[t HINLE

Lo i3 531 kit § 5150

~

AdY G0
Lapio s oS e 5 50 (sl
SIS (slaiy, o5
Graph Algorithms

PRPEIRALS
ﬁ&m&d&f&u&.&@-ﬁé&u‘d
Qb.@:s S aaly

http://courses.fouladi.ir/algorithm



31 ,S

Loyt )98 ol g b0

Prepared by Kazim Fouladi | Fall2016 | 2"d Edition

P

Example

Transportation network:
airline routes

LA.\‘):L)LS

Nodes
airports

Edges
nonstop flights

Communication networks

computers, hubs,
routers

physical wires

Information network: web | pages hyperlinks
Information network: articles references
scientific papers

Social networks people “uis v’s friend”,

“u sends email to v”,
“u’s MySpace page links to v

Computer programs

functions (or
modules)

statement blocks

“ucalls v’

“y can follow u”
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G=(V,E)
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Do Gl <
DIRECTED GRAPH
Lagei, LaJ
Vertices Edges

\ /
G=(V, b

EclVxV
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GRAPH REPRESENTATION
G=(V, E)
V=1{1,2,..., 08  EcVxV
All..n,1..n]
E . 1 if(i,j)e E
2 A = o ’
2.1 {o if (i, j) ¢ E.
g G A|l1 2 3 4
. Gyl s il
% Ac‘l)jacency Matrix ‘ 1 O 1 10
2100 10
e e 310 000
§ 410 0 1 O

-
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Do Gl <

GZ(V,Z*E)

V=1{1,2,.. 0t  EcVxV

GRAPH REPRESENTATION

An adjacency list of a vertex v e V'is the list Adj[v] of vertices adjacent to v

@D sy -2y
% ’ Adjacency List Ad][Z] - {3 }

% For undirected graphs, | Adj[v]| = degree(v). Ad] [3] B {}

§ 0 e For digraphs, | Adj[v]| = out-degree(v). Ad] [4] — {3 }

-
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G= (V. E)

|E]=O0(V?)
G
|E|>|V]|-1
Ig|E|=0(gh)
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HANDSHAKING LEMMA
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Y.y degree(v) = 2|E]|
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GRAPH REPRESENTATION

S e slins

O(V?)
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Dense Representation

&, 9k (s sl
Adjacency Matrix

ekt

Sparse Representation

Oy 9lae ol
Adjacency List

>
‘G

Al1 2 3 4
o110
200010
310000
410010
Adj[1] = {2, 3}
Adj[2] = {3}
Adj[3] = {}

Adj[4] = {3}
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(u, wy), (wy, wy), (Wy, wg),..., (W, _1,0)
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SIMPLE PATH
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Simple Path

(u, wy ), (wy,wy ), (Wy,ws),...,(w,_4,0)

u ~~ v

Alldiffs(u, wy, wy, ws,...,w, {,0)
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CONNECTIVITY
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CYCLE
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29
Cycle

(u, wy ), (wy, wy), (Wy, Wy, (W, 4, 1)

col oo saae 5o L e lacga SIS Hu GG
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SiMPLE CYCLE
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Simple Cycle

(w, wy ), (wy,wy ), (Wy, ws),...,(w, ;,u)

u ~~ U

Alldiffs(w,,w,y, wy,...,w, )
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PROPERTIES OF FREE TREES

. A 4y
099 O Siean SIS 2
Tree

Theorem B.2 (Properties of free trees)
Let G = (V, E) be an undirected graph. The following statements are equivalent.

G is a free tree.

Any two vertices in G are connected by a unique simple path.

G is connected, but if any edge is removed from FE, the resulting graph is dis-connected.
G is connected, and |E| = |V| — 1.

G is acyclic, and |E| = |V|— 1.

G is acyclic, but if any edge is added to E, the resulting graph contains a cycle.

AN
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ORDERED ROOTED TREE

(3305 L Gus) wolo i, ab 4 Lala G S S € Jlacga ca 50 S Gy yladdn y & 4o
ol coeal oS 58 W5,8 slas S YR Ordered Rooted Tree
o,

Gac  depth 0 (7)

depth 1 (39 19 T4
gyl height=4 (8) (12) (1) (2) depth2 (12 (8) (1) ©
depth3 (1) (6) (5)

depth 4 (9)
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Binary Tree
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COMPLETE BINARY TREE

Jols (9099 & yo

I w8558 g0 AT b Sads T slas S (saed € (g0 90 oA 50 S :
Complete Binary Tiee

A depth 0
depth 1

height =3
depth 2
Y depth 3

A complete binary tree of height 3 with 8 leaves and 7 internal nodes.
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K-ARY TREE

: 7 G-k ca
ol w558 K ilaa T 58,8 5 4 LS e pladiiny el a0 S u-)k ;‘-‘JJ
-ary Tree
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h—1
L+k+K 4 +k" = Y k' =
1=0
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GRAPH TRAVERSAL
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Breadth-first search
while O =
do u <~ DEQUEUE(Q)
for each ve Adju]
do if d[v] =
then d|v]| <« d[u] + 1
ENQUEUE(Q, V)

Analysis: Time = O(V + E)
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Correctness of BFS

while O =
do u < DEQUEUE(Q)
for each ve Adj|u]
do if d[v] = »
then d|v]| < d[u] + 1
ENQUEUE(Q, v)

Key idea:
The FIFO O in breadth-first search mimics
the priority queue O in Dijkstra.

* Invariant: v comes after # in O implies that
d[v] = d[u] or d[v] = d[u] + 1.
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BFS(G, s)
1 for each vertex u € V[G] — {s}
do color[u] < WHITE

dlu] < oo

wlu] < NIL
color[s] < GRAY
d[s] < 0
w[s] < NIL
Q<0
ENQUEUE(Q, s)
10 while Q # 0
11 do u < DEQUEUE(Q)
12 for each v € Adj[u]
13 do if color[v] = WHITE
14 then color[v] < GRAY
15 dv] < d[u]+1
16 wlv] < u
17 ENQUEUE(Q, v) in queue

18 color[u] <— BLACK

o0 J O\ Lt B W

=}

[ unvisited |
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BFS(G, s)
1 for each vertex u € V[G] — {s} oL S Gl 5 sl
do color[u] < WHITE

dlu] < oo @<V>
wlu] < NIL

color[s] < GRAY

d[s] < 0

m[s] < NIL

Q<0

ENQUEUE(Q, s)

10 ' while Q # ¢

11 do u < DEQUEUE(Q)

12 for each v € Adj[u]

13 do if color[v] = WHITE

14 then color[v] < GRAY O(F)

15 dlv] < d[u] +1

16 wlv] < u

17 ENQUEUE(Q, v)

18 color[u] <— BLACK

o0 J O\ Lt B W

=}

ok o ASlaa b a5l
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DES(G)
1 for each vertex u € V[G]

2 do color|u] < WHITE

3 7 [u] < NIL

4  time < 0

5 for each vertex u € V[G]

6 do if color[u] = WHITE
7 then DFS-VISIT ()

DFS-VISIT (1)

time < time +1
d[u] < time
for each v € Adj[u] > Explore edge (u, v).
do if color[v] = WHITE
then 7[v] < u
DFS-VIsIT(v)

color[u] < BLACK > Blacken u; it is finished.
flu] < time < time +1

O 00 1N W AW~

1 <dv] < flv] < 2n discovery time d|u]

color[u] < GRAY > White vertex u has just been discovered.

| unvisited |

in queue

finishing time f[u]



Al Loyt )98 ol g b0




¥y

Jgl-@es s 9w

Loy o5l ol g > 1510

Prepared by Kazim Fouladi | Fall2016 | 2"d Edition

P

‘_};‘ uLn‘) L,l;",

Soglas e U g5 Luwsuly @(V + E)

cosle b bsslussly  Q(1?)



¥¥

Prepared by Kazim Fouladi | Fall2016 | 2"d Edition

Loyt )98 ol g b0

(523995295 S5l 5o
TOPOLOGICAL SORT
OT 08 € SIS by 5l s 3 S5 (61! 5999098 )l o
sdige Al Gialadiile (sdan 5 g el 5o Topological Sort

.23L (DAG: Directed Acyclic Graph) , ss & 503 Jlocga b SIS touliiul by

P



r
(523995295 S5l 5o

S

TOPOLOGICAL SORT

TOPOLOGICAL-SORT(G)

1 call DFS(G) to compute finishing times f[v] for each vertex v
2 as each vertex is finished, insert it onto the front of a linked list
3 return the linked list of vertices

We can perform a topological sort in time ®(V + E), since depth-first search
takes O(V + E) time and it takes O(1) time to insert each of the | V| vertices onto
the front of the linked list.
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(a)
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17/18 11/16

12/15 13/14 9/10 1/8
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STRONGLY-CONNECTED-COMPONENTS (G)

1
2

(O8]

call DFS(G) to compute finishing times f[u] for each vertex u

compute G T

call DFS(G"), but in the main loop of DFS, consider the vertices
in order of decreasing f[u] (as computed in line 1)

output the vertices of each tree in the depth-first forest formed in line 3 as a
separate strongly connected component

e 15U s 58 sl [ U] 0Lk oles DFS(G) 5 satisal b ()

S o dralas 15 BILS  GT sladl a S o sSan L (Y

(- peosSero 85 50 ] (555 155 40 15 Lauls ool sl s of) 058 g 3153531, DES(GT) (¥
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ALL-PAIRS SHORTEST PATH (APSP)
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