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A B-tree T is a rooted tree (whose root is root[T ]) having the following properties:
1. Every node x has the following fields:

a. n[x], the number of keys currently stored in node x,

b. the n[x] keys themselves, stored in nondecreasing order, so that key,[x] <
keyz[.X] <---=< keyn[x][x]’

c. leaf[x], a boolean value that is TRUE if x is a leaf and FALSE if x is an
internal node.

2. Each internal node x also contains n[x]+ 1 pointers ¢;[x], c2[x], . .., Cppxy+1[x]
to its children. Leaf nodes have no children, so their ¢; fields are undefined.

Prepared by Kazim Fouladi | Fall2016 | 2"d Edition

P



LK alons g oo

BC&&JQ

B-TREE

Prepared by Kazim Fouladi | Fall 2016 | 2" Edition

P
)U}%b/

(Y \’)Lau.i‘"}“

3. The keys key,[x] separate the ranges of keys stored in each subtree: if k; is any
key stored in the subtree with root ¢;[x], then

ki < key [x] < ky < key,[x] < -+ < key,q[x] < kypaye1 -

4. All leaves have the same depth, which is the tree’s height 4.

5. There are lower and upper bounds on the number of keys a node can contain.
These bounds can be expressed in terms of a fixed integer ¢+ > 2 called the
minimum degree of the B-tree:

a. Every node other than the root must have at least # — 1 keys. Every internal
node other than the root thus has at least ¢ children. If the tree is nonempty,
the root must have at least one key.

b. Every node can contain at most 2¢ — 1 keys. Therefore, an internal node can
have at most 2¢ children. We say that a node is full if it contains exactly
2t — 1 keys.
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If n > 1, then for any n-key B-tree T' of height # and minimum degree t > 2,

n—+1

h < log, >
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B-TREE-SEARCH (x, k)
I <1
while i < n[x] and k > key;[x]
doi «— i +1

if i < n[x] and k = key,[x]

then return (x, i)
if leaf [x]

then return NIL

else DISK-READ(c;[x])

return B-TREE-SEARCH (¢;[x], k)
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Splitting a node with # = 4. Node y = x.c¢; splits into two nodes, y and z, and the
median key S of y moves up into y’s parent.
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Splitting the root with # = 4. Root node r splits in two, and a new root node s is
created. The new root contains the median key of r and has the two halves of r as children. The
B-tree grows in height by one when the root is split.
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B-TREE-SPLIT-CHILD (x, i, y)

z < ALLOCATE-NODE()
leaf[z] < leaf[y]
nlz] «<tr—1
for j < 1tor—1
do key]'[z] < ke}’j+z[)’]
if not leaf [ y]
then for j < 1to¢
do c¢;[z] < ¢yl
nly] < t—1
for j < n[x]+ 1 downtoi + 1
do ¢ 1[x] < ¢;[x]
Ciy1[x] <z
for j < n[x] downto i
do keyJ-H[x] <~ keyj [x]
key;[x] < key,[y]
n[x] < n[x]+1
DISK-WRITE(y)
DISK-WRITE (z)
DISK-WRITE (x)
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r < root|T]
ifn[r]=2t—1
then s < ALLOCATE-NODE()
root[T] < s
leaf [s] <— FALSE
n[s] <0
cls] < r
B-TREE-SPLIT-CHILD(s, 1, r)
B-TREE-INSERT-NONFULL (s, k)
else B-TREE-INSERT-NONFULL (7, k)
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B-TREE-INSERT-NONFULL (x, k)
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I < nl[x]
if leaf[x]
then whilei > 1 and k£ < key,[x]

else

do key; [x] < key;[x]
I <—1i—1
key;, ([x] <k
n[x] < n[x]+1
DISK-WRITE (x)
while; > 1 and k < key;[x]
doi «<—i—1
i <—i+1
DISK-READ (¢;[x])
if n[c;[x]] =2 — 1
then B-TREE-SPLIT-CHILD (x, i, ¢;[x])
if k£ > key,;[x]
then/ < i +1
B-TREE-INSERT-NONFULL (c;[x], k)
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(a) initial tree

(b) B inserted

(¢) Q inserted
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(d) Linserted

(e) F inserted
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1. If the key k is in node x and x is a leaf, delete the key k from x.

2. If the key & is in node x and x is an internal node, do the following.

a. If the child y that precedes k in node x has at least ¢ keys, then find the
predecessor k" of k in the subtree rooted at y. Recursively delete k’, and
replace k by k£’ in x. (Finding k" and deleting it can be performed in a single
downward pass.)

b. Symmetrically, if the child z that follows & in node x has at least 7 keys, then
find the successor £’ of k in the subtree rooted at z. Recursively delete &,
and replace k by £’ in x. (Finding &’ and deleting it can be performed in a
single downward pass.)

c. Otherwise, if both y and z have only t — 1 keys, merge k and all of z into y,
so that x loses both k and the pointer to z, and y now contains 2¢ — 1 keys.
Then, free z and recursively delete £ from y.

3. If the key k is not present in internal node x, determine the root c;[x] of the
appropriate subtree that must contain k, if & is in the tree at all. If ¢;[x] has only
t — 1 keys, execute step 3a or 3b as necessary to guarantee that we descend to

a node containing at least ¢ keys. Then, finish by recursing on the appropriate
child of x.
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(a) initial tree

(b) F deleted: case 1
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T.root
1000 1 node,
M\ 1000 keys
1001
1000 1000 . 1000 1001 nodes,
SR> 71 SGabes 1,001,000 keys
T001 ﬁ%&f}\ oy
1000 1000 1000 1,002,001 nodes,
Tt 1,002,001,000 keys
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A B-tree of height 2 containing over one billion keys. Each internal node and leaf
contains 1000 keys. There are 1001 nodes at depth 1 and over one million leaves at depth 2. Shown
inside each node x is n[x], the number of keys in x.



