
 ﹏Â¨VG ² ¿W0ay«FÃ`³﹍©0 1½ 

¾\﹐³﹁ «}1﹋
aG³ÂB﹞1﹋ ² قa? ¿i]°¼﹞ ¶]﹊l±0\

®0a¼G ¶1﹍l±0\

http://courses.fouladi.ir/algorithm

Methods of Algorithm Design: Divide and Conquer

ª`1¼S IV>﹞
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·>¨︾ ² «Âh﹆G j²` 1? «FÃ`³﹍©0 ¿W0ay

•«Âh﹆G aG ﹉S³﹋ ¾ ·±³¬± ]°S 1Ã ﹉Ã ·? ·¨Æh﹞ ﹉Ã b0 ¾0 ·±³¬±
•﹏W aF﹊S³﹋ ¾1½ ·±³¬±

• b0 ċ]±\³>± ﹉S³﹋ ¿﹁1﹋ ¾ ¶b0]±0 ·? aG ﹉S³﹋ ¾1½ ·±³¬± a﹎0El﹎b1? Â°﹋ Á﹞ ¶\1﹀Fi0«Ċ
• 0` 1¼±2 ċ]±\³? ﹉S³﹋ ¿﹁1﹋ ¾ ¶b0]±0 ·? aG ﹉S³﹋ ¾1½ ·±³¬± a﹎0Ø1¬Â﹆Fh﹞ «Â°﹋ Á﹞ ﹏WĊ

•=Â﹋aG ·Â©²0 ¾ ·±³¬± ﹏W  ¶0` ¯F﹁1Ã À0a? aG ﹉S³﹋ ¾1½ ·±³¬± ﹏W ¶0`

 ·﹋ ]°Fh½ ﹏W ﹏?1﹇ j²` ¯Ã0 1? ¿¨Ç1h﹞«Âh﹆G ﹏?1﹇  ]°m1?
 b0 0` ·¨Æh﹞ ﹏W ¶0` ®0³F? ² ®2 À1½ ·¨Æh﹞aÃb ﹏W\a﹋ 0]ÂCĊ
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·>¨︾ ² «Âh﹆G ÁFl﹎b1? ︹?0³G À0a? ·>Ga﹞ ¾ ·>i1V﹞

logb a p

p p
b

p p
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logb a p
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logb a p

p p
b

p p
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﹝1Jل

3
2

5
3

5
3

3
4

2
2

4

33

2

1) ( ) 2 ( ) , (1) 0

2) ( ) 10 ( ) , (1) 0

3) ( ) 2 ( ) 6 , (1) 6

4) ( ) 40 ( ) 2 , (1) 5

5) ( ) 16 ( ) 7 , (1) 1

6) ( ) 4 ( ) 2 , (16) 50

7) ( ) 2 ( ) log , (1) 0

8) ( ) 3 ( ) , (1) 0.5

9) (

n

n

n

n

n

n

n

n

T n T n T

T n T n T

T n T n T

T n T n T

T n T n T

T n T n T

T n T n T

T n T n T

T

= + =

= + =

= + =

= + =

= + =

= + =

= + =

= + =

3

2

) ( ) 1, (1) 0

10) ( ) 2 ( ) 1, (1) 0

n

n

n T T

T n T T

= + =

= + =
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¿Ã²\²\ ¾³NFhO

BINARY SEARCH

¾\²`² č ¾ ¶]m =Ga﹞ ¾ ·Ã0`2 Ě¾\³︺q ę ]Â¨﹋ ²
¿O²a[č \³O² ª]︻ D`³q `\ ċ·Ã0`2 `\ ]Â¨﹋ gÃ]±0 ča﹀q

﹏W ¶0`čBINARY-SEARCH(A[i,j],x)

←

BINARY-SEARCH(A[i,m -1],x) BINARY-SEARCH(A[m +1,j],x)
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¿Ã²\²\ ¾³NFhO č1لJ﹞

x = 18
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¿Ã²\²\ ¾³NFhO

¾\²`² č ¾ ¶]m =Ga﹞ ¾ ·Ã0`2 Ě¾\³︺q ę ]Â¨﹋ ²
¿O²a[č \³O² ª]︻ D`³q `\ ċ·Ã0`2 `\ ]Â¨﹋ gÃ]±0 ča﹀q

BINARY-SEARCH(A, i, j, x)
if i ≤ j then

m ← ⎣(i+j)/2⎦
if x = A[m] then

return m
else if x < A[m]

return BINARY-SEARCH(A, i, m -1, x)
else � x > A[m]

return BINARY-SEARCH(A, m +1, j, x)
else  

return 0

0aO0 ®1﹞b č Á¨q0 ﹏¬︻ ¾0aO0 \0]︺G =hW a?Ě·hÃ1﹆﹞ čęΘ
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¿﹞1︾\0 ¾b1i =Ga﹞

MERGE SORT

?· č À ·Ã0`2 ¾b1i =Ga﹞ ¾\³︺q D`³q ½[ف

﹏W ¶0`čMERGE-SORT(A[i,j])

←

MERGE-SORT(A[i,m]) MERGE-SORT(A[m +1,j])

MERGE(A[i,m],A[m+1,j])
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¿﹞1︾\0 ¾b1i =Ga﹞ č1لJ﹞
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¿﹞1︾\0 ¾b1i =Ga﹞

MERGE SORT

?· č À ·Ã0`2 ¾b1i =Ga﹞ ¾\³︺q D`³q ½[ف

MERGE-SORT(A, i, j)
if i < j then

m ← ⎣(i+j)/2⎦
MERGE-SORT(A, i, m)
MERGE-SORT(A, m+1, j)
MERGE(A, i, m, j)

0aO0 ®1﹞b č Á¨q0 ﹏¬︻ ¾0aO0 \0]︺G =hW a?Ě·hÃ1﹆﹞ čęΘ
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 «FÃ`³﹍©0ª1︾\0 =Ga﹞ ¾ ·Ã0`2 ²\

MERGE ALGORITHM

č aF﹊S³﹋ =Ga﹞ ¾ ·Ã0`2 ²\ ~1¬FO0 b0 =Ga﹞ ¾ ·Ã0`2 ﹉Ã \1NÃ0  ² ½[ف

0aO0 ®1﹞b č Á¨q0 ﹏¬︻ ¾0aO0 \0]︺G =hW a?ĚÁÃ1N?1O čę

ERGE

ERGE

ERGE

ERGE

M ( [1.. ], [1.. ])

[M ( [1.. 1], [1.. 1]), [ ], [ ]] , [ ] [ ]

[M ( [1.. 1], [1.. ]), [ ]] , [ ] [ ]

[M ( [1.. ], [1.. 1]), [ ]] , [ ] [ ]

X n Y m

X n Y m X n Y m X n Y m

X n Y m X n X n Y m

X n Y m Y m X n Y m

=

⎧⎪ − − =⎪⎪⎪ − >⎨
⎪⎪⎪ − <⎪⎩

ERGEM ( ,[ ])X X=

0aO0 ®1﹞b č Á¨q0 ﹏¬︻ ¾0aO0 \0]︺G =hW a?Ě·hÃ1﹆﹞ čę aJ﹋0]W
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︹Ãai ¾b1i =Ga﹞

QUICK SORT

?· č À ·Ã0`2 ¾b1i =Ga﹞ ¾\³︺q D`³q ½[ف

﹏W ¶0`čQUICK-SORT(A[i,j])

←

A<← QUICK-SORT(A<) A>← QUICK-SORT(A>)

(A<,A>) ← PARTITION(A,π)

return [A<,A[π],A>]
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 «FÃ`³﹍©0b0a﹁0 ¾`³V﹞ ap°︻ f1i0 a? ¾ ·Ã0`2 ﹉Ã

PARTITION ALGORITHM BASED ON PIVOT ITEM

¾č`³V﹞ ap°︻ b0 aF﹎`c? ² aF﹊S³﹋ aq1°︻ b0 ·Ã0`2aÃb ²\ ·? ·Ã0`2 b0a﹁0 ½[ف

UICK- ORT UICK- ORT UICK- ORT

UICK- ORT

Q S ( [1.. ]) (Q S ( ), [ ],Q S ( ))

Q S ([ ]) [ ]

X n X X Xπ< >=

=

0aO0 ®1﹞b č Á¨q0 ﹏¬︻ ¾0aO0 \0]︺G =hW a?Ě·hÃ1﹆﹞ čę
Ě]±³m ·hÃ1﹆﹞ ¾`³V﹞ ap°︻ 1? ]Ã1? 1½ap°︻ ¾ ·¬½ ċ¾`³V﹞ ap°︻ cN?ę

b0a﹁0č
  <X č¾ ·Ã0`2X   1? À²1h﹞ 1Ã b0 aG گ`c? aq1°︻ ف_W b0 gC]π[X
  >X č¾ ·Ã0`2X   1? À²1h﹞ 1Ã b0 aG ﹉S³﹋ aq1°︻ ف_W b0 gC]π[X
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︹Ãai ¾b1i =Ga﹞ č1لJ﹞

15         22       10        27       13        12        20       25 
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︹Ãai ¾b1i =Ga﹞

QUICK SORT

?· č À ·Ã0`2 ¾b1i =Ga﹞ ¾\³︺q D`³q ½[ف
QUICK-SORT(A, i, j)

π ← 1
if i < j then

π ← PARTITION(A, i, π, j)
QUICK-SORT(A, i, π-1)
QUICK-SORT(A, π+1, j)

wi³F﹞ E©1W 0aO0 ®1﹞b č Á¨q0 ﹏¬︻Ě·hÃ1﹆﹞ čęΘ

E©1W ¯ÃaG]? 0aO0 ®1﹞b č Á¨q0 ﹏¬︻ =hW a?Ě·hÃ1﹆﹞ čę

Ei0 wi³F﹞ E©1W `\ «FÃ`³﹍©0 \a﹊¨¬︻ ﹏Â©\ ·? ċ︹Ãai ¾b1i =Ga﹞ ª1± <1ZF±0ĉ
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gÃaG1﹞ ²\ <au ¾0a? ¯i0aFi0 j²`

11 12 11 12

21 22 21 22

A A B B
A B

A A B B

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= =⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

1 4 5 7 3 5

2 4 1 3 2 6

M M M M M M
A B

M M M M M M

⎡ ⎤+ − + +
⎢ ⎥× = ⎢ ⎥+ + − +⎢ ⎥⎣ ⎦

1 11 22 11 22

2 21 22 11

3 11 12 22

4 22 21 11

5 11 12 22

6 21 11 11 12

7 12 22 21 22

( )( )

( )

( )

( )

( )

( )( )

( )( )

M A A B B

M A A B

M A B B

M A B B

M A A B

M A A B B

M A A B B

= + +

= +

= −

= −

= +

= − +

= − +

 0aO0 ®1﹞bĚ¿©³¬︺﹞ «FÃ`³﹍©0 čę
 Á¨q0 ﹏¬︻ =hW a?Ě<au čę
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gÃaG1﹞ ²\ <au ¾0a? ¯i0aFi0 j²`

STRASSEN(A, B, n)
if n > 1 then

else return A * B

11 12 21 22

11 12 21 22

TRASSEN
1 11 22 11 22 2

TRASSEN
2 21 22 11 2

TRASSEN
3 11 12 22 2

TRASSEN
4 22 21 11 2

TRASSEN
5 11 12 22 2

TRASSEN
6

, , ,  divide 

, , ,  divide 

S ( , , )

S ( , , )

S ( , , )

S ( , , )

S ( , , )

S

n

n

n

n

n

A A A A A

B B B B B

M A A B B

M A A B

M A B B

M A B B

M A A B

M

←

←

← + +

← +

← −

← −

← +

←
21 11 11 12 2

TRASSEN
7 12 22 21 22 2

11 1 4 5 7

12 3 5

21 2 4

22 1 3 2 6

11 12

21 22

( , , )

S ( , , )

n

n

A A B B

M A A B B

C M M M M

C M M

C M M

C M M M M

C C
C

C C

C

− +

← − +

← + − +

← +

← +

← + − +

⎡ ⎤
⎢ ⎥← ⎢ ⎥
⎢ ⎥⎣ ⎦

return

2

2

log 7 2.81

( ) 7

(1) 1

( )

nT n T

T

T n n n

⎧⎪ =⎪
⎨
⎪ =⎪⎩
⇒ = =

 0aO0 ®1﹞bĚ¯i0aFi0 «FÃ`³﹍©0  čę
 Á¨q0 ﹏¬︻ =hW a?Ě<au čę
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c? UÂVq \0]︻0 <au`گ
﹝1Jل

 «﹇` a½
·Ã0`2 ¾ ·±1[ ﹉Ã `\č

5 4 3 1 2 7

[6] [5] [4] [3] [2] [1]S S S S S S

� �

� �

3

3 digits 3 digits6 digits
3

4 digits 3 digits7 digits

567, 832 567 10 832

9,423,723 9423 10 723

= × +

= × +

���������

�����������

3 3

6

3

567,832 9,423,723 (567 10 832) (9423 10 723)

(567 9423) 10

(567 723 9423 832) 10

(832 723)

× = × + × × +

= × ×

+ × + × ×

+ ×
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c? UÂVq \0]︻0 <au`گ
¿¨﹋ E©1W č\`0]±1Fi0 «FÃ`³﹍©0

 0aO0 ®1﹞bĚ¿©³¬︺﹞ «FÃ`³﹍©0  čę
 Á¨q0 ﹏¬︻ =hW a?Ě<au čę

� �

2 2
 digits  digitsn n

u x y

⎢ ⎥ ⎡ ⎤
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎢ ⎥

� �

22
 digits digits nn

v w z

⎡ ⎤⎢ ⎥
⎢ ⎥⎢ ⎥ ⎢ ⎥⎣ ⎦

2

n
m

⎡ ⎤
⎢ ⎥=
⎢ ⎥⎢ ⎥2

10

10

( 10 )( 10 )

10 ( ) 10

m

m

m m

m m

u x y

v w z

u v x y w z

wx xz yw yz

= × +

= × +

× = × + × +

= × + + × +

( )
2

( ) 4

( ) 0

nW n W cn

W s

= +

=
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c? UÂVq \0]︻0 <au`گ
¿¨﹋ E©1W č·F﹁1Ã\³>¼? «FÃ`³﹍©0

� �

2 2
 digits  digitsn n

u x y

⎢ ⎥ ⎡ ⎤
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎢ ⎥

=

� �

22
 digits digits nn

v w z

⎡ ⎤⎢ ⎥
⎢ ⎥⎢ ⎥ ⎢ ⎥⎣ ⎦

=

]±³m ¯ÂÂ︺G ]Ã1? aÃb aÃ\1﹆﹞č

( )( )

( )

r x y w z

xw xz yw yz

xz yw r xw yz

= + +

= + + +

⇒

+ = − −

]?1Ã Á﹞ k½1﹋ ·i ·? `1¼S b0 1½ <au \0]︺G ·>i1V﹞ ¯Ã0 1?č
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c? UÂVq \0]︻0 <au`گ

� �

2 2
 digits  digitsn n

u x y

⎢ ⎥ ⎡ ⎤
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎢ ⎥

=

� �

22
 digits digits nn

v w z

⎡ ⎤⎢ ⎥
⎢ ⎥⎢ ⎥ ⎢ ⎥⎣ ⎦

=

LARGE-NUMBERS-MULTIPLY(u, v, n)
if n > 1 then

(x,y) ← divide(u, ⎣n/2⎦)
(w,z) ← divide(v, ⎣n/2⎦)
xw ← LARGE-NUMBERS-MULTIPLY(x, w, ⎣n/2⎦)
yz ← LARGE-NUMBERS-MULTIPLY(y, z, ⎣n/2⎦)
r   ← LARGE-NUMBERS-MULTIPLY(x+y, w+z, ⎣n/2⎦)
return

else 
return u × v

210 ( ) 10m mwx r xw yz yz× + − − × +

 0aO0 ®1﹞bĚ·F﹁1Ã \³>¼? «FÃ`³﹍©0  čę
 Á¨q0 ﹏¬︻ =hW a?Ě<au čę

( )
2

log 3 1.582
( ) 3

( )
(1) 1

nT n T
T n n n

T

⎧⎪ =⎪ ⇒ = =⎨
⎪ =⎪⎩

 ¾1½ ®0³G `\ <au۱۰ \³m ¿﹞ ª1N±0 ·Ã0`2 AS ·? E﹀Âm 1?Ċ
 \]︻ ²\ ﹅Ãa﹀G ² ︹¬On  ¿x[ ®1﹞b `\ «½ ¿¬﹇`n \³m ¿﹞ ª1N±0Ċ
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1½ ¾b1? E¬±`³G

2 2
( ) ( )

( ) 1
(2) 1

n nf n f
f n n

f

⎧⎪ = +⎪ ⇒ = −⎨
⎪ =⎪⎩

 ċ¿﹁_W ª1O ﹉Ã `\n ]°°﹋ Á﹞ E﹋am «ÂG Ċ ċEhZ± `²\ `\n/2  \³m Á﹞ `0c﹎a? ¾b1?
 ²n/2  ]°°﹋ Á﹞ ¾b1? ¾]︺? `²\ `\ ¶]±a?Ě«Ã`0]± ¾²1h﹞ ęa[2 1G `³y ¯Â¬½ ²č
•ĈEi1G ]°S ﹏﹋ `\ 1½ ¾b1? \0]︺G
•ĈEi1G ]°S ¾b1? ¾1½`²\ \0]︺G

1½ Àb1? \0]︺G

2
2

( ) ( ) 1
( ) log

(2) 1

ng n g
g n n

g
1½`²\ \0]︺G

2kn =
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Ĉ\a﹋ ¶\1﹀Fi0 ·>¨︾ ² «Âh﹆G j²` b0 ]Ã1>± 1N﹋

]°°﹋ ¿﹞ 0]ÂC ¿±1m³B¬½ «½ 1? 1½ ·¨Æh﹞aÃb ¿F﹇²č
• ¾ ¶b0]±0 ·? À0 ·±³¬± ÁF﹇²n  ¾ ¶b0]±0 ·﹋ \³m Á﹞ «Âh﹆G ·±³¬± ]°S 1Ã ²\ ·?

  Ø1>Ãa﹆G cÂ± 1¼±2n Ei0Ċ
•\³m Á﹞ ÁÃ1¬± 0aO0 ®1﹞b D`³q ¯Ã0 `\Ċ

• ¾ ¶b0]±0 ·? ¾0 ·±³¬± ¿F﹇²n   Ø1>Ãa﹆G ·?n  ¾ ¶b0]±0 1? ·±³¬±n/c  \³m «Âh﹆G
 ·﹋c>1 ]m1?Ċ
• ÁÃ1¬± b0 aG]? 0aO0 ®1﹞b D`³q ¯Ã0 `\Ě﹏Ã`³F﹋1﹁ ę\³m Á﹞Ċ

 ĕ ¾0 ·¨Æh﹞ a﹎0Ø1G0^  ċ]m1? ·Fm0\ ÁÃ1¬± b0 aG]? ² ÁÃ1¬± ¾1½ ®1﹞b ·? b1Â±
Ei0 Á﹆x°﹞ ·>¨︾ ² «Âh﹆G j²` b0 ¶\1﹀Fi0Ċ
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·±1Fi2 aÃ\1﹆﹞ ¯ÂÂ︺G

THRESHOLDS

¿±0³[0a﹁ ®2 b0 aF¬﹋ aÃ\1﹆﹞ ¾0b0 ·? ·﹋ ¾\²`² ¾ ¶b0]±0 b0 ¾`0]﹆﹞ ¯ÂÂ︺G 
\`0\ ¾aF¬﹋ ¿Ã0`1﹋ ¿Fl﹎b1?č

\³m ¶\1﹀Fi0 ¾a﹍Ã\ «FÃ`³﹍©0 b0 Ei0 aF¼? 1N°Ã0 `\Ċ

 ĕ]m1>± \a﹁ ·? apV°﹞ Ei0 ¯﹊¬﹞ ·°Â¼? ¾ ·±1Fi2 `0]﹆﹞ĉ


