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CONNECTED-COMPONENTS (G)
1 for eachvertexv € G.V

2 MAKE-SET(v)

3 for each edge (u,v) € G.E

4 if FIND-SET(u) # FIND-SET(v)
5 UNION(u, v)

SAME-COMPONENT (u, v)

1 if FIND-SET(u) == FIND-SET(V)
2 return TRUE
3 else return FALSE

CONNECTED-COMPONENTS I 4,

e gane 5u U Lul, 58 5T ,0 O
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glaal (W) J 52 sl e O
WAV g U Joli € plade gans
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CONNECTED COMPONENTS

Paises s4dl e sl b o O SIS S 5l e
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. CONNECTED-COMPONENTS I 5y bacu 53 JU 5 (2510 51 Gus 15ae (slade sans (soul s3la

s Edge processed Collection of disjoint sets

é initial sets {a} {0y A} {d} {e} U gy {ny {3 {7}
3 (b.d) {a} {bd} {c} {e} i e w4 U}
% (e.8) {a} {bd} {c} {egr {hy iy
= (a,0) {a,c} {b.d} {egr {OSERU IR
2 (h.i) {a,c} {b.d} {egr {h.i} U’
j (a,b) {a.b,c.d} {egr {h.i}y {3
é (e.f) {a.b.c.d} {e.f.8} {h.i} "k
(b.0) {abed) {e.f8} iy O
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S; = 14X, Xpy ooy X}

_ﬁ o o o
X1 X5 1 | X

rep|S;]
» MAKE-SET(x) initializes x as a lone node. —©(1)
* FIND-SET(x) walks left in the list containing x

until it reaches the front of the list. —0O(n)
» UNION(x, y) concatenates the lists containing

x and y, leaving rep. as FIND-SET[x]. —0O(n)
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AUGMENTED LINKED-LIST

Store set S. = {x,, x,, ..., x,.} as unordered doubly
linked list. Define rep|S.] to be front of list, x;.
Each element x; also stores pointer rep[x;] to rep[S;].

rep
v |
Si : X1 X2 Ce— | Xk
replS;]
* FIND-SET(x) returns rep|x]. —0O(1)

» UNION(x, ) concatenates the lists containing
x and y, and updates the rep pointers for
all elements in the list containing y. —0(n)
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AUGMENTED LINKED-LIST

Each element x; stores pointer rep[x;] to rep[S,].
UNION(x, y)
« concatenates the lists containing x and y, and
* updates the rep pointers for all elements in the
list containing .

rep
‘ |
Sl |x i rep
Sy . V1 ) V3

repls,]
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AUGMENTED LINKED-LIST

Each element x; stores pointer rep[x;] to rep[S,].
UNION(x, y)
* concatenates the lists containing x and y, and
* updates the rep pointers for all elements in the
list containing .

LSS e

é ad ol A\ rep

; rep|s;] \ [l |

E ) N Y2 Y3
*Z rep|S, ]
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AUGMENTED LINKED-LIST

Each element x; stores pointer rep[x;] to rep[S,].
UNION(x, y)
* concatenates the lists containing x and y, and
* updates the rep pointers for all elements in the
list containing .

rep

§ Sx W Sy . |

X1 X1\

replS, U S,] \

\

5 Y1 V2 V3
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UNION(x, y) could instead
* concatenate the lists containing y and x, and
* update the rep pointers for all elements in the
list containing x.

5 rep

i g v I
: rep * il P!
: S v L2 Y2 Y3

: rep|S, ]

P
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AUGMENTED LINKED-LIST

UNION(x, y) could instead
* concatenate the lists containing y and x, and
* update the rep pointers for all elements in the
list containing x.

- rep

I |
/17 )
. S.ul): ep

é * y J I // rep[Sx:I

E 4 V2 V3

: rep|S, ]
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UNION(x, y) could instead
* concatenate the lists containing y and x, and
* update the rep pointers for all elements in the
list containing x.

rep
e /1% X2
 S.US: rep

& y

I |

7

% yl y2 y3

: rep[S, v S)]
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tail T
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tail D tail | @
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tail | @ ¢
UNION(Z,y) <blec

.CA..H-I‘AJJ..Ixcs\slécs‘tcw&bd:\:\m:)&TJJ6@‘6@(%#6@%66&3@ (@)
i aKiad ccwl su g Y 5o Il 4 A s gl csaislat o Seplal wb e O

(comal (A Y coind Yoo i 3 S 0l e )



A

Lomai;o-5ll kot g >l

| 520 slads gano

Operation
MAKE-SET(x1)
MAKE-SET(x2)

MAKE-SET(x;)
UNION(x2,X1)
UNION(x3,X2)
UNION(x4, Xx3)

UNION(Xp, Xp—1)

Prepared by Kazim Fouladi | Fall 2016 | 2" Edition

P

T(n) = O(n?) / (2n — 1) = O(n)

S JadaS s sl b (ol Sl

Number of objects updated S a1 (555 wlilee M3 gladlia
1 m=2n—1
1 cwl MAKE-SET (o) wlidae 1

.ol UNION suas wbilee 1 — 1
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WEIGHTED-UNION HEURISTIC

¢(omad OF samlic slaas = el 58 055) Dlag s ¢ ladal S 5 gaa Gl
.m@&ulg@yy@nggaugww
Y
(A_«Ial_.a ﬁ_ﬁa‘dwﬂ(n) @JAMJJJA;‘
S e e Glay (1) (g L)) UNION illae

MAKE-SET o

FIND-SET o

UNION o

-l MAKE-SET ¢ ()T s 1 4S a5 5

e slade samae (s gn ol _olaidls 31 ol b
ass plainl Ko, eaa (a9,
001 3 a5 ole & lilee 31l gl

O(m + nlogn)
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WEIGHTED-UNION HEURISTIC

To save work, concatenate smaller list onto the end
of the larger list. Cost = ©(length of smaller list).
Augment list to store its weight (# elements).

Let n denote the overall number of elements
(equivalently, the number of MAKE-SET operations).
Let m denote the total number of operations.

Let / denote the number of FIND-SET operations.

Theorem: Cost of all UNION’s is O(n Ig n).
Corollary: Total cost is O(m + n 1g n).
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WEIGHTED-UNION HEURISTIC

P

To save work, concatenate smaller list onto the end
of the larger list. Cost =®(1 + length of smaller list).

Theorem: Total cost of UNION’s is O(n 1g n).

Proof. Monitor an element x and set S containing it.
After initial MAKE-SET(x), weight[S | = 1. Each
time S| 1s united w1th set S, weight[S,] = weight[S.],
pay | to update rep|x dv weight[S | at least
doubles (increasing by wezght[S |). Eachtime S is
united with smaller set 5, pay nothlng, and
weight[S. | only 1 1ncreases Thus pay < lg n forx. []
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BALANCED-TREE REPRESENTATION

S; =X, Xp5 ooy Xi )

» MAKE-SET(x) initializes x 8= 4215 X2, X3, Xy X5}

changing rep. —O(gn)

as a lone node. - 0(1) rep(S[x
* FIND-SET(x) walks up the l/ 1\
tree containing x until it N .
reaches the root.  —O(lg n) 7 4\ -
« UNION(x, v) concatenates
the trees containing x and y, Y| X5

-
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BALANCED-TREE REPRESENTATION

Store each set S; = {x, x,, ..., x,.} as an unordered,
potentially unbalanced, not necessarily binary tree,
storing only parent pointers. rep|S.] 1s the tree root.

) ) e
MAKE-SET(x) initializes x .= {3}, Xy, X3, Xy X5, X }

as a lone node. - 0(1)
 FIND-SET(x) walks up the rep|S;] [ x,
tree containing x until it AN
reaches the root. —O(depth[x]) |x, X,
« UNION(x, ) concatenates /N~
the trees containing x and y... X | [xs] [

P
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UNION BY RANK

MAKE-SET (x) A ga S ulani b ol o (s,

1 x.p=x S e ookl b o S ulaai b ol s s,

2 x.rank =0

HUR WX | R Y]
UNION(x, y) 8 58 5l duala i 5055 ol e (oL slaw
1 LINK(FIND-SET(x), FIND-SET(y)) sl e 4S5 1, TANK[2] 45, T iss S 58 515
s S gL, YL o) S = rank[a]

LINK(x, y)

1 if x.rank > y.rank ) g lagl (s mie S (gt gena By O
. 2 y.p=x col Siis o S gl s
= 3 elsex.p=y
& 4 if x.rank == y.rank G S8 S s, b gledn, g laal glal sKia O
§ 5 y.rank = y.rank + 1 S e oyl & 54, b sl
z (-5 oad il a5 w53 ()
: 50 OluSs ladiin; 43, Slplaial glalalKia O
j LBl ol sieds Ladin, 51 (S ol sads b
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UNION BY RANK

Let n denote the overall number of elements
(equivalently, the number of MAKE-SET operations).
Let m denote the total number of operations.

Let / denote the number of FIND-SET operations.

UNION(x, 1) can use a simple concatenation strategy:
Make root FIND-SET(y) a child of root FIND-SET(x).
= FIND-SET()) = FIND-SET(x).

xl "..

.
\ e,
‘e

2

Merge tree with smaller /x4\ N
weight into tree with L\
larger weight. Do [As] Ko Val |V

/ N\
Vol |)s

Height of tree increases only when its size
doubles, so height is logarithmic in weight.
Thus total cost is O(m + f'1g n).
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UNION BY RANK

P

Theorem: Total cost of FIND-SET’s 1s O(m 1g n).

Proof: Amortization by potential function.

The weight of a node x 1s # nodes 1n its subtree.
Define ¢(x,, ..., x,) = 2. lg weight|x;].

UNION(x;, x;) increases potential of root FIND-SET(x))
by at most lg weight[root FIND-SET(x))] < lg n.

Each step down p — ¢ made by FIND- SET(x)

except the first, moves ¢’s subtree out of p’s subtree.
Thus 1f weight|c| = /2 weight|p], ¢ decreases by > 1,
paying for the step down. There can be at most Ig n
steps p — ¢ for which weight[c] < Yo weight[p]. L]
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PATH COMPRESSION

MAKE-SET(x)
1 x.p=x
2 x.rank =0

UNION(x, y)
1  LINK(FIND-SET(x), FIND-SET(y))

LINK(x, y)

1 if x.rank > y.rank

2 y.p =X

3 elsex.p =y

4 if x.rank == y.rank

5 y.rank = y.rank + 1

The FIND-SET procedure with path compression

FIND-SET(x)

1 ifx #x.p

2 x.p = FIND-SET(x.p)
3 return x.p

P

. JJ_fbu_A sol&i) FIND-SET Jee Oma 9 e Gbl.wbd‘).aié

S oLl i 0 Lot (5380 yaus 5o S 58wl
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PATH COMPRESSION

FIND-SET (@) slya) ina 5o s (55luwss s

() (b)

sloal sl das 4 gans Olea (goaiiS L;,‘L“-‘.)L‘ SA
FIND-SET(a)
s (5 5buwss 528 b

6|ﬁ|j‘ﬁkwésaiﬁsdmbbg’a‘)d
FIND-SET(a)
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PATH COMPRESSION

When we execute a FIND-SET operation and walk
up a path p to the root, we know the representative
for all the nodes on path p.

X1
Path compression makes .~ O\

all of those nodes direct |, X3 |y,
children of the root. / N\

Cost of FIND-SET(x) 2] Xs] X6 Ya] |Y 3\
1s still O (depth|x]).

FIND-SET(y,) [J2] [Vs
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PATH COMPRESSION

MAKE-SET ©O
FIND-SET o
UNION o

cassla
=)
39 ala3l FIND-SET 31 J:3 UNION elibee alad aSl 2535

“)A-O LsLA‘LCJAM 4 L;:\LAJJ‘.J S salanl l_\
A8, o s g lalal + e g 5bwes 188 Gl
P05k 5 gled 4 adls g s oo olbdee S dls Gl

O(m)
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PATH COMPRESSION

Theorem: If all UNION operations occur before
all FIND-SET operations, then total cost 1s O(m).

Proof: If a FIND-SET operation traverses a path
with & nodes, costing O(k) time, then £ — 2 nodes
are made new children of the root. This change
can happen only once for each of the » elements,
so the total cost of FIND-SET is O(f + n). [
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PATH COMPRESSION
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MAKE-SET ©

FIND-SET o

UNION o

S asls

.ol MAKE-SET ., ©

e UNION T s m — 1 Jilaa aais 50 O
.ol FIND-SET . T G f ©

‘:)..;.4 LSLA‘LQJA?A u:s..;‘)d U_JLA.]:)Lj :)l soldil L:s
(2590 s (s5lwsn 58 (95

taola 5L 5 ole) 4 adla G Sas Ko oldace Sl dlss ol

©ln+f-(1+log, ;n)
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PATH COMPRESSION

MAKE-SET ©

FIND-SET o

UNION o

S asls

.ol MAKE-SET ., ©

e UNION T s m — 1 Jilaa aais 50 O
.ol FIND-SET . T G f ©

‘:)..;.4 LSLA‘LQJA?A u:s..;‘)d U_JLA.]:)Lj :)l salail L:s
(A5, cn s p Lalal F ae (g 5bwsn 58 g
taola 5L 5 oled 4 adla G Sas Ko olidace Sl dlss ol

O(m - a(n))

ol 53l 3, b B e STl G Sae (1)
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Ackermann’s function 4
j+1 ifk=0,

Define 4, (j
efine 4; (/) = {A(ﬁl)() if k>1. - iterate j+1 times

Ay =j+1 Ay(1) =2
A,(j)~2] A4,(1)=3
A,(j)~2j 2 >.2J' A,(1)=7

2 Ay(1) = 2047
!
A5(j) > 2

22047
)2 }2048
A,(j) 1s alot bigger. A,(1)>2
Define a(n) = min {k: A,(1) > n} < 4 for practical n.
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PATH COMPRESSION

Theorem: In general, total cost 1s O(m o(n)).
(long, tricky proof — see Section 21.4 of CLRS)
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