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TIME AND UNCERTAINTY
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X, = set of unobservable state variables at time ¢
e.g., BloodSugar,, StomachContents,, etc.

Lol 5o sodssaaline sald slajuite gde ganao
E; = set of observable evidence variables at time ¢
e.g., MeasuredBloodSugar;, PulseRate;, F'ood Eaten,

el e 4 Gl g (218 (g65)05)) fliuwS Gloy 458 L

Notation: X, = X, Xot1, .-, Xp_1, Xp

Prepared by Kazim Fouladi | Spring 2017 | 2" Edition

o
&



Prepared by Kazim Fouladi | Spring 2017 | 2" Edition

(S55,be slae puany) B s sle slasiai 8

Sles 10l (slasastie 5l (s hm Sad S5 ulal

S8 5ke a8 ) suliial il

el Bl 5 Xy g 51 SIS sle gane ) 4 X

S S le 28

Markov Assumption
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First-order Markov process: P (X;| X 1) = P(X|X; 1)
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Second-order Markov process: P (X;| X, 1) = P(X;|X; o, X; 1)
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Sensor Markov assumption: P(E;| X, Ey, 1) = P(E;|X})
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STATIONARY PROCESS

Stationary process: transition model P(X,;|X; ;) and
sensor model P(E;|X;) fixed for all
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INFERENCE TASKS OVER TIME

£ e S praal w58 4 b adls L
d\g;s-w,)d-“ S peas sl 9 s (g3 909 L) uAJS v
Filtering: P(X,|e,) Filtering
aals & sas S ik wline) (Sae (1S sladllis b5 ..
( OI= UJJSJ_J%S . ) US'QAU"""SCS B3 (2200 (5“""",,.0 -
Prediction: P(X,.;|ei) for k > 0 Prediction
<sbs (¢! . 3 elaedla fuads | - ‘
(oSob sl sosra) L8 s Oradd S Sies 5o a8

Smoothing: P(Xj|ej;) for 0 < k <t Smoothing

i sh JBIS b SLa€g a8 iyl o usu,lS o
CEX 2R B bdbls Ha a5y RN,
Most likely explanation: arg maxy, , P(xy.|e,)  Methke tplanaton
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FILTERING
JB sy Jole S anaal w58 4 (50505 — (Lol alla Ga S Jlis) H ek adla

Filtering: P(X,|e.)

P(Xirilerr1) = flew1, P(Xilers))
P(Xfﬂ\el:rﬂ) - P(Xf+1|61:m et+1)

= aP(e 1| X1, e1) P(Xyp1|ery)
= aP(er1|Xi1)P(Xit1ler)

. - 2
&

(ool alls Ha S Jlos 1 dua) 4 i oo sassls aa (monitoring) o, Sy 3l
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Filtering: P(X;|e;) Filtering
X, 595 6S¢ sana b Su iy

P(Xii1lenir1) = aP(er1]Xe1) 2, P(Xep1[x¢, €14) P(x¢ €1 4)
= aP (e 1] Xsy1) 2%, P(Xi 1 [x0) P(x¢]€14)

f1:f+1 = FORWARD(fl:tj e{+1) Where fl:f :P(X,L]el:f)
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FILTERING (e
0 0.500 0.627
P(RO) = . . Umbrella,
0.5 0.500 0.373
True 0.500 0.318 O.g83 PR, | u)
False 0.500 0.182 0.117 =S P(R, | )P0 | w)
0.7 0.3
U, = true =103 0.818 + 07 0.182
10.627
P(R) =Y P(R | 1)P(r 0.373

)
= P(R, | n, = true)P(r, = true)
+ P(R, | , = false)P(r, = false)

0.7 0.3 0.5
= 0.5 + 0.5 =
0.3 0.7 0.5 P(R, | w) = aP(y, | B)P(R)
0.9] (0.5
= .
0.2]]0.5
B [0.45 _|0.818
Y01l o182

S
<

=

P(R, | uy,uy) = aP(uy | By)P(R, | u)

0.9
0.2
0.565
0.075

0.627
0.373
0.883
0.117
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SMOOTHING
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Smoothing: P(X|ei,) for 0 < k <t

LT

Divide evidence e, into €., €11

P(Xk|elzt>

P (Xk|err, e 1)
aP(Xylerr)P(eri1:4| Xy, er)
aP (X|err)P(ep1:4|Xy)

ok kb1

RIS
Smoothing
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Smoothing: P(X|ei,) for 0 < k <t Smoothing

L
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P(ep 14| Xy) = ZXLTHP(GA%M%‘XAUkaJrl)P(X/i%l‘X/ﬂf)

;

bAf+1:t

= 2, Plersre|Xpr1) P (Xes1] X
= P(eHl‘XA;+1)P(6L:+2:f‘XL:H)P(XA'H‘Xk)

Xk+1
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FORWARD—BACKWARD ALGORITHM
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O(H/f]) : L3
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SMOOTHING f f%)
Umbrella,
P(R, | uj,u,) = oP(R, | u))P(u, | R))
0.500 0.627
0.500 0.373
0.818 ! *
P(R | u) = 0.189 True  0.500 18 0.883 B
b False 0.500 0.182 0.117 orwar
(forward filtering) * *
0.883 0.883 cmoothed
u2 |R1 Z P( U’Q |T2 ) (TQ |R1) 0.117 0.117
0.9 10.74_02 10.3 * *
= 0.9 x 2 0.690 1.000
0.3 0.7 0.410 1.000 backward
0.69
1041

(backward messages)

0.818
o) :
0.182

0.69
0.41|

0.883
0.117
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MOST LIKELY EXPLANATION

L;QJQJULSS%L:;wLKASUUKWM‘}L?JJJ#JlS

Most Likely Explanation

Most likely explanation: arg maxy,, P(x;.¢|€)

M lacdla o S daliae ddlos = dlos o S5 el

édegﬁj+xtﬁf¢4wujﬁ‘}dm = Xt_|_1‘).é‘.3)3.um&3‘)3&@

gnax P(xy, ..., x, Xipileri)

= P(ey1|X411) Aax (P(Xtﬂ‘xt) x 14X PUX3 ;< 5351 Xt|elzf>)

L asde cpXSola £ Sl sa s (0 S Sl Gl

my; = max P(x,... %, X¢ler:t)
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VITERBI ALGORITHM
‘}3~JUL§S:\L:| *l_igas“)l.}éi l.l...‘b‘}l.g‘).sa\)..s‘)l.i . S o ~ o
ad = o Gl O Pidaliong

Most Likely Explanation

Most likely explanation: arg maxy,, P(x;.¢|€)

mi.; = X]Hl(;(?fil P(Xl, coe s Xt—1, Xt’el:t)

s o by I adla 4 giie e (p3daiae Jlaiat My, (1)

Faas o sty 5 LS RS S a g o G200l oS paiSLe b (508 g e s 5lualSing s

Myt = P(efﬂ\xtﬂ) 11}1)3}( (P(Xtﬂ\xt)mu)
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VITERBI ALGORITHM

red S L3 o e glacdla Slogad Hu ola e LG Hu 1, Rain, gl oSee edla gladlig ol 55 o

state [
space
paths

umbrella
most -
likely

paths \

road saly ia wlaalie gdlos ls sbisi g als S o Slae
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Rain 1 Rain ’ Rain 3 Rain 4 Rain 5
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MARKOV MODEL

Weather:
0.1

0.9

 States: X = {rain, sun}

 Transitions: @’
0.9 '

* Initial distribution: 1.0 sun

This is a
CPT, not a

0.1 BN!

Soruna al€ S5 5 aas Jldal 555

P(Xo5 =sun) = +
P(X»> = sun|X1 = rain)P(X1 = rain)

+0.1-0.0=0.9
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Soruna Tole)y sa Sadla Hu o g Jlaial

LeT o¥laal Ha S pea

JLis

P(Xq1 = sun)P(Xo = sun| X1 = sun)P(X3 = sun|Xp = sun) P(X4 = sun|X3 = sun)

P(X1 = sun)P(Xo = rain|X1 = sun) P(X3 = sun|Xo = rain) P(X4 = sun|X3 = sun)
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MINI-FORWARD ALGORITHM
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Soruna Tole)y sa Sadla Hu o g Jlaial

(AL 5 am ) (sl (sl

P(zt) = ) P(ztlzg—1)P(w¢—1)

Tt—1

P(x1) = known

sun

rain

sun

rain

S

sun |

rain

Forward simulation

sun

rain
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MINI-FORWARD ALGORITHM

:Sun LS“:‘-‘J‘ soaaline )

(00) (a1) {ois) = {o3)

P(X)) P(X,) P(X5) P(X,)
;‘% -rain 64:"‘\9‘ GéMLﬁm J| 0.9
; <1.o> <o.9> <O.82>-<O.5>
P(X,) P(X,) P(X3) P(X,)
.

S
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0.1

£ Y

0.1

0.9
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STATIONARY DISTRIBUTION
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MOST LIKELY EXPLANATION

Sorana Tole) yo Sadla 4 e (sdlin (3 Jaliae

o Al (p Sddiae (il SUN aslea 5o alla S JBe 6l

a3l SUN 55 ks 58 Ylaal: g sed 55k 4
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MOST LIKELY EXPLANATION

Sowna Dol Ho Salla 4 e (sdlin (S Jelae

LT i, 5 Ladlos sdas s lad

P(X;=s)= max P(x,...,2¢-1,5)

L] geeeylt—1

JLis

P(Xq1 = sun)P(Xo = sun| X1 = sun)P(X3 = sun|Xp = sun) P(X4 = sun|X3 = sun)

P(X1 = sun)P(Xo = rain|X1 = sun) P(X3 = sun|Xo = rain) P(X4 = sun|X3 = sun)
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MINI-VITERBI ALGORITHM

Sowna Dol Ho Salla 4 e (sdlin (S Jelae

(SE85h eope ©) (ol 38l stulan
P g e g Sl S o) im0 Lo 5L
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MINI-VITERBI ALGORITHM
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me(z] = max P(z1:-1,2)

arg max P(x1.4_1,)
L1:t—1

a;|z]

plen oo G M gLl S ddlis (i

sun sun sun | sun

rain rain rain rain
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MINI-VITERBI ALGORITHM

my [x]

m1 [z]

S50 sadal ) 1 Sa S 5L il S

max P(:B].Zt—la 3_’3)

L1:t—1

max P(x1:4—1)P(x|zi—1)

L1:4—1

max P _
A (@ |zi—1)

max P(x1.4—1)

L1:4—-2

max P(z [zy_1)m; 1[z]

Li—1

P(x1)

sun

sun

rain

rain

sun

rain

sun

rain
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MINI-VITERBI ALGORITHM
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T(s)

<52

1

s’ ) 1(sls’)
rain rain 3/5
rain sun 2/5
sun rain 1/5
sun sun 4/3
<s> | rain 1/3
<s> sun 2/3

® 06 ©
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MINI-VITERBI ALGORITHM
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4/5

5 ) 1(sls’)
rain | rain 1/2
rain sun 2/5
sun rain 1/5
sun sun 4/5
<s> rain 1/3
<s> sun 2/3
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MINI-VITERBI ALGORITHM

</ s> </ s>,
1/1
rain ®
é
,E sun o o 173 sun,i 173
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Jlaiat slag, 5503

Marginalization
P(a) =Y P(a,b)
Definition of conc?itional probability
P(alb) = P(a,b)/P(b)
Chain rule

P(a,b,c) = P(a)P(bla)P(c|a,b)

Combinations, e.g. conditional chain rule
P(b,cla) = P(bla)P(c|a,b)



Prepared by Kazim Fouladi | Spring 2017 | 2" Edition

¥

SLial s 55955

Jlaiat slag, 5503

= Chain rule (always true)
P(a,b,c) = P(a)P(bla)P(c|a,b)
= With A and C independent given B
P(a,b,c) = P(a)P(bla)P(cla)

» |[f we want a conditional distribution over A, can just
normalize the corresponding joint wrt A

P(alb) = P(a,b)/P(b)
x4 P(a,b)
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oo P(X1qleq)

P(xzile1) = P(x1,e1)/P(e1)
xx, P(x1,e1)

= P(z1)P(eq|z1)

P(X2|z1)

P(X5)

P(zp) =Y P(z1,z2)

=Y P(z1)P(z2|z1)
T
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FERTRY P(X5|ep)

P(x3len) = P(x2,e2)/P(e2)
xx, P(x2,e2)
= P(xp)P(ea|x2)

=Y P(x1,22) P(en|x)

1

= P(ez|z2) Y P(x1)P(x2|z1)

L1

P(Xslep)

P(x2le1) = P(x2,e1)/P(eq1)
xx, P(r2,e1)
— ZP(QE]_,LL’Q,G]_)
T1

=Y _ P(zp|z1)P(e1|z1)P(z1)

L1
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P(Xsleo,e1)
xx, P(z2,e1,€2)

=Y P(z1,%2,€1,€2)

L]

=Y P(x1)P(x2|z1)P(e1]x1)P(ea|xn)

L]

= P(ea|xz2) Y P(wo|z1)P(e1|z1)P(x1)

L1
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HIDDEN MARKOV MODEL

(-aiis pileaalin/ olgss lacdls)

P(X;) P(X | X—1) P(E|X})

ol a5 88 La yas L, gue
Initial Distribution Transitions Emissions
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MARKOV MODEL
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FORWARD ALGORITHM

Soruna Tole)y sa Sadla Hu o g Jlaial

(monitoring, filtering) ¢ aKigs walss S L1 TGS (lad b el ials b

P(Xy = $t|€1:t)

P(xtle1:t) o< P(xt,e1:¢)
= Y P(xy_1,74,e1:1)

Tp—1
= Y P(zi_1,e1:4—1)P(xt|zi—1) P(et]zt)
Ti_1
= P(etlzt) Y P(atlep—1)P(xy—1,€1:4—1)
Ti_1
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FORWARD ALGORITHM

R

ftlzt] = P(xt,e1:¢)

Py s ) S50 sl G IS b

filed] = P(etlze) Y P(atlzi—1) fr—1lzi—1]

Lit—1
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VITERBI ALGORITHM

(SE85k eope ©) (ol 38l stulaa
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mT:T = arg max P(x1-7le1-7)
r1:T

m¢[zy] = max P(x1:4—1, T, €1:¢)

L1:t—1

r1:t—1

= P(et .’L‘t) MaxXx P(a:t
Ti—1

= P(et 561;) Mmax P(azt
Ti—1

max P(x1:¢—1,e1:¢—1)P(x¢|zi—_1)P(et|xt)

zi—1) Max P(z1:-1,€1:1-1)

xy_1)my_1[Te—1]
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HIDDEN MARKOV MODELS (HMM)

s paie s X, s a single, discrete variable (usually E; is too)
Domain of X;is {1,...,S5}

28 o5k Transition matrix T, = P(X; = j|X; 1 =1), eg,, (0.7 003)

0.3 0.7

Suss w3l Sensor matrix O; for each time step, diagonal elements P(e;| X; =)
0.9 0 )

e.g., with Uy =true, O = ( 0 0.9

Forward and backward messages as column vectors:

-
fl:tJrl — @OtJrlT fl:z‘.
b/{—}-l:t — T0k+1bkf+2:t

Forward-backward algorithm needs time O(,5%t) and space O(St)
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COUNTRY DANCE ALGORITHM

o0t a5 0w 1l b
oS oliial ghlul saa (gdda 5o 5o 5500 laaly stes 5lwe uad S Ol oo

1401 = OéOt+1TTf1:t
OZTTfl:t
fl:t

Ot+1f1 t+1

o/ (T1) 'O i

'J':‘SU""‘:"“L;"‘JbiﬁfiJJU"‘:?JKfd:’suﬂ‘tt""“";“‘thJJUi‘:}éJK:(‘:‘:‘Jﬁg|
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COUNTRY DANCE ALGORITHM
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KALMAN FILTERS
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KALMAN FILTERS
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KALMAN FILTERS

Gaussian random walk on X —axis, s.d. 0., sensor s.d. 0.
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GENERAL KALMAN UPDATE

Transition and sensor models:

P(xp1|xt) = N(Fxy, X;)(x¢11)
P(Zt|Xt> = N(HXHZZ)(ZJ

F' is the matrix for the transition; 22, the transition noise covariance
H is the matrix for the sensors; >.. the sensor noise covariance

Filter computes the following update:

w1 = Fp, + Ki(zep — HF py)
— (I o KH—I)(FEtFT + 2:1:)

ly
L
|

where K, | = (FETFT + E;I;)HT(H(FZfFT =+ 2;,z,-)HT =+ 22)—1

is the Kalman gain matrix

>); and K, are independent of observation sequence, so compute offline
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2-D TRACKING EXAMPLE: FILTERING

2D filtering
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2-D TRACKING EXAMPLE: FILTERING

2D smoothing
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Extended Kalman Filter
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DYNAMIC BAYESIAN NETWORKS
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DBNS vSs. HMMS
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Sparse dependencies = exponentially fewer parameters;

e.g., 20 state variables, three parents each

DBN has 20 x 2° =160 parameters, HMM has 22 x 2% ~ 10!




Prepared by Kazim Fouladi | Spring 2017 | 2" Edition

Al (gm0 g
(LS (sl ilady L (L g (5 53 sladsady (sduwlio

DBNS vs. KALMAN FILTERS
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EXACT INFERENCE IN DBNS

P(Ry)
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Problem: inference cost for each update grows with 7
Rollup filtering: add slice ¢ + 1,

Largest factor is O(d""!), update cost O(d"*?)

(cf. HMM update cost O(d*"))
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“sum out” slice 7 using variable elimination
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LIKELIHOOD WEIGHTING FOR DBNS
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PARTICLE FILTERING
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PARTICLE FILTERING
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Assume consistent at time t: N(x;|le;,)/N = P(x;|e|,)

Propagate forward: populations of x; | are

N(Xtﬂ\e]:t) = ZXfP(XtJrl‘Xt)N(Xf‘el:t)

Weight samples by their likelihood for e, :

W(Xtﬂ\el:tﬂ) = P(etﬂ\XHl)N(XHﬂeu)

Resample to obtain populations proportional to I1:

N(Xt+1\elzt+1)/N

@W(Xt+1\e1:t+1) — O‘fp(et—i—l’Xt—l—l)N(XH—l‘el:t)
@P(et-H‘XHl)ZXfP(Xt—H’Xt)N(Xt|elzt)
o Pe1[Xe4+1) 20, P (X1 %) P (x| €1:)

P(Xt+1\el;t+1)




VA

Lo s sladsed
2D sleLd Ga S il

PARTICLE FILTERING

Wle o (AL LIaGIS Olel Jsb Ho (slesd GaS AL o 8 (gllaa
(el Dlsin (T 5688 dalas — (o523 sk 44 JSlus)

1 —
LW(25)
LW(100)
LW(1000) &
0.8 F LW(10000)
ER/SOF(25)
0.6 |

Avg absolute error

04
F
s
/A
4+
02 | Fally
Pyt 2hul

I oo e K:(
; s ';'r-x'“ -
4-)—+ ,'DEE -xl
] 5 P
fAm&-gf@-h-‘ma&-a&aﬁ*&mﬁ.ﬁ.ﬁmnﬂmml &-hﬁfé‘kﬂa‘?ﬂ'ﬁﬁ-&?“&-&ml sty

0 iy Tk 1 1

0 5 10 15 20 25 30 35 40 4
Time step

Prepared by Kazim Fouladi | Spring 2017 | 2" Edition
h
h
]

K%






So

Wi sladl

1o slagmsss0) Jhe

-~

3|

-

(

uomp3 pug | £10g Buuds | 1peino4 wizey Aq pesedaid

Qo
=






AY EHa0 gD

PROBABILISTIC
REASONING OVER TIME

In which we try to interpret the present, undersiand the past, and perhaps predict
the future, even when very little is crystal clear

Agents in partially observable environments must be able to keep track of the current state, to
the extent that their sensors allow. In Section 4.4 we showed a methodology for doing that: an
agent maintains a belief state that represents which states of the world are currently possible.
From the belief state and a transition model, the agent can predict how the world might
evolve in the next time step. From the percepts observed and a sensor model, the agent can
update the belief state. This is a pervasive idea: in Chapter 4 belief states were represented by
explicitly enumerated sets of states, whereas in Chapters 7 and 11 they were represented by
logical formulas. Those approaches defined belief states in terms of which world states were
possible, but could say nothing about which states were likely or unlikely. In this chapter, we
use probability theory to quantify the degree of belief in elements of the belief state.

As we show in Section 15.1, time itself is handled in the same way as in Chapter 7: a
changing world is modeled using a variable for each aspect of the world state af each point in

Artificial Intelligence

A NIOdCI'I'I APPI'O.':ICh time. The transition and sensor models may be uncertain: the transition model describes the

probability distribution of the variables at time ¢, given the state of the world at past times,
while the sensor model describes the probability of each percept at time ¢, given the current
state of the world. Section 15.2 defines the basic inference tasks and describes the gen-
eral structure of inference algorithms for temporal models. Then we describe three specific
kinds of models: hidden Markov models, Kalman filters, and dynamic Bayesian net-
waorks (which include hidden Markov models and Kalman filters as special cases). Finally,
Section 15.6 examines the problems faced when keeping track of more than one thing.

Third Edition

Stuart Russell and Peter Norvig,
Artificial Intelligence: A Modern Approach,
3rd Edition, Prentice Hall, 2010.

15.1 TIME AND UNCERTAINTY

‘We have developed our techniques for probabilistic reasoning in the context of static worlds,
Chapter 15 in which each random vaﬁahle has a sing]c fixed vn]uc: For example, whc:_'| rcpai}'ing 4 car,

we assume that whatever is broken remains broken during the process of diagnosis; our job
is to infer the state of the car from observed evidence, which also remains fixed.
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SUMMARY

Temporal models use state and sensor variables replicated over time

Markov assumptions and stationarity assumption, so we need
— transition modelP (X;| X, 1)
— sensor model P (E;|X;)

Tasks are filtering, prediction, smoothing, most likely sequence;
all done recursively with constant cost per time step

Hidden Markov models have a single discrete state variable; used
for speech recognition

Kalman filters allow n state variables, linear Gaussian, O(n’) update
Dynamic Bayes nets subsume HMMs, Kalman filters; exact update intractable

Particle filtering is a good approximate filtering algorithm for DBNs
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