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f(n) = fn—1) + f(n —2)
£(0) = 0
) =1

FIB-NUMBER(n)
if n > 0and n <1 then
return n
else if n > 1 then
return FIB-NUMBER(n — 1) + FIB-NUMBER(n — 2)
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FIB-NUMBER(n)
F « array|0..n]

fn) = fn =1) + f(n - 2) Fl0] <0

0) = 0 F[1] « 1
f<) if n > 1 then
) =1 for i «— 2 to n do

Fli)) « Fli— 1] + FJi - 2]
return F|n]

S(n) € O(n) s obnaal Ll 6,50 galas 516 s gl oo salenl
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FIB-NUMBER-IMPROVED(n)

F, <0
f(n) = f(n -1+ f(n —2) ?2<_1
if n = 0 then
f(()):() F+—0
f(l) =1 else if n = 1 then
F—1

else if n > 1 then
for i <— 2 to n do
F—F + F
F, « F,
Fy—F
return £
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BINOM(n, k)
if k=0 or £k = n then
return 1
else
return BINOM(n — 1,k — 1) + BINOM(n — 1,k)

T(n)_Q( )_1 PR IR TN NS
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Bli,j] = (;) S i€ o 0ulitiad B[0.1,0.K] (suns 5 sial 5T 5]

o Bli—1j]+Bli—-1j—1 ,0<j<i
B[%]]{l 0=
)] 3] =1
BINOM-DP (n,k) S -
B <« array|0..n,0..k| R
for 1 < 0 to n do s s
for j < 0 to min(s, k) do N AR
E if =0 or j = i then
Bli] <1
8 else Bli- 11lj- 1] Bli= 1))
Blij] < Bli~1,j- 1 + Bli— 1,4 .
% return B[n,k| .
T(n) € O(nk) (oo e alans run 5) 1yal e
S(n) € O(nk) (Jsaa) (Hoae slas
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« B[0,0]=1

Compute row 1:
« B[1,0]=1
- B[1,1]=1

Compute row 2:

« BJ[2,0]=1

« B[2,1]1=B[1,01+B[1,1]=1+1=2
« BJ[2,2]=1

Compute row 3:

« B[3,01=1

- B[3,1=B[2,00+B[2,1]=1+2=3
- B[3,2]1=B[2,1]+B[2,2]=2+1=3

Compute row 4:

B[4,0]=1
B[4,11=B[3,001+B[3,1]=1+3=4
B[4,2]=B[3,1+B[3,2]=3+3=6
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FLOYD-WARSHALL ALGORITHM

D058 Slacga SIS S Sl sl it ul ) 59 58 (s sawe (586 S 380 1Sus

weight on edge ,(v;,vj) € E(G)
% ,(v;,v)) & E(G)
0 i=]J

SIS slagss o sle 15399
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A shortest path from v;to v;using only vertices in {v;,v,, ..., v}
DUZ]

A shortest path from vito v using A shortest path from v, to vjusing
only vertices in {vy,vp, ..., V] only vertices in {v4,v,, ..., vk}

oul 5 89 G s o BB eS (LSS L J se b

DW[i, j] = min {D*V[i, 5], D*I[i, k] + D* V[, 5]}

1<k<n
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A shortest path from v;to vjusing only vertices in {v;,vy, ..., v}

D®i, 4]
A
I'd )
C D®I[G, k] C D®IE, ] C
L. J W J
'S Y

A shortest path from v;to vyusing A shortest path from v, to v;using
only vertices in {vy,vy, ..., ¥} only vertices in {vy,va, ..., Vi}

oul 5 59 G s 058G 6S LS5 L Jse b

DWi, j] = min {D* V[, j], DV k] + DU V[k, 51}

1<k<n

poO . pu _, p@ _ ..., pk-1) _, ph
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D™, ) = min {D*V]i, 5], DU V(i k] + Dk, 5]} AN

1<k<n Gl 98 o s (550l S

Dlij]  min {Dli ], DliK] + Dlk, ]} L0520 sy st S
SHORTEST-PATH( W,n)
D— W
for £k <— 1 to ndo
for i — 1 to n do
for j«— 1 to n do

return D
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SHORTEST-PATH( W,n) PATH(P, i, j)

P « array|[l..n,1..n] if P[i,7] = 0 then
P« [0] PATH(P, 4, P[i,j])
D« W print P[i,j]

for k <— 1 to n do PATH(P, P[i,j], j)

for i — 1 to n do
for j<— 1 to ndo
if D[i,jy] > Dli,k] + D[k,j] then
Dli,j] < Dli,k] + D[k.]
Plig) < k
return D

cal J G5 e G 58868 o (Slie ety Guoadl 50558, 5 A
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SIS Gl 39 58 G e G 5sB S Cla

1 2 3 4 1 2 4
110 1 o0 1 110 1 1
219 0 3 2 o0 218 0 3 2 5
3| o0 0 4 o 3|10 11 0 4 7
4 | o o0 2 0 3 4|6 7 2 0 3
513 oo o0 oo 0 513 4 4 0

w D

PATH(P, i, j)
4 if PJi,7] = 0 then
PATH(P, i, P[i.])

4

print P[i,j]
° PATH(P, P[i,j}, j)
0
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In Figure the optimal (longest) simple path

form v, to v, is [v, 1, 1, 1,]. However, the

subpath [, 5] is not an optimal (longest) path
1 from v, to v, because

length vy, v3] =1 and length [vy,vo, v3] = 4.

Therefore, the principle of optimality does not
apply. The reason for this is that the optimal
paths from v, to 14, and from v, to v, cannot be
strung together to given an optimal path from
v, to V.
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CONVEX OPTIMAL POLYGON TRIANGULATION
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U0y U1y e vns Un—1- Edges are v;U;1, where Un = Vo
solaend Gl gu sediasJlail s oyl 1 ykad
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mli, j| = min {m[i, k] + m[k, j] + ’w(AvZijvk)}

1<k<j

v; i<k<j

i1

mik, jl
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mli, j] = min {m[i, k] + mk, j] + w(avv;0,)} =S )b J g S

<k<j

(Vis Vig1s oo 1)) ddia 55 S gl Obwdlie (s (55 GUL sl

TRIANGULATION(P,n)
m «— array[l..n,1..n]
for : — 1 to n do
mli, i +1] < 0
mik, j] for d < 1ton—-1do
for i< 1ton— ddo
je—t1+d
mi,g] < 00
for k—i1+1toj—1do
g — mli] + mikg] + w(P,[ijH)
if ¢ < m[i,j] then
mli.j] < ¢
return m[1,n
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d=j—i

l—w‘ , l—’J , l—'j n

. -~ A \\
S ylow &= S Sk Z
Row—-major Column—major Diagonal-major
for i <— 1 to n do for j — 1 to ndo for d < 0 to n-1 do
for j«— 1 to n do for i < 1 to n do for i «— 1 to n-d do
je—1i+d

Prepared by Kazim Fouladi | Fall2016 | 2"d Edition

P



Y4 L0309 E1 Jurkons g -l
TR WA LR R

MATRIX CHAIN PRODUCT

ool s G 5 s Sle s calala aual A e WS (858

[123])( it _!2935 41 38]

456 2345 74 89 104 83
6789

ﬁ:‘J‘“’&JJ‘ALAlAd\ﬂUJ:““JJJ‘JL“J@C):‘Sl:‘LS‘JJ
Ix7+2x24+3x6.

3 multiplications

Ca..w‘e‘)‘){bdt_wu).;é YX\GXVT.CJA%.A<JJ‘JJ_@.\£ Yx¥ u‘).aé.‘.‘ataud%
2x4x3=24.
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A x B x (C x D

20x2 2x30 30x12 12x8
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A x B x (C x D

20%2 2x30 30x12 12x8
Caola |y Lo i laas 0 SaS (s 5 alusS

A(B(CD)) 30x12x8 +2x30x 8 +20x2x 8 = 3680
(AB)(CD)  20x2x30+30x12x 8+ 20x 30 x 8 = 8880
A((BC)D) 2x30x124+2%x12x8 +20x2x8 = [1232
((AB)C)D 20x2x30+20%x30x12+20x12x8 = 10320
(A(BC))D 2x30x12420x2x12+20x%x12x8 = 3120
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b A Af Css s (51585 5o lag s slaas J8laa M1 f]
g Gl e
e dal A s Ul sa m[1,n]

ﬁ‘)‘d:ddﬁm&zk(s@)d%%‘ﬁﬂ‘

mli, j] = mli,k] + m[k +1, 5] + p,_1pp;

(A ... A)(A,, ...A)

k+1°"""7
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(Ao A) (A - A)
o Q=]
IV =1 min mli, K]+ mlk 41, ] 4, ypp,} i < g

1<k<j
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S
O Z = ] . P
o ’ : ._AAS* 2850 cddasl
mli, ] min {m[i, k] + m[k + 1, j] + pz‘—lpkpj} i< ] IR

1<k<j

MATRIX-CHAIN-ORDER(p)

n < length(p) — 1 PRINT-OPTIMAL-PARENS (5. 7, ) g 35 Ola
m « array[l..n,1..n] | ifi=j
for i < 1 to n do 2 then print “A”;
mli, 7 < 0 3 else print “(”
for d—1ton—1do 4 PRINT-OPTIMAL-PARENS (s, i, s[i. j])
for i — 1ton— ddo 5 PRINT-OPTIMAL-PARENS (s, s[i, j]+ 1. j)
je—i+d 6 print *)”

mli,j] — oo
for k<— itoj—1do
g < m[ik] + mk+ 1, + pli — 1]*p[k]*p[]
if ¢ < mli,j] then
mli,j] < ¢
sli,g] < k
return m[1,n]
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matrix  dimension

m 5

Aq 30 x 35
Ar 35 x 15
Az 15 %35
Ay 5x 10
As 10 x 20
Ag 20 x 25

m[2,2] 4+ m[3,5] + p1paps = 042500 +35-15-20 = 13000,
m[2,5] = min { m[2, 3] + m[4, 5] + p1p3ps = 2625+ 1000+ 35-5-20 = 7125,
= 7125.
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A x A x A x A
100x1 1x100 100x1 1x100

p=|p, P Py Py py|=|100 1 100 1 100
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MEMOIZAION
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MEMOIZED-MATRIX-CHAIN (p)
1 n < length[p] — 1

2 fori < 1ton

3 do for j < i ton
4 do mli, j] < o
S

return LOOKUP-CHAIN(p, 1, n)

LOOKUP-CHAIN(p, i, J)

if m[i, j] < o0

ifi =

e BN

Prepared by Kazim Fouladi | Fall2016 | 2"d Edition

o

return m(i, )

P

1
2
3
4 then m[i, j] < 0O
5
6

then return m|i, j|

else fork < itoj—1
do ¢ < LOOKUP-CHAIN(p. i, k)

+ LOOKUP-CHAIN(p, k + 1, j) + pi—1pip;

ifg <mli, J]

then ml[i, j] < ¢
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LONGEST COMMON SUBSEQUENCE (LCS)

P oS e OIS Ha ) ) sl
X = (z,2y,...,7,)

s JGs

= (A,C,B,D,B) <t
5 = <A, B, D> ldam)
Z3 = <C,D,A> Al

N
|

caola dlag ) 2",:514;71@1,:@41@.:&3
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LONGEST COMMON SUBSEQUENCE (LCS)

taa S oo LIS 5l ) sl g

X =(z,2y,...,7, ) Y = (Y, Yps--,Y,)
il g 5o gldlon ) € anal gldlos cdlog go S e gddlog o) S

X =(A,B,C,B,D, A, B) 1Jle
Y =(B,D,C,A B, A)

Z, = (B,C,A) s, il

Zy = (A, B) S»ie sdlion;

Zy = (B,D, A, B) Sriiesdlons s2si sk

P
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LONGEST COMMON SUBSEQUENCE (LCS)

tpa S oo LIS 5l s sl g
X:<£U1,$2,...,£Em> Y:<y17y27“'7yn>

col Loy 9o S yidie gadlang yay (8 p8 S gbo 8L 1 Sua
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LONGEST COMMON SUBSEQUENCE (LCS)

X = (z,,25,...,2, ) Y = (Y, Y95, Y,) ELINERE
Xz' — <SU1,272,...,CIZZ.> )/@ — <y17y27“'7y¢> J§|
Z f— <217Z27-.-7Zk> ‘W@Z‘J‘YJX\SJSJLAQS‘UQJJ&}&J:@YJJOJ
Z, = (zl,zQ,...,zZ.>

1. If 2y, = Yns then 2. = 2m = (7 and 8l8 0y

Zﬁ.'—l — LCSF(XHJ.—M }/n—l)'
2. If z,, # y,, then 2z, # z,, implies
& = JLD Kot ¥ )5

3. If x,,, # yn, then z; # y, implies
Z= LS (X, ¥a-1)-

Prepared by Kazim Fouladi | Fall2016 | 2"d Edition

P
JU}(@/



o Loyt )98 ol g b0

S J g0 S 1S yidie (gdladayu ) (8 55 SY gho

LONGEST COMMON SUBSEQUENCE (LCS)

S e Ayl

cli, j] = |[LCS(X,Yj)

(0 ifiorj=0
cli,j]=q cfi—1,j—1]+1 ifz=y ¢
max{c[i,j — 1], c[i — 1,5]} if z; # y;

X =(z,2,,...,2, ) Y =y, %5 9,)
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LONGEST COMMON SUBSEQUENCE (LCS)

LCS-LENGTH(X, Y)
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17

m < length[ X ]
n < length(Y ]
fori < 1tom

do ¢[i,0] <0

for j < Oton

do ¢[0, j] <0

fori < ltom

do for j < 1ton
do if x; = Y

return ¢ and b

then c[i, j] < c[i —1,j — 1]+ 1

bli, j] < *“\”
else ifc[i — 1, j]=c[i,j — 1]

then c[i, j] < c[i — 1, j]

bli. 1 <1
else cli, j] < cli,j — 1]
I)[i, J‘] <_ H.‘(_?Q
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length|vy, va, v3, V4, v ] = 22

length[vy, V3, V2, V4, v1] = 26

length[vy,v3,ve, ve,v1] = 21
I

[?11,'03,’04, 'U2,'U1] a8
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(n—1)(n—2)---(1) = (n— 1) € 6(n!)
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TRAVELLING SALESMAN PROBLEM (TSP)

SIS glaguls stegone |/
ACV SIS sl aegannns & A

053 o 5L S 1830 A Gl 5 51 € Vg GV 3l e G586 S ke D[’Ui, A]

D['Uis A] — ,ﬂlé?q(w[i’]] + D[vj!A - {vj}])! A 7é D1 7é 1,v; ¢ A

D[v;, 2] = Wi, 1]

minimum tour length = D[vy,V — {v1 }]
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V= {'U17 U2’U33U4}

A = {'Us} A =

y ¢

D[’UQ,A] = length['vg,'vg,m] D[’l]g,A] —
= 00

P

1 2 3 4

110 2 9 ©

211 0 6 4

3| 7 0 8

416 3 © 0
{'U3’ 7"4}

'\

lengthlvg, v, v4,v1]
length[ve,v4,vs,v1]

min(20, co)

20



s
455094 (sourd g 8 (sadius
(YY) JGe

TRAVELLING SALESMAN PROBLEM (TSP)

(lawe 3 ) pusis 3 ssmde k= 0 slade gana 3 510 ol

Dlva, 2] 1
Dv3, @] = oo
.D[’U4, .@] = 6
(lawe 3 52 ) pusis Sl ssde b = 1 slade gane ) (5153 s
Dlvs, {v2}] =  min (W[3,35] + Dlv;, {va} — {v;}])
juje{va}
< = W][3,2] + Dv2, 2]
; 1 2 3 4 _ 74+1—38
§ 1o 2 9 o sl s 0
T oot 0 6 a4 Dlvg,{ve}] = 3+1=4
% Divs,{v3}] = 6+ o00=00
L 3| » 7 0 8
5 Dy, {v3}] = o+w=x
: ale 3 @ o Dlva,{va}] = 4+6=10
g Dlvs,{vs}] = 8+6=14
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(lae 3 8) usis 3l ssmde K = 2 slade yans 5 (515 s

D[U‘l-: {UZ! "3}] = j:ujg:jvg-.va}(WH, J] + D[U.fa {”2! U3} - {UJ}D

— miu{ W[4! 2] + D[”2! {93}] }
W[4, 3] + D[”S, {92}]

= min(3+ oco,00+8) =

rpliie b 4

Dlvs, {v2,v4}] = min(7+10,8+4) =12
Dlvs, {vs,v4}] = min(6+ 14,4+ oco) =20
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(lae 3 2) e sis 5l ssmde K = 3 (slade sana 5 (55 pups
D[Uly {1’2:”31'”4}1 = i E}nin }(W[]-t .7] + D[vjv {Ui.’rvfh 'U4} - {'U_f,r}])
w; €{va,vs,vs
W11,2] + D[ve, {va, v4}]
= min{ WI1,3| + D[ws, {v2,v4}]
W11,4] 4 D[vg, {va,v3}]
= min(2+ 20,9 + 12,00 +00) =21 a5 sk

110 2 9 V — {01} slate gans 55
[ [ {2} | {va} | {vs} [ {wa} | {ve,va} | {v2,va} | {vs,va} [ {v2 vs,va} |
211 0 6 4 ¥ 21
D =| 1 00 10 20
3| > 78 0 8 2 o0 8 14 12
N 6 4 o0 00
416 3 oo 0

—
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3 4 2

P[ls {U25 U3’ U4}] P[3’ {UZ! U4}] P[4, {UZ}]

e el alsl pwnsl = P [1][{va, va, v4}] = 3

Sbe ouls e s sl = P [3][{v,, va}] =4
e ool e g sl = P [4][{v2H] =2
g o8

[Vy, U3, Uy, Uz, U4].

| | {2} | {w2} | {ws} | {va} | {v2,va} | {w2,va} | {vs,va} | {wo,vs,va} |
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TRAVELLING-SALESMAN-PROBLEM( W, n)

D « array[l..n, P(V—{v,})]
P «— array[l..n, P(V—{v})]

for 7 <— 2 to n do
Dli, ] — Wi, 1]

for k< 1ton—2do
for all subsets A CV—{v,} containing k vertices do
for i such that ¢ = 1 and v, ¢ A do
D[i, A] « 1Lr}}gf}(W[l,]] + D[v;, A — {v;}])

P[i, A] « value of j that gave the minimum

D['Ul, V- {U1}] &= ngléln(w[lr]] + D[vj' V- {171}])
P[vy,V — {v,}] « value of j that gave the minimum

minlength «— D[v1,V — {v,}]

return minlength
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TRAVELLING-SALESMAN-PROBLEM( W, n)

D « array[l..n, P(V—{v,})]
P «— array[l..n, P(V—{v})]

for i < 2 to n do
Dli, ] — Wi, 1] hal s Lo
(fork<—1ton72do )
for all subsets A CV—{v,} containing k vertices do_—|
for i such that ¢ = 1 and v, ¢ A do

D[i, A] « 1Lr}}gf}(W[l,]] + D[v;, A — {v;}])

Jol sl

k sls g sone S
n-2
ﬁJJ N
m;suuwxb s34
n—1
k

P[i, A] « value of j that gave the minimum

J

D['Ul, V- {U1}] &= ngléln(w[lr]] + D[vj' V- {171}])
Plv,,V — {v,}] « value of j that gave the minimum

minlength «— D[v1,V — {v,}]

return minlength
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TRAVELLING SALESMAN PROBLEM (TSP)

TRAVELLING-SALESMAN-PROBLEM( W, n) . 4 n—1
T(n) = Y (n—1 k)k( . )
D « array[l..n, P(V—{uv,})] k=1
]

P « array[l..n, P(V—{v,}) 2 o 9
= (n—1) k( )
2Ry

for 7 <— 2 to n do

Dli, 2] < Wi, 1 ol (i e = (n-Dn-22""°
[fork«—ltoando )
for all subsets A CV—{v,} containing k vertices do 5o
for i such that i = 1 and v;¢ A do = T(n) € B(n"2%)

D[i, A] « ?}éﬁ(w[l’]] + D[v;, A — {v;}])

é \_ P[i, A] « value of j that gave the minimum )

% Dlvy,V — (v}l « min WI1,j]+ Dlv;, V — {va}]) ouliiel a5 Jse b 50

é Plv,,V — {v;}] « value of j that gave the minimum (n—1_F) ('n ; 1) — 1) (n ; 2)
% minlength «— D[v1,V — {v,}] .

% return minlength ;k (:) =n2""
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TRAVELLING SALESMAN PROBLEM (TSP)

TRAVELLING-SALESMAN-PROBLEM( W, n)

[ D « array|[l..n, P( V—{U1})]]

(P Las R -1
U-LAGJW‘S .@Iuw)szn K]

sae N — 1 sV —{v1} s4e oz
P « array|[l..n, P(V—{v,})

for 7 <— 2 to n do
Dli, ] — Wi, 1]

for k< 1ton—2do S(n) = 2xn2v1

for all subsets A CV—{v,} containing k vertices do = n2"
for i such that ¢ = 1 and v, ¢ A do

D[i, A] « %ég(w[l']] + D[v]-,A — {v]}]) = S(n) c 6(1’&2")

P[i, A] « value of j that gave the minimum

D['Ul, V- {U1}] &= ngléln(w[lr]] + D[vj' V- {171}])
P[vy,V — {v,}] « value of j that gave the minimum

minlength «— D[v1,V — {v,}]

return minlength
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0/1-KNAPSACK

S = {item,,item,,...,item }
w; = weight(item,)
p, = value(item,)

W = total weight of knapsack

select A C S

maximize Z ;T
item, €A
subject to Z wer, <W
item, €A
where r, €{0,1}, 1<i<n
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Greedy algorithm
does not work for
0-1 knapsack problem
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0/1 sagd S galivue

cails 4alal M) g (st gane sl S A 0 o (8
:.JJLJJJ%JC.J‘AJJ
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0/1 s gs salivus
Lo (aisd 5058
0/1-KNAPSACK
sl S 55y pola€ s P
ladakd slaa3 72
pliaaks vy, Py
pliaks oy Wy
(W 31T US 035 55la pae wd cule 5 L) s skl 1 AT 5 Juols sings oo P2, W]
1 >0, w>0
. max(P[i — 1, w|,p; + Pli — 1, w —w;]) ,w; <w
Pli,w| = :
Pli— 1, w] Wi > W

Pli, 0] = P[0, w] = 0
caiie iKlia = Pn, W]
P[0..n,0..W]
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S

0/1-KNAPSACK

. ¢ f max(Pli —Lw],p; + Pli—L,w—w;]) ,w;<w
P[z’w]_{ Pli—1,w] R

Pli, 0] = P[o,w] =0

0/1-KNAPSACK(}),U}, W) cuadie SiSlaa = P[n, W]
n «— length(p)
P « array|0..n, 0.. W]
for w < 0 to W do
PO, w] « 0
for 1 < 0 to n do
Pli, 0] <« 0
for i < 1 to n do
for w < W downto w, do
if Pli - 1,w— w)] + p, > P[i — 1,w| then
Pli, w| « Pli— 1,w— w] + p,
else P[i, w| < P[i— 1,
return P[n, W]
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0/1-KNAPSACK

0/1-KNAPSACK(p,w, W)
n «— length(p)
P « array|0..n, 0.. W]
for w < 0 to W do
PO, w] < 0
for i < 0 to n do
Pli, 0] « 0
for i < 1 to n do
for w < W downto w, do
if Pli — 1,w— w] + p; > P[i — 1,uw| then
Pli, w] < Pli—1,w—w)] + p,
else P[i, w| < P[i— 1,
return P[n, W]

nW € @(RW) P05 g o alas S (5 ymlic ulaad
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