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. Degree of Membership
Name | Height, cm [ Crisp ||| Fuzzy |
Chris 208 1 1.00
Mark 205 1 1.00
John 198 1 0.98
Tom 181 1 0.82
David 179 0 0.78
Mike 172 0 0.24
Bob 167 0 0.15
Steven 158 0 0.06
Bill 155 0 0.01
Peter 152 0 0.00




Prepared by Kazim Fouladi | Spring 2017 | 2" Edition

«$HB» 3‘9.@&6

Degree of
Membership

a8 gl b

Crisp Sets

1.0
0.8
0.6
0.4
0.2

Tall Men

0.0
150

- 9 Degree of
= < ‘L?J . Membership

\ \ T T
160 170 180 190 200 210
Height, cm
Fuzzy Sets

1.0
0.8
0.6
0.4
0.2

0.0

150

P

\ \ \ \ \
160 170 180 190 200 210
Height, cm

E







AR

CHARACTERISTIC FUNCTION

1,if xe 4
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CHARACTERISTIC FUNCTION

l,if xe 4
0,if x¢g A

X X = {01} ZA(X)z{
ACB o Vx(x,x) =< x3(x)

S XS X

XZ(X) =1-x,(x)
X aUB (x)=x,(X)V xz(x) =max{y,(x), x;(x)}
X ans (x) =1, () A xp(x)=min{y,(x), ¥z (x)}
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Chi(X)={x|x:X —{0,l}}
S slesene
X 0: X — {01} Vxe X 0(x)=0

o0 sle g0

X 1: X —{0,1} Vxe X 1(x)=0
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CHARACTERISTIC FUNCTION

de gano CSL‘A'C‘ alaas = (ﬁ:\.‘ufd‘)‘.g) LS-LA.A‘ Jdc

‘A‘ = ZZA (x)

xe X

Ac X

Prepared by Kazim Fouladi | Spring 2017 | 2" Edition

P



\0 m).\“mgu.agm.ou“»g.h

C.sfyésc.)ll

MEMBERSHIP FUNCTION

Ha g o Ayl G e suie b a3 X 1A 556 g4 sama )y

1,if xis totallyin 4
u,: X —[0,1] U, (x)=1c,1f xispartlyin 4, 0<c <1

0,1 x1snotin 4
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a; =, (x;)=A(x;)
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LINGUISTIC VARIABLES
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LINGUISTIC VARIABLES AND HEDGES
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IF wind is strong
THEN sailing is good

IF project duration 1s long
THEN completion risk is high

IF speed 1is slow
THEN stopping_distance is short
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Zero-cut of A

[A] =X

Strongly one-cut of A

[A]H _ O
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SUPPORT
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uppor

supp(A4) ={xe X : A(x) > 0}

Support of A = Strongly zero-cut of A

supp(4) =[A]"
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CORE

core(A) ={xe X :A(x)=1}

Core ‘

Core of A = one-cut of A

core(A) =[A4]
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h(A) = sup A(x)

xe X

Normal Fuzzy Set: Sub-normal Fuzzy Set:

h(A)=1 h(A)<1
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Not A

Complement Containment
Intersection Union
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MU (x)=1—u,(x)
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Intersection Union Complement
ANB AUB A
HanB(X) = HauB(X) = UK(X)=
classical
{1 xe AN B {1 xe AUB {1 X¢g A
0 x¢gANB 0 x¢gAUB 0 xeA
fuzzy
min(uA(x), #p(x)) | | max(ua(x), p(x))| | 1-uA(x)
AND OR NOT
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Intersection Union
Tnorm | T-conorm
Hans(2) = Hy(2) 11 11 (2) Haup () = iy (2) U py(a)
(Standard) s ,lustil
min{s,(z), pp(z)} max{f,(v), pg(2)}
(Product) < &
fy(2) - pp() fry () + pp(@) + py (@) - pp(e)
(Bounded Sum) 5lsg)l S pan
maxc{0, 1 (1) + pig(x) — 1} min{l, i, () + py(2)}
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Equilibrium Points
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FUZZIFICATION OF A FUNCTION
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R ‘ f: X —=Y

Crips Function
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f f(X) — f(Y)
1 FY) - F(X)

oudis j asls
Fuzzified Function
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FUZZIFICATION OF A FUNCTION
f:2X - of flo¥ 94
fA) ={y:y=fx),z €A} =J {f@)} FYB) = {z: f(z) € B)
z€A
Caddie mlb b 348 bl ol
U
f:2X - of flo¥ 94
(f(A)(y) = max A(z) (f(B))(z) = B(f(x))

z:y=[(z)
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FUZZIFICATION OF A FUNCTION

f={a— Lbw Lcw— 2}

f@) =0 fH{o}) = {1} f({a,c}) = {1,2}
2X 2y 2X
f—l
) %) > >
o {a)
{0} — {1} — {0}
feh— = !
é {a7b}/><‘{2}/><\{a,b}
E {a,c} — {a,c}
(b,¢} \?{1, 2} — (b,¢}
;f {a,b,c} ; \ ~{a,b,c}
—/ ~——/ ~———/

—
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EXTENSION PRINCIPLE FOR FUZZY SETS
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f:X->Y

Crips Function
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fi F(X) = FY)

AEFX) (AW = sp AW

oudis j asls
Fuzzified Function

1 FY) — FX)
VB e F(Y) (f(B)(x) = B(f(x))
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R(X,,X,,, X )C X, xX, x---xX

1 (2,25, 7
R(zy,2y,052,) = 0 7(x 755 7...,x
AR E R
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R(X,,X,,, X )C X, x X, x---x X
(2,25, -,7,) € X; x Xy X---x X

R:[r[ipzé?'”?in]] riy, iyy ey | = 0
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R(X,, Xy, X )€ F(X;xX, x---xX )
(2,25, -,7,) € X; x Xy X-oox X
R(z,,%y,...,z, ) € [0,1]
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Fuzzy Binary Relation
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Fuzzy BINARY RELATION

Y simie 5abdbal; b8 @58 L sl slia s b

daly dom R(I’) — Imnax R(ZU, y)

Domain yE Y
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Fuzzy BINARY RELATION

Pl (55U e sane S OB sl S0

X st 5o bdnl; o358 08 bl sl o b

o ran R(y) = max R(z,y)

R
ange reX
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Two fuzzy binary relations, P(X, Y) and Q(Y, Z) are given:

0.3 05 0.8 09 05 0.7 0.7
P=1] 00 07 1.0 Q=| 03 02 00 09
04 06 05 1.0 00 05 0.5

We read that, e.g.,
dom P(x2) = max[0.0,0.7,1.0] = 1.0,
ran Q(ys) = max[0.7,0.0,0.5] = 0.7,
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Height

h(R) = R(zx,
() = maxmax R(z,y)
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Set Representation Sagittal Diagram Membership Matrix
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B s s ses w293 S0 B Cooitinl Dhinoromm Membership Matrix

X = {xl,x2,...,xm} Y = {yprv“':yn}
R =]|r

xy]mxn

/r:'z;y — R(:U, y)
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Set Representation

0.1 0.5 0.4 0.3 0.1
— + + + +
(x17y1) (xlayz) (xpyg) (552,y1) (5132,y2)

R =
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Fuzzy BINARY RELATION

S sl oo sals Giulad R_l(Y,X) QJ\,—!&‘L}R(X,Y) 530 29350 sddal, S (u‘ §<2 =) 59919

R(X,)Y)e F(X xY)
a9Jls
Reverse \U/
RYY,X)e F(Y x X)

Vo € X,y cY R_1<yax) — R(ﬂf,y)

ol R gl y e e s 5ibo soalgsl 5 RTH (gl e g s 53l
R—l _ RT
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COMPOSITION

tan S o LIS 9 ) Sose 4 Y S it sae sane L1 )y Qs Pssli sl 5o
P(X7 Y) Y Q(Y7 Z)
sl 50 ol oIl LS 3
P(X,Y) o Q(Y,Z2)
P o w95 ) Sose 0 I s s sl S
R(X,Z)

Ve € X,z € Z  Rlz,z) = (P o Q)(z2) = maxmin{P(z,y),y,2)}
yE

Vee X,z€7Z R(x,z)=(PoQ)(zx,z) = V ANMP(x,y),Q(y,2)}

yeY
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(P(X,Y)oQY,Z))t =Q 1(Z,Y)o P}V, X)

ERBeS 5o

(P(X,Y)oQ(Y,Z)) o R(ZW) = P(X,Y) o (Q(Y,Z) o R(Z,IV))

KBRS JEFERALESES

P(X.Y)oQ(Y,Z) = QY,Z) o P(X,Y)
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COMPOSITION

Lalys o sle paila by
P=p,], Q= [qkj]

s 358 ikl 58 S 3 gl e SSLe
R = [rij]
R=PoQ
[7“23] — [pzk] © [qkj]

r
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JGa
03 05 038 09 05 0.7 0.7
P=1 00 07 1.0 Q=03 02 00 09
04 06 0.5 1.0 0.0 05 0.5

R = P o Q= [rj] = [pi] ° [gk] = [maxx min(pi, k)]

R = PoQ=|00 07 1.0 03 0.2 0.0 09

0.4 0.6 05 1.0 00 05 0.5

0.3 0.5 0.8] [0.9 0.5 0.7 0.7]

1.0 02 05 0.7

08 03 05 05
05 04 05 0.6

For example

= max|min(0.0,0.7),min(0.7,0.0), min(1.0, 0.5)]
= max|[0.0,0.0,0.5] = 0.5.

a3
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Fuzzy BINARY RELATION ON A SINGLE SET

R(X,X) R(X?)

sesels RXHC X x X = X?

gl el R(X?) € F(X x X) = F(X?)
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Fuzzy BINARY RELATION ON A SINGLE SET

S SIS $las gae pinlad Pl Sl gen S gude (s yilo
Directed Graph Set Representation Sagittal Diagram Membership Matrix
X slac :las S o ol

Lacl bl :LAJI:a
a0 = ladb cun

(\ Prepared by Kazim Fouladi | Spring 2017 | 2" Edition

-
?,\\\\.



A

sl e a0 S 59 (55U (2999 skl

Slacga SIS L Ginles
Fuzzy BINARY RELATION ON A SINGLE SET

X ={z,2,,75,2,}

7

T Ty Ty Iy
0.3 1
(ni

0
0.9

0.8
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Lok enala
Fuzzy BINARY RELATION ON A SINGLE SET

R(X, X)

ok
Reflexive

0

Ve X — R(x,z) =1
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Lok cnala

Fuzzy BINARY RELATION ON A SINGLE SET
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R(X, X)
Ealets

Irreflexive

0

dr € X N R(x,z) = 1
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Fuzzy BINARY RELATION ON A SINGLE SET

Prepared by Kazim Fouladi | Spring 2017 | 2" Edition

-
’M’?b/

R(X, X)

GGy

Anti-reflexive

0

Ve € X — R(x,z) =1
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Fuzzy BINARY RELATION ON A SINGLE SET

R(X, X)

AT

e-reflexive

0

e (0<e<l)Vere X — R(z,x) > ¢
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Fuzzy BINARY RELATION ON A SINGLE SET

R(X, X)

B
Symmetric

0

Ve,y € X — R(z,y) = R(y,x)
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Fuzzy BINARY RELATION ON A SINGLE SET

R(X, X)

Il s

Asymmetric

0

dz,y € X — R(z,y) = R(y,z)
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oEul cunla
Fuzzy BINARY RELATION ON A SINGLE SET

R(X, X)

e

Anti-symmetric

0

Ve,y € X (R(x,y) > 0A R(y,z) >0) -z =1y
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Fuzzy BINARY RELATION ON A SINGLE SET

R(X, X)

S35y
Transitive

0

Vr,z € X — R(x,2) > maxmin{R(z,y), R(y,z)}
yeX
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Fuzzy BINARY RELATION ON A SINGLE SET

R(X, X)
RN
Non-transitive

0

dz,2 € X AN R(z,2) * max min{R(x,y), R(y,2)}
ye
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Fuzzy BINARY RELATION ON A SINGLE SET

R(X, X)

CRER e
Anti-transitive

0

Ve,z € X — R(x,2) < max min{R(x,y), R(y,2)}
ye

max-min transitive
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Syome 5 age bl A

QLS [ sh)lpa
Equivalence/ Similarity

Solpa—dd
Quasi-equivalence
Jaad [ (5,85
Compatibility / Tolerance
Fartial Ordering
A e iy
Preordering / Quasi-ordering
sl
Strict Ordering

ok
Reflexive

PREINE
Anti-reflexive

oL
Symmetric

Whaly

)

Anti-Symmetric

J
Transitive
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Fuzzy NUMBERS

Caiid Souls sad saly JAida sue S 4 oS gulac)y
e 518 B slael Bl sad sula (5850 S sl g «S sulacly

AR = [0,1] o) sim 40 sait i a3 (556 (slade sane 3l puali g 58
paal Gl |y ) palsa Jilaa b easl 36 sae SR 555 A (53U de sane Sl 5150

ol Jlo s 5l e sane S A O
([JolS e s ] 05 Lin 51 Ml 7750 wals 70 o035 Radia olacly (gde gama |53)

sl s gojb s > 0sa 6l b [4] o
(-39S Al gola Ana Hsbads Las sl (s ) Jlae) o i 15 (5518 Jlael o) 55 )

il lagls wb A sess o

(sEA sas

Approximate Number

SHB sue
Fuzzy Number
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Asymmetric Symmetric
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Sl g Sl g5lose S A o g () o

S aal Galsssay [@b] # D st goib <
l(x) ,x€(—,a)

A(x) =<1 ,X € [a, b]

r(x) ,x € (b, +x)

:QTJJ‘S

o ol el 3 s sy (5 520 (515550 018 S 1: (—00,a) — [0,1]
[(x) =0 for x € (—,w;)

N

S il o O G s 935 5150 B 7 (D, + 00) = [0,1]
r(x) =0 for x € (wy, +)

“
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Interval Number
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LS"’:)L.‘ slael (5350 C_»l:\lar.

e e i, @ E {+, —, X, F} gl Slee s By A slas3l sl

A®B={a®b:a€ Abec B}

[a,b]+ [c,d] =[a+c, b+ d]
[a,b] — [c,d] =[a —d,b— c]
[a, b] - [c,d] = [min(ac, ad, bc, bd), max(ac, ad, bc, bd)]

[a,b] = [c,d] = [a, b] - [611 ﬂ provided that 0 ¢ [c, d]

[aa, ab] fora > 0
[ab, xa] fora <0

ala, b] = {

(0 € B Susiion ond (Slo) po)
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—=3-[1,2] =[~6, —3]
[0, 1] = [0, 1] = [-1, 1]
[1,3]-[2,4] = [min(2, 4, 6, 12), max(2, 4, 6, 12)] = [2, 12]
[1,2]+[1,2] =[1,2]-[5, 11 =13, 2]
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A=la,a,] B=[b,b] C=lg,c]

Commutativity

el |

A+ B=B+ A
AxB=BxA

S RRCS 4l
Associativity
(A+B)+C=A+(B+0)
(AxB)xC = Ax(Bx()
Identity
A=04+A4A=A+0
A=1xA=Ax1

0eAdA—-A
le A=+ A

0=1[0,0] 1=[L1]

SRBEIP )
Sub-distributivity

Ax(B+C)CAxB+ AxC

SRR
Distributivity
(if Vb e Bjce C — bec>0) =
Ax(B+C)=AxB+ AxC
(if A=la,a]) =
ax(B+C)=axB+axC
Joadd 59 (3l 93y
Inclusion Monotonicity
(if ACEANBCF)=
A+BCE+F
A-BCE-F
AxBCExF
A+-BCE+F
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$lojb sl

Jie : Jlael Lol 52

CRREISF R
Sub-distributivity

Ax(B+C)CAxB+AxC

Consider the following example of subdistributivity. ForI = [1, 2], J = [2, 3], K = [1, 4], then

I-(J—=K)=[1,2]-([2,3] = [1,4]) =[1, 2] - [-2,2] = [-4, 4]
[-J—1-K=1[1,2]-[2,3]=[1,2]-[1,4] = [2, 6] — [1, 8] = [-6, 5]

Now, [—4, 4] # [—6, 5], but [—4, 4] C [=6, 5].
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Based on Fuzzy Extension Principle Based on Interval Arithmetics
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Based on Interval Arithmetics

A® B" =[A]" ® B[

A@BzU&-[A@B]O‘
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Based on Fuzzy Extension Principle f i nteren] At

A® B = sup min(A(x),B(as))

Z2=T®Y
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CLASSICAL LOGIC
o |~/
caab (false) e yobs L (true) e yo wb « glddaa e
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Proposition

et ey e . - .. s s gl
.CA—u-l‘Qlué:ﬂ-\u.s.‘u‘)aub‘)‘)hJﬂA.c:b‘)“)Sﬂw‘)duﬁ‘)‘)‘ J N
Truth Value
BT s | (S u G500 90 5 (O Wl S o (Al pite Sl jaikdie

Sd Sl peld el S SSL S 385 Logic Variable

S il g5 oo 45 Bl wiaa (sla yuite wil 53 ael 58 (5o 1 3S Blade
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CLASSICAL LOGIC

A0 o o Swyd G5,V S Logic Function

f Atrue, flase}" — {true, false}

n
Lol asay ate 131 JBlie 3 227 <= 0l upa s a1 27 Lo TN () s
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Logic functions of two variables

b‘):\ﬁa\gaélalac_.\t;\?

v |1 1 0 0 | Function Adopted
vi |1 0 1 0| name symbol
wiy |0 0 0 0| Zero function 0

wo |0 0 0 1 | NOR function Vil w
w3 |0 0 1 0] Inhibition Vi > Vo
wg |0 0 1 1| Negation Vo
ws |0 1 0 O | Inhibition Vi < Vo
we | 0 1 0 1| Negation Vi
w7 |0 1 1 0| Exclusive OR Vi@ Vo
wg |0 1 1 1 | NAND function ViV
wg |1 0 0 0| Conjunction Vi A Vo
wig |1 0 0 1| Equivalence ZIR="
wiir |10 1 0 | Assertion 2
wiz2 |1 0 1 1| Implication Vi < Vo
wiz |1 1 0 0| Assertion Vo
wig | 1T 1 0 1| Implication Vi = W
wis |11 1 0| Disjunction ViV Vo
wie |1 1 1 1| Onefunction 1




V¥ ALS )ity L9 S0
CLASSICAL LOGIC
Logic functions of two variables .

v [1 1 0 0 | Function Adopted Observe’ eg

vy |1 0 1 0| name symbol

wi |0 0 0 0| Zerofunction 0

wp |0 0 0 1 [NORfunction | vi|w w14(V1, V2) = w15(w6(v1, Vg), Vg)

w3 |0 0 1 0] Inhibition vi> Vo

ws [0 0 1 1| Negat 7 =

00 1 1 Negatlon | B wio(V1, V2) wg(w1a(V1, V2), wi2(V1, V2))

we |0 1 0 1| Negation Vi

Wl ﬁ;cN'_“;':jthn we% | Atask: Express all the logic functions of n variables by
c e s 1| Eoom | it | using only a small number of simple logic functions,

wiy |1 0 1 0| Asserti ;

S e 1 eeiaien | vy, | preferably of one or two variables.

wig |1 1 0 0| Assertion Vo . . . -

oe |1 1 0 1| mpicaion | w=vw | OUCh asetis acomplete set of logic primitives.

wis |11 1 0| Disjunction ViV Vo

wie |1 1 1 1| One function 1 Examples;
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{negation, implication} = {wes, w14}.
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MULTI-VALUED LOGIC

Gy, Glais
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caols s ga g mlaie S (u5,l NGT He S , _
© Multivalued Logic

F s glagi sl (s4e sane
0 1 2 n-2 n-1_

T — 0: ) s L ERRE s -
n—1 n-1 n-1 n—1 n-1

n

1

T s sLagaso b Ly gosanlS sl o250 1 3hie 5a oluil elilec

—p=1-p
pAg=min[p,q]
pVvq=max[p,q]
p=>qg=min[l,1+g— p]

peq=1-|p—¢

P
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MULTI-VALUED LOGIC
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Fuzzy PROPOSITION

FeanlgaT (S 5a saalie (5o5L Lo 5L slas S 5 SIS (slas 1S G subiis oyl

{0,1} 08l o500 b 9 w0l S (58,18 58 ©

[0,1] a8 o0 ooles da 58 K b (3L 58,138 S s L Sy O

5316 sLao S ¢ 93 sauaits

Unconditional and unqualified propositions
“The temperature is high.”

. . . Unconditional and qualified propositions
S RS 9 Rodt “The temperature is high is very true."
ah G s . Conditional and unqualified propositions
HhASt g o “If the temperature is high, then it is hot.”
oo . Conditional and qualified propositions
HEAS 9t “If the temperature is high, then it is hot is true.”

ol A8 5l g (gl Byt
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LINGUISTIC HEDGES

b e 5uid SL) slacsle Koo Tl 534S cwl (Sobe (S 0 S

Examples of hedges: very, fairly, extremely.

“Tina is young is true.”

“Tina is very young is true.”
“Tina is young is very true.”
“Tina is very young is very true.”

- gy 5aasS w55 e (5L (o slaElLl 5 (501 slad sene
HS iy dS a3 95 ek o S slad e
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LINGUISTIC HEDGES

cadls sud a.:bH&;LQ@\s
1 s e Byl ) oo g o HF (43l p0is) was (o5l Jsense

HF(X) = h(F(z)) z€X

1S sl (S5 Jae SO R ganiag il
h :[0,1] — [0,1]
h(0) =0 A1) =1
h is a continuous function
Va €[0,1] h(a) < a < h'(a) > a

Pl e aias 5dS Syl 5 Laeaias 50ds LS 5
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MODIFIERS
ZLAQMJJ“.L\:.S :)‘ JJ‘A:A U“% ka
h (a)=a" «a€R"acl0]]

h(a) > a . aase Gl a5 818 Siae G20 Baad (souial juds
i H : fairly <« ha) = Ja a <l Weak Modifier
& ol e & eulB |y 8,1 K S u L) Silad (souiag yuds
%m a =1 Identity Modifier
?ZE h(a) < a .sas oo 2alS 15 0518 a0 85 S5 (SOuIAY il
% H:very <« h(a) = ad? a>1 Strong Modifier
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MODIFIERS

Example: Tina is 26.

pi: Tinais young. YOUNG(26) = 0.8

po: Tinais very young. VERY_YOUNG(26) = 0.8% = 0.64
ps: Tina is fairly young.  FAIRLY YOUNG(26) = /0.8 = 0.89
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Fuzzy PROPOSITION

v 18 F
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T(p)=Fl) ,veV
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Fuzzy PROPOSITION
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f
/
p: v is F is S
/ \
¥ X
V g o de gans 5 (5 paiie Viea o de gans 555 536 s4e gane S 550 J gans

:)| Sl C;JL.\.C-pL;bJ‘:)i U:\'“"JJ S s

T(p)=5(F(v) ,weV
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Fuzzy PROPOSITION

p: Tina 1is Young 1is wvery true
Tina is 26

:)| | C;Jl—_\ﬁ-ptsb‘)“}i u:u.u‘)d S s

T(p) = VeryTrue(Young(26)) = 0.76
—0.87
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Fuzzy PROPOSITION

X3 558 (shee gano 5 Y 51 63U sl gane

/ /

p: XisA thenYis B

X pa 50 40 gane 3l (5 it Y s 5o de gans 5l s nitie

Jole Ginlas

p: (X,))is R
R(z,y) = J(A(z),B(y))

/
Re F(XXY) oubeuibobylgdl s
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Fuzzy PROPOSITION

p: Xis A, then/y is Bis S

X pa 5o 4o gano 3l (g saite
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1 ,a<b

J@b) =1, oy

J(a,b) = min|1,1 — a + b]

molSs olayl Slae
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APPROXIMATE REASONING
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p: Xis A then Yis B
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p: (X, ))is R
R(z,y) = J(A(z), B(y))
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GENERALIZED MODUS PONENS

Rule: If X is A, then )Y is B
Fact: Xis A
Conclusion: Yis B’

In this case,
R(x,y) = J[A(x), B(y)]

and
B'(y) = sup min[A"(x), R(x, y)].
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GENERALIZED MODUS PONENS
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Let X = {x1,x2,x3} and Y = {y1, y2} be the sets of values of variables X', ).
LetA:O.5/x1 —{—1/X2—|—0.6/X3 and B= 1/y1 —}—0.4/}/2.

Let A" = 0.6/X1 + 0.9/X2 + 0.7/X3.

Let R(x,y) = J[A(x), B(y)] = min[1,1— A(x) + B(y)].

By using Generalized modus ponens, derive the conclusion ) is B’.

We compute:
R = 1/x1,y14+09/x1,y2+1/x2,y1 +0.4/x2,y2 +1/x3,y1 + 0.8/x3, y2
B'(y1) = supmin[A'(x), R(x;, y1)]
xeX
= max[min(0.6, 1), min(0.9, 1), min(0.7, 1)]
max[0.6,0.9,0.7] = 0.9
B/(y2) = Sugmin[A/(X)aR(XayQ)]
xXe

= max[min(0.6,0.9), min(0.9,0.4), min(0.7,0.8)]
max[0.6,0.4,0.7] = 0.7

We conclude that B’ = 0.9/y1 + 0.7/ y».
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GENERALIZED MODUS TOLLENS
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Rule: If X is A, then )Y is B
Fact: Vis B
Conclusion: X is A
In this case,
R(x,y) = J[A(x), B(y)]
and
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A'(x) = sup min[B' (y), R(x, )]
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GENERALIZED MODUS TOLLENS
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Let X = {x1,x2, X3} and Y = {y1, y2} be the sets of values of variables X', ).
LetA:0.5/x1 +1/X2+0.6/X3 and B= 1/y1 +0.4/y2.

Let B =0.9/y1 + 0.7/ y>.

Let R(x,y) = J[A(x), B(y)] = min[1,1—A(x) + B(y)].

By using Generalized modus tollens, derive the conclusion X isA’.

We compute:
R = 1/x,y1+0.9/x1,y2+1/x2,y1 +0.4/x2,¥o + 1/x3,y1 + 0.8/x3, yo.
A,(X1) = Ssup mln[B/(y)a R(X1ay)]
yey
= max[min(0.9, 1), min(0.7,0.9)] = max[0.9,0.7] = 0.9
A/(XZ) = Sup min[B/(y)a R(X27y)]
yey
= max[min(0.9, 1), min(0.7,0.4)] = max[0.9,0.4] = 0.9
A/(X3) = sup min[B/(y)aR(X37y)]
yey

= max|min(0.9, 1), min(0.7,0.8)] = max|[0.9,0.7] = 0.9

We conclude that A’ = 0.9/x1 + 0.9/x2 + 0.9/ x3.
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GENERALIZED HYPOTHETICAL SYLLOGISM
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For variables X', ), Z taking values from sets X, Y, Z respectively,

and A, B, C being fuzzy sets on X, Y, Z, respectively:

Rule 1: If Xis A, then) is B
Rule 2: If Vis B, then Zis C

Conclusion: If X is A, then Zis C

In this case, three relations are defined:

Ri(x,y) = JIAX),B(y)]
Ra(y,2) = JI[B(y), C(2)]
Rs(x,z) = J[A(x), C(2)].
The generalized hypothetical syllogism holds if

R3(X7 Z) = Sue min[R1 (X7y)7 RZ(X7y)]
ye

or, in matrix notation, if
R; = R1OR.s.
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GENERALIZED HYPOTHETICAL SYLLOGISM
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Let X ={x1,x2,x3}, Y ={w1,)2},and Z = {z, 2} be the sets of values

of variables X, ), X.

Let A= 0.5/X1 + 1/X2 -+ 0.6/X3,

B = 1/y1 + 0.4/y2
C = 0.2/21 + 1/22.

Let

R(x,y) = J[A(x), B(y)] = { 2, Ziﬁ

Check if generalized hypothetical syllogism holds.
We write
1 04 0.2
Ry = 1 04 , Rg:[g'g 1] , Rz=1 02
1 04 '

and we check that R{O R = Rs.
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MULTICONDITIONAL APPROXIMATE REASONING

Rule 1: If X is Aq,then )Y is B;
Rule 2: If X is As, then Y is Bo
Rule n: If X is A,, then Y is B,
Fact: X is A

Conclusion: Yis B’

A', A; are fuzzy sets on X,
B', B; are fuzzy setson Y, for all j.
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MULTICONDITIONAL APPROXIMATE REASONING BY INTERPOLATION METHOD

Rule 1: If X is Ay, then ) is B .
Rule 2: If X is Ao, then YV is B, $HEL st slae
:Lbo..\.cl_’é;‘és).‘b?.\la\som suls (Fact) cuadly ol
Rule n: If X is Ap, then Y is By,
Fact: Xis A r (A" = h(A" N A) = supmin[A4'(z), A.(x)]
Conclusion: Yis B’ J J reX J
A', A; are fuzzy sets on X, rJ(A’) - l:,LABj S 5 Gy Y
. B, Bj are fuzzy setson Y, forall j.
£ / . /
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MULTICONDITIONAL APPROXIMATE REASONING BY INTERPOLATION METHOD

Rule 1: If Xis Aq, then Y is By

Rule 2: If X is Az, then Y is B>
Rule n: If X is Ap, then YV is B,
Fact: Xis A

Conclusion:  Yis B’

A, A; are fuzzy sets on X, ua‘a N[N u:sl:s[)JJJ Ui"'JJ

B',B;are fuzzy setson Y, forall j. .
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R(z,y) = sup min[4;(z),B;(y)] ,yeY
j=12,--n
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B(y) = supmin[A'(x). Rr.v)] .y € ¥
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= (4" o R)(y)
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MULTICONDITIONAL APPROXIMATE REASONING BY INTERPOLATION METHOD

Rule 1: If X is Ay, then Y is B4
Rule 2: If Xis Ao, then Y is B>
Conclusion: Yis B’
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MULTICONDITIONAL APPROXIMATE REASONING BY INTERPOLATION METHOD

Rule 1: If X is Ay, then Y is B4
Rule 2: If Xis Ao, then Y is B>

Conclusion: Yis B’
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MULTICONDITIONAL APPROXIMATE REASONING BY INTERPOLATION METHOD

Rule 1: If X is Ay, then Y is B4
Rule 2: If Xis Ao, then Y is B>

Conclusion: Yis B’
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MULTICONDITIONAL APPROXIMATE REASONING BY INTERPOLATION METHOD

Rule 1: If X is Ay, then Y is B4
Rule 2: If Xis Ao, then Y is B>

Conclusion: Yis B’
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MULTICONDITIONAL APPROXIMATE REASONING BY INTERPOLATION METHOD

Rule 1: If X is Ay, then Y is B4
Rule 2: If Xis Ao, then Y is B>

Conclusion: Yis B’
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George J. Klir, Bo Yuan,

Fuzzy Sets and Fuzzy Logic: Theory and Applications,
Prentice Hall, 1995.

Chapter 1,2,4,5,8,11
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INTELLIGENCE

UIDE TO INTELLIGENT il

Michael Negnevitsky,

Artificial Intelligence: A Guide to Intelligent Systems,
Pearson Education Canada, 2011.

Chapter 4
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Fuzzy expert systems 4

In which we present fuzzy set theory, consider how to build fuzy
expert systems and illustrate the theory through an example.

4.1 Introduction, or what is fuzzy thinking?

Experts usually rely on common sense when they solve problems. They also use
vague and ambiguous terms. For example, an expert might say, ‘Though the
power transformer is slightly overloaded, I can keep this load for a while'. Other
experts have no difficulties with understanding and Interpreting this statement
because they have the background to hearing problems described like this.
However, a knowledge engineer would have difficulties providing a computer
with the same level of understanding, How can we represent expert knowledge
that uses vague and ambiguous terms in a computer? Can it be done at all?

This chapter attempts to answer these questions by exploring the fuzzy set
theory (or fuzzy logic). We review the philosophical ideas behind fuzzy logic,
study its apparatus and then consider how fuzzy logic Is used in fuzzy expert
systems,

Let us begin with a trivial, but still basic and essential, statement: fuzzy logic is
not logic that is fuzzy, but logic that is used to describe fuzziness., Fuzzy logic
is the theory of fuzzy sets, sets that calibrate vagueness. Fuzzy logic is based on
the idea that all things admit of degrees. Temperature, height, speed, distance,
beauty - all come on a sliding scale. The motor is running really hot. Tom Is
a very tall guy. Electric cars are not very fast. High-performance drives require
very mpid dynamics and precise regulation. Hobart is quite a short distance
from Melbourne. Sydney is a beautiful city. Such a sliding scale often makes it
Impossible to distinguish members of a class from non-members. When does a
hill become a mountain?

Boolean or conventional logic uses sharp distinctions. It forces us to draw
lines between members of a class and non-members, It makes us draw lines in
the sand. For instance, we may say, ‘The maximum range of an electric vehicle is
short’, regarding a range of 300km or less as short, and a range greater than
300km as long. By this standard, any electric vehicle that can cover a distance of
301km (or 300km and 500m or even 300km and 1m) would be described as
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Computational
Intelligence

Symergpes of Fuzzy Loge. Newnl Netwarks
and Evolutionary Computing

Nazmul Siddique, Hojjat Adeli,

Computational Intelligence: Synergies of Fuzzy Logic,
Neural Networks and Evolutionary Computing,

John Wiley & Sons, 2013.

Chapter 2, 3
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Introduction to Fuzzy Logic

2.1 Introduction

In classical {Newtonian) mechanics, uncertainty was considered as undesirable and to be
avoided by any means. In the laie nineteenth century, researchers started to realize that no
physical system exists without a certain amount of uncertainty. This is a phenomenon without
which the description of a system or model is incomplete. A trend starled then in science
and engineering to incorporate uncertainty in system models. Al this stage uncertainty was
quantified with the help of probability theory. developed in the eighteenth century by Thomas
Bayes (Price, 1763). The expression of uncertainty using probability theory was first challenged
by Max Black (Black, 1937). He proposed a degree as a measure of vagueness. Vagueness can
be used to describe a certain kind of uncertainty. For example, John is young. The proposition
defined here is vague. He pointed out two main ideas: one is the nature and observability of
vagueness and the other is the relevance of vagueness for logic. Black proposed vague sets
defined by a membership curve. This was the first atiempt to give a precise mathematical
theory for sets where there is a membership curve.

There was another movement present in the philosophy. among logicians. The most basic
assumptions of classical (or two-valued) propositional as well as first-order logic are the
principles of bivalence and compositionality. The prineiple of bivalence is the assumption that
each sentence is either true or false under any one of the interpretations, i.e., has exactly one of
the truth values wsually denoted numerically by 1 and 0. The problem of future conlingencies
was a source of many unresolved debates during the middle ages, continuing until the revival
of the field of logic in the second half of the nineteenth century. In the second half of the
nineteenth century, dissatisfaction with the principle of bivalence appeared (Gottwald, 2001).
Charles Sanders Peirce laughed at the ‘sheep and goat separators” who split the world into
true and false. Around 1867, Peirce set up a triadic tricholomic semiolic as a new type of logic
of universal nature. It necessarily derives from a general philosophical system, the doctrine
of the continuum. All that exists is continuous and such a continuum governs knowledge and
implies generality (Eisele, 1979)

Following the doctrine of the continuum, new interest in multi-valued logic began in the
ewrly twentieth century. The real starting phase of many-valued logic began in the 1920s
and continued until 1930. The main driving force behind the development was the Polish

Compuiatisnal intelligence: Syaeries af Fuzzy Logic. Newral Networks and Evalationary Compating. First Edition
Nazmul Siddique and Hojjat Adeli
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