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POSITIVE FLOW
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p:VxXV->R
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vuv eV 0 Sp (u’ V) = C(u’ V) Capac;ty Con;traint
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vel velV Flow Conservation
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THE VALUE OF A FLOW
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2. P(s;v)= 2, p(v,s)
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sis POSITIVE  capacity =sx

flow ~_ /

1:3

Flow conservation (like Kirchoff’s current law):
 Flowmtou1s 2 + 1 =3.
* Flowoutof 1s 0 + 1+ 2 =3,

The value of this flowi1s 1 — 0 + 2 =3,
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The value of the maximum flow 1s 4.
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Theorem. The two definitions are equivalent.

Pl"OOf (:>) Letf(ua V) :p(l/t, V) —p(V, ?/l)

* Capacity constraint: Since p(u, v) < c(u, v) and
p(v,u) =0, we have f(u, v) < c(u, v).

e Flow conservation:

Zf(u v)= Z pu,v) = p(v,u))
—Zp(u v) - Zp(v )
» Skew symmetry:
f(u, v) =p(u, v) — p(v, u)

=—(p(v, u) — p(u, v))
=—f(v, u).
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(<) Let
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* Capacity constraint: By definition, p(u, v) > 0. Since
(u, v) < c(u, v), 1t follows that p(u, v) < c(u, v).

» Flow conservation: If f(u, v) > 0, then p(u, v) — p(v, u)

=f(u,v). It f(u, v) <0, then p(u, v) — p(v, u) =—f(v, u)
= f(u, v) by skew symmetry. Therefore,

D puv)=D pru)=)_ fu,v). O
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f1=2/(s,v)

velV
= f(s,V).
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Example — flow conservation:

Y fwv=0 ©y flu,V)=0forallue V- {s,t}.
el
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Maximum Flow

‘f*‘zmax{f:fisaﬂowonG}
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Edmonton Saskatoon

Vancouver \9 Winnipeg

Calgary Regina
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SIMPLE PROPERTIES OF FLOW

Lemma.
*f (X, X)=0,

f (X, Y)=—f(Y, X),
f(XVUY, 2)=f(X,2)+f(Y, 2)if X\nY=. [

Theorem. |f|= f(V,1).

Proof.

1 =1, V)

= f(V,V)—f(V-s, V)  Omit braces.
= f(V, V=s)

= f(V,0)+f(V, V=s—t)

=fV, 0. [
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FLOW INTO THE SINK

f1=1(s, 7)) =4 J,n=4

sla 4 (g0 oLl = e ) a soa Ll = Ll S lade
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fSED=2+2)+(-2+1-1+2)=4
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Proof. JSD =15, 1) =1(5,5)
=/(5.7)
=S (s, )+ f(5=s, V)
/i
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CAPACITY OF A CUT
(ST Lasal 015 (ST) Gt S sk Ol S Cad )8
.C_x.a.u‘TJJ L@AT..L-AEA uuiJJS_).J L@AT?..L.LA wi\,«s‘ﬁudl:. c.e.é‘).'& &w Capacity Ofa Cut
c(S,T)= E E c(u,v)
ueS veT

Definition. The capacity of a cut (S, T) is c(S, 7).

S, )=3+2)+(1+2+3)=11
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f(8,T) = f(UpUQ) + f(”zvvg) + f(v27U4)
=124+ (—4)+ 11
=19

L s S L saaulae (1
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f(5,T) < ¢(5,T)




AN Lotz 95l Sl g >l
Sl gladsai

Slilale aasSke (555 2 YL IS
UPPER BOUND ON THE MAXIMUM FLOW VALUE

s o 0

Proof. f1=1(5.T)
=22 S

ueSvel

< ZZC(M,V)

ueSvel

=c(S,7T).
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RESIDUAL NETWORK
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c(u, v) = c(u, v) — f(u, v) > 0

Sl e i 5L Ef s s se sladls

cp(u, v) = c(u v)—f(u,v)

JOoBORAORO

cp(u, v) = c(u, v)—f(u,v)

Lemma. |£/|<
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Augmenting Path
Pl Gl 381 Cp (D) so51asl 4 ) g3 0 P 89 5580 e G J b 5o L ,lude
¢r(p)= min {c,(u,v);
(u,v)ep
D 835380 s 44 3lake sladls cud b aass o = O (D)
Ex.: 35 26 02 2:5
5:5 2:3
cr(p) =2 2 4 7 2 3
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MAX-FLOW, MIN-CUT THEOREM

Lavies Jolae 4o slas,lK
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Proof.

(/)= (2): Since | | < c(S, T) for any cut (S, 7)
(by the corollary) the assumption that

| f|=c(S, T) implies that /" is a maximum flow.

(2) = (3): If there were an augmenting path, the
flow value could be increased, contradicting the
maximality of /.

Prepared by Kazim Fouladi | Fall2016 | 2"d Edition
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MAX-FLOW, MIN-CUT THEOREM

Lavies Jolae 4o slas,lK
el a3 Lo 5l S5 f ()
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(3) = (/): Suppose that / admits no augmenting paths.
Define S = {ve J/: there exists a path in G, from s to v},
and let 7=V —S. Observe that s € Sand r< 7, and thus
(S, 7) 1s a cut. Consider any vertices ue Sandve T.

path in G, S| T

We must have ¢, (u, v) = 0, since if ¢, (u, v) > 0, then v e S,
notve 7as assumed Thus ,fu,v)= c(u v), since ¢ (u, v)
=c(u, v) — f(u, v). Summingoverallue Sandve T
yields f(S, 7) = ¢(S, T), and since | /| = f(S, T), the theorem
follows.

P
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Algorithm:

flu,vl<—=0forallu,ve V
while an augmenting path p in G wrt f exists
do augment / by ¢,(p)

FORD-FULKERSON-METHOD (G, s, 1)

1 initialize flow f to 0

2 while there exists an augmenting path p in the residual network Gy
3 augment flow f along p

4 return f

cpda e LIS e (g lene I, AL HLE Sl 5o O

cpada e ol 530 809580 (sla e (UL LT, HLE lale ¢ 1SS (g48ls 50 O
(ol JUESI (5 5 5L 53 om0 (sl 534S (a8 5381 yaua)

il Galas s sa s (50500 (580 958 s S WL o byl Sl B LISS O
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Algorithm:
flu,vl<«-Oforallu,ve V
while an augmenting path p in G wrt f exists
do augment / by ¢,(p)

Can be slow:

10°
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Algorithm:

flu,vl<«-Oforallu,ve V
while an augmenting path p in G wrt f exists

do augment / by ¢/(p)
Can be slow:
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Algorithm:

flu,vl<«-Oforallu,ve V
while an augmenting path p in G wrt f exists

do augment / by ¢,(p)
Can be slow:
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Algorithm:

flu,vl<«-Oforallu,ve V
while an augmenting path p in G wrt f exists

do augment / by ¢,(p)
Can be slow:
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Algorithm:

flu,vl<«-Oforallu,ve V
while an augmenting path p in G wrt f exists

do augment / by ¢,(p)
Can be slow:
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Algorithm:

flu,vl<«-Oforallu,ve V
while an augmenting path p in G wrt f exists

do augment / by ¢,(p)
Can be slow:
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Algorithm:

flu,vl<«-Oforallu,ve V
while an augmenting path p in G wrt f exists

do augment / by ¢,(p)
Can be slow:
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Algorithm:
flu,vl<«-Oforallu,ve V
while an augmenting path p in G wrt f exists
do augment / by ¢/(p)

Can be slow:
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FORD-FULKERSON(G, s, t)

1 for each edge (u, v) € E[G]

2 do flu,v] <0

3 flv,u] <0

4 while there exists a path p from s to ¢ in the residual network G ¢
5 do cs(p) < min{cy(u,v) : (u, v)isin p}

6 for each edge (1, v) in p

7 do flu,v] < flu,v]l+cr(p)

8 flv,u] < —flu, v]

s oo I8 S sl 15 Ladl LLa G S 555 18 9 54 ()

oS e alaa | ai G (souile seSes (Y
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FORD-FULKERSON(G, s, 1)

1 for each edge (u,v) € G.E

2 (u,v).f =0

3 while there exists a path p from s to ¢ in the residual network Gy
4 cr(p) = min{cr(u,v): (u,v)isin p}

5 for each edge (u,v) in p

6 if (u,v) e £

7 (,).f = @, v).f + s (p)

8 else (v, u).f = (v,u).f —cr(p)
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FORD-FULKERSON(G, s, t)

1 for each edge (u,v) € E[G]

2 do flu,v] <0 O(E)

3 flv,u] <0

4 while there exists a path p from s to 7 in the residual network G ;

5 do cs(p) < min {cs(u,v) : (4, v) isin p}

6 for each edge (1, v) in p O ( E ‘ f*
7 do flu,v] < flu,vl+cs(p)

8 flv, ul < —flu, v]

) 0(|f*|):whi|e Al 1SS slaas iSlas
IS5 5 sLE Slade |y5)
(- besn ol 33l aaly o Jihan

(- S saliial suile (seSud 53 saums S5 8L (515 DFS L BFS 31 21) O (E) ot sl olass & iSlaa sfor Jlals gaala
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O(E+E‘f*
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EDMONDS-KARP ALGORITHM
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EDMONDS-KARP ALGORITHM

P
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Edmonds and Karp noticed that many people’s
implementations of Ford-Fulkerson augment along
a breadth-first augmenting path: a shortest path in
G, from s to  where each edge has weight 1. These
1mplementat10ns would always run relatively fast.

Since a breadth-first augmenting path can be found
in O(F) time, their analysis, which provided the first
polynomial-time bound on maximum flow, focuses
on bounding the number of flow augmentations.

(In independent work, Dinic also gave polynomial-
time bounds.)
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EDMONDS-KARP ALGORITHM: MONOTONICITY LEMMA

P

Lemma. Let 6(v) = 6,(s, v) be the breadth-first
distance from s to v 1n G . During the Edmonds-
Karp algorithm, 6(v) i 1ncreases monotonically.

Proof. Suppose that / is a flow on G, and augmentation
produces a new flow f'. Letd'(v) =0,(s, v). We'll
show that 6’ (v) > 6(v) by induction on S(V) For the base
case, 0'(s) = 0(s) = 0.

For the inductive case, consider a breadth-first path s —

= u—>vin Gy, Wemust have o'(v) = 0" (u) + 1, since
subpaths of shortest paths are shortest paths. Certainly,
(u,v) e E, , and now consider two cases depending on
whether (u v) € E,.
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EDMONDS-KARP ALGORITHM: MONOTONICITY LEMMA

Case 1

Case: (u,v) e E,.
We have

o(v) <o(u) +1 (triangle inequality)

<o'(u)+1 (induction)

=0'(v) (breadth-first path),

and thus monotonicity of 6(v) is established.

L/

2 %i/
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EDMONDS-KARP ALGORITHM: MONOTONICITY LEMMA

Case 2

Case: (v, v) ¢ E;.
Since (u, v) € E,,the augmenting path p that produced

/" from / must have included (v, ). Moreover, p is a
breadth-first path in G

P=S—> DV oOU—> L,
Thus, we have

o(v) =0o(u)—1 (breadth-first path)
<0'(u)—1 (induction)
<o'(v)-2 (breadth-first path)
<o'(v),
thereby establishing monotonicity for this case, too. [ ]
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EDMONDS-KARP ALGORITHM: COUNTING FLOW AUGMENTATIONS

P

Theorem. The number of flow augmentations
in the Edmonds-Karp algorithm (Ford-Fulkerson
with breadth-first augmenting paths) is O(V'E).

Proof. Let p be an augmenting path, and suppose that
we have ¢, (u, v) = ¢;(p) for edge (u, v) € p. Then, we
say that (u V) is crmcal and it disappears from the
residual graph after flow augmentation.

Example: cr(p) =2
2 4 7 2 3
3 2 1 2
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EDMONDS-KARP ALGORITHM: COUNTING FLOW AUGMENTATIONS

Theorem. The number of flow augmentations

in the Edmonds-Karp algorithm (Ford-Fulkerson
with breadth-first augmenting paths) is O(V'E).
Proof. Let p be an augmenting path, and suppose that
the residual capacity of edge (1, v) € pis ¢, (u, v) = ¢,(p).
Then, we say (u, v) is critical, and it disappears from the
residual graph after flow augmentation.

Example:

Prepared by Kazim Fouladi | Fall2016 | 2" Edit
.

P



¥4 Loyt )98 ol g b0

Jm ‘5‘-445-&“1. "

(A5 Y) 009580 sla,li alaas (o lad s G LIS—Hu3 goul 4l )
EDMONDS-KARP ALGORITHM: COUNTING FLOW AUGMENTATIONS

The first time an edge (u, v) 1s critical, we have o(v) =
o(u) + 1, since p 1s a breadth-first path. We must wait
until (v, #) 1s on an augmenting path before (i, v) can
be critical again. Let o’ be the distance function when
(v, u) 1s on an augmenting path. Then, we have
o' (u) =0"(v)+1  (breadth-first path)
>0(v)+1 (monotonicity)
=0(u) +2 (breadth-first path).

Example:

O 0
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EDMONDS-KARP ALGORITHM: COUNTING FLOW AUGMENTATIONS

The first time an edge (u, v) 1s critical, we have o(v) =
o(u) + 1, since p 1s a breadth-first path. We must wait
until (v, #) 1s on an augmenting path before (i, v) can
be critical again. Let o’ be the distance function when
(v, u) is on an augmenting path. Then, we have
o' (u) =0"(v)+1  (breadth-first path)
>0(v)+ 1 (monotonicity)
=0(u) +2 (breadth-first path).

Example: O(u) =5
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EDMONDS-KARP ALGORITHM: COUNTING FLOW AUGMENTATIONS

The first time an edge (u, v) 1s critical, we have o(v) =
o(u) + 1, since p 1s a breadth-first path. We must wait
until (v, #) 1s on an augmenting path before (i, v) can

be critical again. Let o’ be the distance function when
(v, u) is on an augmenting path. Then, we have

o' (u) =0"(v)+1  (breadth-first path)
>0(v)+ 1 (monotonicity)
=0(u)+2  (breadth-first path).

Example: o(u) =5

O 0

o(v)=6
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EDMONDS-KARP ALGORITHM: COUNTING FLOW AUGMENTATIONS

The first time an edge (u, v) 1s critical, we have o(v) =
o(u) + 1, since p 1s a breadth-first path. We must wait
until (v, #) 1s on an augmenting path before (i, v) can
be critical again. Let o’ be the distance function when
(v, u) is on an augmenting path. Then, we have
o' (u) =0"(v)+1  (breadth-first path)
>0(v)+ 1 (monotonicity)
=0(u) +2 (breadth-first path).

Example: o(u) 27
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EDMONDS-KARP ALGORITHM: COUNTING FLOW AUGMENTATIONS

The first time an edge (u, v) 1s critical, we have o(v) =
o(u) + 1, since p 1s a breadth-first path. We must wait
until (v, #) 1s on an augmenting path before (i, v) can

be critical again. Let o’ be the distance function when
(v, u) is on an augmenting path. Then, we have

o' (u) =0"(v)+1  (breadth-first path)
>0(v)+ 1 (monotonicity)
=0(u)+2  (breadth-first path).

Example: O(u) 277

O 0

S(v) > 6
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EDMONDS-KARP ALGORITHM: COUNTING FLOW AUGMENTATIONS

The first time an edge (u, v) 1s critical, we have o(v) =
o(u) + 1, since p 1s a breadth-first path. We must wait
until (v, #) 1s on an augmenting path before (i, v) can
be critical again. Let o’ be the distance function when
(v, u) is on an augmenting path. Then, we have
o' (u) =0"(v)+1  (breadth-first path)
>0(v)+ 1 (monotonicity)
=0(u) +2 (breadth-first path).

Example: o(u) 27
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EDMONDS-KARP ALGORITHM: RUNNING TIME

Distances start out nonnegative, never decrease, and are
at most |/ — 1 until the vertex becomes unreachable.
Thus, (u, v) occurs as a critical edge O(V) times, because
0(v) increases by at least 2 between occurrences. Since
the residual graph contains O(F) edges, the number of
flow augmentations is O(V E). [

Corollary. The Edmonds-Karp maximum-flow
algorithm runs in O(V E?) time.

Proof. Breadth-first search runs in O(F) time, and all
other bookkeeping is O()) per augmentation. [_|
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EDMONDS-KARP ALGORITHM: RUNNING TIME

* The asymptotically fastest algorithm to date for
maximum flow, due to King, Rao, and Tarjan,
runs in O(V E logg .y, /) time.

* If we allow running times as a function of edge
weights, the fastest algorithm for maximum
flow, due to Goldberg and Rao, runs in time

O(min{V?3 E2} . Elg (V¥E+2)-1g C),
where C 1s the maximum capacity of any edge
in the graph.
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Multiple Source — Multiple Sink Single Source — Single Sink

Converting a multiple-source, multiple-sink maximum-flow problem into a problem
with a single source and a single sink. (a) A flow network with five sources S = {s1, 52, 53, 54, 5}
and three sinks 7" = {t1, 2, t3}. (b) An equivalent single-source, single-sink flow network. We add
a supersource s and an edge with infinite capacity from s to each of the multiple sources. We also
add a supersink ¢ and an edge with infinite capacity from each of the multiple sinks to 7.
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MAXIMUM BIPARTITE MATCHING
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(a) (b) (©

Figure 26.8 A bipartite graph G = (V, E) with vertex partition V' = L U R. (a) A matching
with cardinality 2, indicated by shaded edges. (b) A maximum matching with cardinality 3. (c¢) The
corresponding flow network G’ with a maximum flow shown. Each edge has unit capacity. Shaded
edges have a flow of 1, and all other edges carry no flow. The shaded edges from L to R correspond
to those in the maximum matching from (b).



