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MARKOV DECISION PROBLEMS (MDPS)
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MARKOV DECISION PROBLEMS (MDPS)
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Prepared by Kazim Fouladi | Spring 2021 | 4% Edition

K%

B

1 START

1 2

3

4

+1 348 4 (w5 START 5l oS pa

0.8

0.1 0.1

paie oS ja IS (g4al Jlaal a5 55

[Up, Up, Right, Right, Right]

PO

?

S s (5155 sl

Lass ol g3 el La i€ 31 ol 3L bauae 33

i€ e Ja 1 s Lagai€ 5l el o5 S

4

(Crslisn) il o0 (praah ey LT ds Coaal (1500 4S olacslla (s4an (51500 Jole GEOS twals Jaoly 5




55 Lo (5 paSpancl Jiluss
o

-

PoLICY

IS . o GA-UJ“ LLUJ
7“'(8) S OGS alla o (gl s gulgidng (S Pl'“
olicy

a9 aladl (L8 da Wb gums sa o 51 Wl o Llnad (IS 58 T G P D

%k D e o 44.\.@4. Caeulay
T (S) 5 San alla 5 (5l GBS 0 S D
Optimal Policy

Prepared by Kazim Fouladi | Spring 2021 | 4% Edition

K%



A

S35 5le (5 pSpaaal Jiluws
SSske soSaraad ilue blie 5o gaiia Jilus
SEARCH PROBLEMS VS. MDPS

S 55 Lo (5 pSpaaual (galive s (gdiwe
Markov Decision Problem (MDP) Search Problem
m(s) g owbin S 8L i sua g Ulon S sl saa

§ (San s 5 5l RS G i 1 S

S aiS ot pail Sl 1520)
(350 saie il alo€ 4 lakd (1S 5o

Prepared by Kazim Fouladi | Spring 2021 | 4% Edition

L]
’U};b/



Prepared by Kazim Fouladi | Spring 2021 | 4% Edition

Ses b SosSasaad Jilus
JBe 1 3 Sk (s Spraiad il 0 S o

SOLVING MDPS

0.8

0.1 0.1

s 2Son S it Jletal 05 Optimal policy when state penalty 12(s) is —0.04:

3 3 — — —
2 [=1] 2 [-1]
1 START 1 -
1 2 3 4 1 2 / 3 4
.Alsu_n%a&:\}‘b‘):\u_r)!\gjeA‘J‘IQJJJJUSJ‘QJJJ:\Q‘:\AQ‘JJ:‘GAJJZ‘Ctblsﬂua’ém?:mm:\

* 0

7Y



Al

Prepared by Kazim Fouladi | Spring 2021 | 4% Edition

5 e (5 S psasc Jibuns
oilaly 5 S

RISK AND REWARD

| | | | >
¢ (== | A b =

r=[-o :-1.6284] r=[-0.4278 : —=0.0850]

| | > | | >
b b |=3| | - | =

r=[-0.0480 : —0.0274] r=[-0.0218 : 0.0000]

_L\Su_c ‘)33:.3 u.“&‘..sl:‘ LS‘J-’ alil o LsLAaJLﬁ L$ 4.\:\.@_\ L;Léc.\_ul:u.u
Sl (S SLL e slacdla (Blaly Slale 4 S5 5 Gl ©lwdS o 01

* 0

7Y



Prepared by Kazim Fouladi | Spring 2021 | 4% Edition

V¥

5 95 Lo (5 S asaal Jiluo

VB Glaly 5 S, (5158

RISK AND REWARD

Sod (o) e slagslaly (6l s dags crulaws

* e

| | ||
A > | [=]
| | 4

R(s) <-1.6284

DR

Mb‘l)‘&&‘)‘d@dﬁ;‘&a




Prepared by Kazim Fouladi | Spring 2021 | 4% Edition

\O

5 95 Lo (5 S asaal Jiluo

VB ilaly 5 Sen s 0518

RISK AND REWARD

L sio (dassa) (e slagilaly (510 dag cliw

| | | [
A b =

V-r =

-0.4278 < R(s) < -0.0850

i o LI, 1 G i (150 sae (306 S Jale g el wili Al Jole (50 (S
Jﬁ&gw}é‘J'leulL@gu&duA‘(#)&t\JJ

(-5 a1 (3,1) 3115 ss0lae sl Jole 4 33 sls ala  shac)




Prepared by Kazim Fouladi | Spring 2021 | 4% Edition

\F

5 95 Lo (5 S asaal Jiluo

Ve Gilaly 5 San, 05165

RISK AND REWARD

S oS (dan) e slagilaly sl dap sl

| | |||

A ]

4 -+ | =

-0.0221 < R(s) < 0

Sl 1D S et G cwbiw el ol o

(JJEJ‘&JQ;‘L;A‘JJE‘)[:\A;-].QJ‘A)J&L@EUJJL@'].C,\."AJ‘[)MJ)JJ[—}J—’\S;AW&LC (3,2)3(4,1))J)




Prepared by Kazim Fouladi | Spring 2021 | 4% Edition

VWV

5 95 Lo (5 S asaal Jiluo

RISK AND REWARD

¥ dbe : Gulaly s San, 05165

e glailaly gl s dup cnwliw

<+

<+

<+

[=]

<+

<+

<+

R(s)>0

Pl (iAo ed) Jole KU

el i i 58 3 358 U elle (3.3) 5 (3,2) 5 (A1) L La i <€ sLest)
(.AJJT‘J—A C.\-A-AJJ‘\.)G_AU:\.A[_\Q_&‘J‘:»JSJJ ‘u—“:‘lé GL&CA-HA‘L)JJJJ ‘Au\.c).lalA‘\_.sJ.aL{‘_J




Prepared by Kazim Fouladi | Spring 2021 | 4% Edition

A

Qs sladdlig (suien g

UTILITY OF STATE SEQUENCES
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stationary preferences
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e saeasw o6 1) Additive utility function:

U([s0, 51,82, - -]) = R(s0) + R(s1) + R(s2) +

Qb ddas guessw b 2) Discounted utility function:

U([S(), S1, 52, .. D = R(S(]) + ’}“R(S]) —+ 72R(52) + -

where 7 is the discount factor wiss, <t
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Utility of States: Optimal policy when state penalty £(s) is —0.04:
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UTILITY OF STATES
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Problem: infinite lifetimes = additive utilities are infinite

1) Finite horizon: termination at a fixed time T’
= nonstationary policy: 7(s) depends on time left

2) Absorbing state(s): w/ prob. 1, agent eventually “dies” for any 7
= expected utility of every state is finite

3) Discounting: assuming v < 1, R(s) < Ry,
U([S()v e 396]) - Ei()'}/fR(St) % Rmax/(l - 7)
Smaller v = shorter horizon

4) Maximize system gain = average reward per time step
Theorem: optimal policy has constant gain after initial transient
E.g., taxi driver's daily scheme cruising for passengers
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DYNAMIC PROGRAMMING: THE BELLMAN EQUATION

o
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Definition of utility of states leads to a simple relationship among utilities of

neighboring states:

expected sum of rewards
= current reward

+ v X expected sum of rewards after taking best action

Bellman equation (1957):
U(s) = R(s) + v max 2yU(s)T(s,a,s)

U(1,1) = —0.04
+ v max{0.8U(1,2) + 0.1U(2,1) + 0.1U(1, 1),
0.9U(1,1) + 0.1U(1,2)
0.9U(1,1) + 0.1U(2,1)
0.8U(2,1) + 0.1U(1,2) + 0.1U(1, 1)}

One equation per state = n nonlinear equations in 7 unknowns

up
left

down
right
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VALUE ITERATION ALGORITHM

|dea: Start with arbitrary utility values
Update to make them locally consistent with Bellman eqgn.
Everywhere locally consistent = global optimality

Repeat for every s simultaneously until “no change”

U(s) — R(s) +v max 2gU(s")T(s,a,s)  forall s

1 4.3)
=2 B U (3,3)
= (2,3)
©
L (L,D
g - A e (371)
j 05 ‘r' ",‘ o ’ .
g . “‘,‘ / S T (4]
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Number of iterations
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VALUE ITERATION ALGORITHM: CONVERGENCE
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Define the max-norm ||U|| = max; |U(s)],
so ||[U — V|| = maximum difference between UU and V'

Let /" and U""! be successive approximations to the true utility I/
Theorem: For any two approximations /! and V"
U =V <A ||U* = V]

|.e., any distinct approximations must get closer to each other
so, in particular, any approximation must get closer to the true UU
and value iteration converges to a unique, stable, optimal solution

Theorem: if ||U — U!|| < ¢, then ||U™ — Ul| < 2ev/(1 — )
l.e., once the change in U’ becomes small, we are almost done.

MEU policy using UU" may be optimal long before convergence of values
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PoLICY ITERATION ALGORITHM
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Howard, 1960: search for optimal policy and utility values simultaneously

Algorithm:
7 «<— an arbitrary initial policy
repeat until no change in 7
compute utilities given 7
update 7 as if utilities were correct (i.e., local MEU)

To compute utilities given a fixed 7 (value determination):
U(s) = R(s) +v2yU(sT(s,m(s),s")  foralls

i.e., n simultaneous linear equations in 7 unknowns, solve in O(n3)
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MODIFIED POLICY ITERATION ALGORITHM

Policy iteration often converges in few iterations, but each is expensive

|dea: use a few steps of value iteration (but with 7 fixed)
starting from the value function produced the last time
to produce an approximate value determination step.

Often converges much faster than pure VI or Pl

Leads to much more general algorithms where Bellman value updates and
Howard policy updates can be performed locally in any order

Reinforcement learning algorithms operate by performing such updates based
on the observed transitions made in an initially unknown environment
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POMDP has an observation model O(s, ¢) defining the probability that the
agent obtains evidence ¢ when in state s

Agent does not know which state it is in
= makes no sense to talk about policy 7(s)!!

Theorem (Astrom, 1965): the optimal policy in a POMDP is a function
7(b) where b is the belief state (probability distribution over states)

Can convert a POMDP into an MDP in belief-state space, where
T'(b,a,b) is the probability that the new belief state is 0/
given that the current belief state is b and the agent does a.
|.e., essentially a filtering update step
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Solutions automatically include information-gathering behavior

If there are n states, b is an n-dimensional real-valued vector

= solving POMDPs is very (actually, PSPACE-) hard!
The real world is a POMDP (with initially unknown 7" and O)
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DECISIONS WITH MULTIPLE AGENTS: GAME THEORY
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MECHANISM DESIGN
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Stuart

Russell EArficial Intelligence

Peter

Norvig A Modern Approeach

P Fourth Edition

Stuart Russell and Peter Norvig,
Artificial Intelligence: A Modern Approach,
4th Edition, Prentice Hall, 2020.

Chapter 17
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