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D(n) <|lgn]|

Thus, if an n-node Fibonacci heap is a collection of unordered binomial trees, then
D(n) =lgn.
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MERGEABLE-HEAP OPERATIONS

MAKE-FIB-HEAP()

FIB-HEAP-INSERT ( H,x)

FIB-HEAP-MINIMUM ( H)

F1B-HEAP-UNION(H,,H,)

FIB-HEAP-EXTRACT-MIN( H)
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FIB-HEAP-INSERT ( H,x)
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F1B-HEAP-INSERT (H, x)

1 degree[x] < 0
2 plx] < NIL slaea 5o oS 3 gl s e Jlsy
3 child[x] <= NIL V.GV R |« JYEN LIV DUV Y EN )
4 left[x] < x
5 right[x] < x _
6 mftrk[[x]] < FALSE k‘%d To 02 s Jos ko SI
7 concatenate the root list containing x with root list H ) ol 4 gle 8 S5 ea o
8 if min[H] = NIL or key[x] < key|min[H]] -3 o LS
9 then min[H] < x

10 n[H] < n[H]+1
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Figure 20.2 Inserting a node into a Fibonacci heap. (a) A Fibonacci heap H. (b) Fibonacci heap H
after the node with key 21 has been inserted. The node becomes its own min-heap-ordered tree and
is then added to the root list, becoming the left sibling of the root.
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FIB-HEAP-MINIMUM ( H)
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F1B-HEAP-UNION(H,,H,)

oS e plaial aa Ll 2 lisnd con 5o

FIB-HEAP-UNION (H,, H»)

H < MAKE-FIB-HEAP()

min[H] < min|H,]

concatenate the root list of H, with the root list of H

if (min[H,] = NIL) or (min[H,] + NIL and key[min[H;]] < key[min[H]])
then min|H ] < min[H,]

n[H] < n[H] + n[H,]

free the objects H| and H,

return H
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(since, m(H) = m(H,) + m(H,), t(H) = t(H,) + t(H,))
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FIB-HEAP-EXTRACT-MIN(H)
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FIB-HEAP-EXTRACT-MIN (H)
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z < min[H ]
if z £ NIL
then for each child x of z
do add x to the root list of H

(2) pasd oo 585 )8 s4ea Iy, o2
S5 29 S oo ddlid) iy o 41
S e B il o

.mian <— NIL  aalb Galss golyea 2 S

plx] < NIL ,
remove z from the root list of H OIS Bl alyea b ulos 1, mian € K4
if z = right|z] e R

then min[H | < NIL 521,81, CONSOLIDATE Jl g,
else min[H] < right[z] lols sy e JA LS slas S 5 S

CONSOLIDATE (H) 5 e wlaie clada o

n[H] < n[H] — 1 FERTER T

return z
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CONSOLIDATE (H )
1 fori < OtoD(n[H]) CONSOLIDATE (1 9 4
2 do A[i] < NIL i crund JAls glas S € Sl I
3 for each node w in the root list of H L0 g late glada yu glla
4 dox «<—w | e s
5 d < degree[x] " JJ. Yo Tslasda, uiSLf ©
6 while A[d] # NIL S oluso gtasa b el
7 do y < A[d] > Another node with the same degree as x. ke}’[x] < key[y]
8 if key[x] > key[y] ‘reuyJlasl O
9 then exchange x <> y Cliy e 3 Y Gia

10 FIB-HEAP-LINK (H, y, X) T .

11 A[d] <« NIL Las; s U‘J“"\"t:’ yUJ‘JJ‘J‘s

12 d—d+l (FIB-HEAP-LINK Ji5, b)

13 Ald] < x

14 min[H] < NIL LSS gl T 51 suliil

15 for i <—.O to‘D(n[H]) A[0 .. D(n(H))]

16 do if A[i] # NIL . A[z] _ <\

17 then add A[i] to the root list of H oAl = YR

18 if min[H] = NIL or key[A[i]] < key[min[H]] ol lgdan b, S Y

19 then min[H ] < Ali]

FIB-HEAP-LINK Jlg, FIB-HEAP-LINK(H, y, x)
LS o Juate ad 4 15 s sbuse g8 gl slaca s 1 remove y from the root list of A
ezl Upe 5BAL 15 aola 335,58 K aluS 5 (gatn; oS 4l 5l oa ju 5a) 2 make y a child of x, incrementing degree[x]
(ool 1o Upgq JGale Jusla oa o w3 mark[y] <— FALSE
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taaola uy

A® = ((D(n) +1) + 2m(H)) — (t(H) + 2m(H))

= D(n) + 1 — t(H)

¢, = O(D(n) + t(H))

4

¢, =c¢, + AP = O(D(n) + t(H)) + O(D(n)) — t(H) = O(D(n))

D(n) < lgn
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FIB-HEAP-DECREASE-KEY(H,x,k)

FIB-HEAP-DELETE(H, )
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FIB-HEAP-DECREASE-KEY ( H,x,k)

caas e G2l B 1 T s lats

FIB-HEAP-DECREASE-KEY (H, x, k)

1
2
3
4
5
6
7
8
9

if £k > key[x]

then error “new key is greater than current key”
key[x] < k
y < plx]
if y = NIL and key[x] < key[y]

then CUT(H, x, y)

CASCADING-CUT(H, y)

if key[x] < key[min[H ]

then min[|H] < x
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CUT(H, x, y)

1

2
3
4

remove x from the child list of y, decrementing degree[y]

add x to the root list of H
plx] < NIL
mark|[x] <— FALSE

CASCADING-CUT(H, y)

1
2
3
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z < ply]
if z £ NIL
then if mark[y] = FALSE
then mark[y] < TRUE
else CUT(H, y,z)
CASCADING-CUT(H, z)
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Two calls of FIB-HEAP-DECREASE-KEY.

(a)

The initial Fibonacci heap.

(b) The node with key 46 has its key decreased to

15. The node becomes a root, and its parent
(with key 24), which had previously been
unmarked, becomes marked.

(c)—(e) The node with key 35 has its key
decreased to 5. In part (¢), the node, now with
key 5, becomes a root.
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FIB-HEAP-DELETE(H, )

FIB-HEAP-DELETE(H, x)

1 FIB-HEAP-DECREASE-KEY (H, x, —00)
2 FIB-HEAP-EXTRACT-MIN (H)

¢; = 0(1) + 0(D(n)) D(n) < lgn

¢, = O(lgn))
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For each node x within a Fibonacci heap,
define size(x) to be the number of nodes, including x itself, in the subtree rooted at x

Lemma 20.3
Let x be any node in a Fibonacci heap, and let & = degree[x]. Then, size(x) >
Frin > ¢, where ¢ = (1 ++/5)/2.

Corollary 20.4
The maximum degree D (n) of any node in an n-node Fibonacci heap 1s O (Ign).
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Binary heap  Binomial heap | Fibonacci heap

Procedure (worst-case) (worst-case) (amortized)
MAKE-HEAP ®(1) (1) O((1)
INSERT O(gn) O(lgn) O (1)
MINIMUM O(1) O(lgn) O(1)
EXTRACT-MIN O(gn) O(gn) O(lgn)
UNION O (n) O(lgn) O()
DECREASE-KEY O(gn) O(gn) O(1)
DELETE O(gn) Odgn) O(lgn)



