa︺G Á¬Â½1﹀﹞  ®1m\³[ f1i0 a? ·﹋︿Ãa︺G ]±³m Á﹞  ¶\1﹀Fi0\³m Á﹞Ċ

El﹎b1?

RECURRENCE

¾`1O ]±²` `0a﹊G
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•�·Â©²0 vam � 0` ·¨C ﹉Ã b0 ¯F﹁` ﹐1?«Ã]¨?  ĉ
•�El﹎b1? � ®1﹊¨C ﹉Ã b0 ¯F﹁` b0 ﹐1?Ě 1?n ·¨C ęb0 Ei0 D`1>︻

• ·¨C ﹉Ã b0 ¯F﹁` ﹐1?Đ
• ®1﹊¨C ﹉Ã b0 ¯F﹁` ﹐1?Ě 1?n-1 ·¨C  ę

C b0 ¯F﹁` ﹐1? f1i0 a? ®1﹊¨C b0 ¯F﹁` ﹐1? ︿Ãa︺G®1﹊¨ĉ

El﹎b1?

RECURRENCE

¾`1O ]±²` `0a﹊G
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•�·Â©²0 vam �﹉Ã  ap°︻Á﹊G ﹉Ã EhÂ© Ei0Ċ
•�El﹎b1? �﹉Ã EhÂ© ċ﹉Ã  ®2 1ل>±\ ·? ·﹋ Ei0 ap°︻﹉Ã EhÂ© ﹞]Ã2 ¿Ċ

l﹎b1? D`³q ·? EhÂ© ︿Ãa︺G¿Fč

A[1]

El﹎b1?
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 Ei0 ¿﹁1﹋¿︺?1G  `\ 0` j\³[ ·﹋ \³m ·Fm³±¾ ·±]? ]°﹋ ¿±0³[0a﹁ j\³[Ċ

¿Fl﹎b1? ¿hÃ³± ·﹞1±a?
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¿Fl﹎b1? ¿hÃ³± ·﹞1±a?
1J﹞Ě¿Fl﹎b1? ¿u1Ã` ¾³﹍©0ęل 

( 1)

( )

1 2 3 4 ( 1)

( ) ( 1) , 1

(1) 1

0

S n

S n

n n

S n S n n n

S

n

−

�
�����������������������������

���������������������������������
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¿Fl﹎b1? ¿hÃ³± ·﹞1±a?
1J﹞Ě¾aG³ÂB﹞1﹋ ¾ ·﹞1±a?ęل 

( 1)

( )

1 2 3 4 ( 1)

( ) ( 1) , 1

(1) 1

0

S n

S n

n n

S n S n n n

S

n

−

+ + + + + − +

⎧ = − + >⎪⎪
⎨
⎪ =⎪⎩

>

�
�����������������������������

���������������������������������
int sum (int n)

{

if (n == 1) return 1;

return sum(n-1) + n;

}
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¿Fl﹎b1? ¿hÃ³± ·﹞1±a?
1J﹞Ě·﹞1±a? ¾0aO0ęل 

int sum (int n)

{

if (n == 1) return 1;

return sum(n-1) + n;

}

sum(4)

sum(3)

sum(2)

sum(1) 1

= 1 + 2 = 3

= 3 + 3 = 6

= 6 + 4 = 10
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 `1F﹁a﹎ Ei0 ¯﹊¬﹞ D`³q ¯Ã0 aÂ︾ `\¾1½ ·﹆¨W ¿½1°F﹞1± ]Ã³mĊ

¿Fl﹎b1? ¿hÃ³± ·﹞1±a?
¿½1°F﹞1± ¾1½ ·﹆¨W b0 <1°FO0
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\³m ¿i`a? ¿Fl﹎b1? ¿±0³[0a﹁ b0 kÂC ]Ã1? ·Â©²0 vam Ø﹐³¬︺﹞Ċ
 `1F﹁a﹎ Ei0 ¯﹊¬﹞ D`³q ¯Ã0 aÂ︾ `\¾1½ ·﹆¨W ¿½1°F﹞1± ]Ã³mĊ

¿Fl﹎b1? ¿hÃ³± ·﹞1±a?
¿½1°F﹞1± ¾1½ ·﹆¨W b0 <1°FO0 č1لJ﹞

int sum (int n)

{

int s;

s = sum(n-1) + n;

if (n == 1) s = 1;

return s; 

}

sum(3)

sum(2)

sum(1)

sum(0)

...
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¿Fl﹎b1? ︹?1G ﹉Ã ¿﹞³¬︻ =©1﹇ `\C++

¿Fl﹎b1? ¿hÃ³± ·﹞1±a?
 `\ ¿Fl﹎b1? ︹?1G ﹉Ã ¿﹞³¬︻ =©1﹇C++

out_type f(in_type in)

{

if (some easily-solved condition)    // base case

solution statement

else // general case

recursive function call 

}
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¿Fl﹎b1? ¿hÃ³± ·﹞1±a?
1J﹞ č ¿O²a[ 1? ¿Fl﹎b1? ︹?1Gvoidل

void f (int n)
//   Prints n asterisks, one to a line
//   Precondition:  n is assigned  
//   Postcondition: 
//          IF n > 0, n stars have been printed, one to a line 
//          ELSE no action has taken place
{

if ( n <= 0 ) // base case
// do nothing

else // general case
{

cout <<  ‘*’  <<  “ “ ;
f (n - 1) ;

}
}

 ª1N±0 ¾`1﹋ ·S ·﹞1±a? ¯Ã0]½\ ¿﹞Ĉ
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¿Fl﹎b1? ¿hÃ³± ·﹞1±a?
1J﹞ č ¿O²a[ 1? ¿Fl﹎b1? ︹?1Gvoidل

51

* 
* * 
* * * 
* * * * 
* * * * * 
* * * * * * 
* * * * * * *
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¿Fl﹎b1? ¿hÃ³± ·﹞1±a?
1J﹞ č ¿O²a[ 1? ¿Fl﹎b1? ︹?1Gvoidل

52

* 
* * 
* * * 
* * * * 
* * * * * 
* * * * * * 
* * * * * * *

void g (int n)
{
//precondition: n > 0

if ( n == 1 ) // base case
cout << ‘*’ << endl;

else // general case

{
g (n - 1);
cout << endl;
f (n);
cout << endl;

}
}

g (7)

 ﹉Ã¾ ·﹞1±a? ]°﹋ ]Â©³G 0` aÃb ¿O²a[ ·﹋ ]ÂhÃ³°? ¿Fl﹎b1?č
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¿Fl﹎b1? ︿Ã`1︺G

RECURSIVE DEFINITION

 ċ\³m Á﹞ ¶\1﹀Fi0 ]±³m Á﹞ ︿Ãa︺G ®1m\³[ f1i0 a? ·﹋ Á¬Â½1﹀﹞ ︿Ãa︺G À0a? El﹎b1? b0

Ø﹑J﹞č

•

•Ě·Â©²0 vam ęa  ﹉Ã Áu1Ã` D`1>︻Ei0
• a﹎0E  ²F  Áu1Ã` À1½ D`1>︻ ¶1﹎ ®2 ċ]°m1?E + F  «½ Áu1Ã` D`1>︻Ei0Ċ

•

•Ě·Â©²0 vamę  ﹉Ã Á﹊G ap°︻ ﹉ÃEhÂ© Ei0Ċ
• ﹉ÃEhÂ© ﹉Ã ®2 0³±[ ?· \±<1لG Á﹞ ·﹋ Ei0 ap°︻ ﹉Ã ċEhÂ© ]Ã1Â? a﹍Ã\Ċ
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¿Fl﹎b1? ¾1½ «FÃ`³﹍©0

RECURSIVE ALGORITHMS

 ·﹋ Ei0 =i1°﹞ Á±1﹞b ¿Fl﹎b1? «FÃ`³﹍©0 ¿W0ay
]m1? ¶]m ︿Ãa︺G ¿Fl﹎b1? D`³q ·? ·¨Æh﹞ \³[Ċ

¿Fl﹎b1? «FÃ`³﹍©0 ~0³±0
Direct Recursive

• ·xi0² Á? ¿±0³[0a﹁ A → A

Indirect Recursive
•·xi0² 1? ¿±0³[0a﹁ A → B → A 
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¿Fl﹎b1? ︹?0³G

RECURSIVE FUNCTIONS

•

•
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¿Fl﹎b1? ︹?0³G
﹝1Jل

 ¾ ·Ã0`2 ﹉Ã ~³¬N﹞ ¾ ·>i1V﹞ À0a? ¿Fl﹎b1? ¿︺?1Gn¾³t︻

A[1]

( 1) [ ] , 1
( )

[ ] , 1

S n An n
S n

An n

A[n]
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¿Fl﹎b1? ¾1½ «FÃ`³﹍©0
﹝1Jل

 ¾ ·Ã0`2 ﹉Ã ~³¬N﹞ ¾ ·>i1V﹞ À0a? ¿Fl﹎b1? «FÃ`³﹍©0n¾³t︻

A[1] A[n]

ECURSIVE UM

ECURSIVE UM
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¿Fl﹎b1? ¾1½ «FÃ`³﹍©0
0aO0 ®1﹞b ¾ ·>i1V﹞

]Â°﹋ ·>i1V﹞ 0` aÃb ¿Fl﹎b1? «FÃ`³﹍©0 ¾0aO0 ®1﹞bč

ECURSIVE UM

ECURSIVE UM
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¿±0³[0a﹁ E[`\

CALLING TREE

1 1 2 2( ) ( ( ), ( ), , ( ))k kf n f n f n f n…F
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¿±0³[0a﹁ E[`\
﹝1Jل

( ) ( ( 1))f n f nF
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¿±0³[0a﹁ E[`\
﹝1Jل

( ) ( ( 1), ( 2))f n f n f nF
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¿±0³[0a﹁ E[`\
﹝1Jل

( ) ( ( 1))

( ) ( ( ))

f n g n

g n f n

F

G
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¿Fl﹎b1? ¾1½ «FÃ`³﹍©0
﹝1Jل
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¿Fl﹎b1? D﹐\1︺﹞ ﹏W
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¿Fl﹎b1? D﹐\1︺﹞ ﹏W

k

1 2 k
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¿Fl﹎b1? D﹐\1︺﹞ ﹏W

k

1 2( ) ( 1) ( 2) ( ) ( )kf n A f n A f n A f n k g n�
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¿Fl﹎b1? D﹐\1︺﹞ ﹏W

k
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¿Fl﹎b1? D﹐\1︺﹞ ﹏W čn1[ D﹐1W

( 1)

2

1

n n

n

n

i

+

=
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¿Fl﹎b1? ¾1½ «FÃ`³﹍©0
0aO0 ®1﹞b ¾ ·>i1V﹞ č1لJ﹞

]Â°﹋ ·>i1V﹞ 0` aÃb «FÃ`³﹍©0 À0aO0 `\ <au ﹏¬︻ \0]︺Gč
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¿Fl﹎b1? ¾1½ «FÃ`³﹍©0
0aO0 ®1﹞b ¾ ·>i1V﹞ č1لJ﹞

 `³Fi\print Ĉ\³m Á﹞ 0aO0 ·>Ga﹞ ]°S ċaÃb ]﹋ ·︺x﹇ `\





 ﹏Â¨VG ² ¿W0ay«FÃ`³﹍©0  1½

1½ «FÃ`³﹍©0 ﹏Â¨VG
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0aO0 ®1﹞b ¿>±1N﹞ ﹏Â¨VG
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ª²\ ·O`\ ]m` ︹?1G ²\ ¾ ·hÃ1﹆﹞

n 0.1n2 0.1n2 + n + 100

10 10 120

20 40 160

50 250 400

100 1000 1200

1000 100000 101100
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ª²\ ·O`\ ︹?1G ²\ ¾`0\³¬± ¾ ·hÃ1﹆﹞
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]m` ︹?0³G ¾ ·hÃ1﹆﹞

n f(n) = lg n f(n) = n f(n) = n lg n f(n) = n2 f(n) = n3 f(n) = 2n

10 0.003 μs[*] 0.01 μs 0.033 μs 0.10 μs 1.0 μs 1 μs

20 0.004 μs 0.02 μs 0.086 μs 0.40 μs 8.0 μs 1 ms[†]

30 0.005 μs 0.03 μs 0.147 μs 0.90 μs 27.0 μs 1 s

40 0.005 μs 0.04 μs 0.213 μs 1.60 μs 64.0 μs 18.3 min

50 0.006 μs 0.05 μs 0.282 μs 2.50 μs 125.0 μs 13 days

102 0.007 μs 0.10 μs 0.664 μs 10.00 μs 1.0 ms 4×1013 years

103 0.010 μs 1.00 μs 9.966 μs 1.00 ms 1.0 s

104 0.013 μs 10.00 μs 130.000 μs 100.00 ms 16.7 min

105 0.017 μs 0.10 ms 1.670 ms 10.00 s 11.6 days

106 0.020 μs 1.00 ms 19.930 ms 16.70 min 31.7 years

107 0.023 μs 0.01 s 2.660 s 1.16 days 31,709 years

108 0.027 μs 0.10 s 2.660 s 115.70 days 3.17×107 years

109 0.030 μs 1.00 s 29.900 s 31.70 years
[*]1 ns = 10-9 second.
[†]1 ms = 10−3 second.
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]m` ︹?0³G `0\³¬± ¾ ·hÃ1﹆﹞
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·>Ga﹞ ︹?0³G ¾ ·hÃ1﹆﹞
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·>Ga﹞  ︹?0³G E>h±
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