[t HINLE

VWV Juod

oy sdasaas slad
Making Complex Decisions

3 58 ‘A.B‘S
):J.:*-?‘“LSJLBJ"@'““\;G"’°M‘J
O‘Jﬂz‘ LAY

http://courses.fouladi.ir/aai



POV PAINY

ol asaual oulw asawad
Complex Decision Simple Decision
$lada yoaia sLdasaas QoSS (slaasaal
Multi-Stage One-Shot
LagiS S dlis S 555 o2 poasas RS S5 590 2 penas

Prepared by Kazim Fouladi | Spring 2017 |3 Edition

P



Prepared by Kazim Fouladi | Spring 2017 |3 Edition

HA.@B &|33|
sdanas GLA‘;:M..A:'

Complex Decision
$lada yoaia sLdasaas
Multi-Stage
La i€ 51 s S 555 2 poaa

S

Dl

Sequential Decision Problem

.0

i



Prepared by Kazim Fouladi | Spring 2017 |3 Edition

o
’M’;ﬁb/

Ay SLoa0 yugd
> R A
o§ S paannd Jileos
Search
9la S explicit actions uncertainty yluablpsc
Groslodseyj and subgoals and utility — s>w0s9wg

. : Markov decision P0saJ J5luwo
532220 Planning problems (MDPs) <~ 39S lo

liwablpe uncertainty explicit actions

> wsgwg and utility and subgoals leggg;;tgn ﬁ‘ﬂu) ?5:5?;@23)
/
Decision-theoretic Partially observable -/
planning MDPs (POMDPs)
GJ2JeIb 993 jlo prasal Jsluwo
o0ual O s oo 32 S22 39 Lo



Prepared by Kazim Fouladi | Spring 2017 |3 Edition

LS ekl (550

sloleSS (s (s Spsaias
DETERMINISTIC SINGLE-PLAYER

.0

143



A3 (SIS 531
ORI
EXPECTIMAX
max

Prepared by Kazim Fouladi | Spring 2017 |3 Edition

P

10

chance

10

100




A5 30S3 (BUE (5300

STOCHASTIC SINGLE-PLAYER

Prepared by Kazim Fouladi | Spring 2017 |3 Edition

P

pan 3Ske waol (slacuaS

12

15







4 A8 pbliet) (7o gt 19D
i e s
MARKOV DECISION PROBLEMS (MDPS)
Search

9laiaS explicit actions
Groslodseyj and subgoals

uncertainty (luebl psc
and utility  (s>i059wg

6J2J2JP Planning

Markov decision P0sa3 (J5luwo
roblems (MDPs) =~

39Sl
elief states)
| (s9bslecil>)

", e , explicit actions
éﬁg’fﬂg ggg’eﬁﬁ;;}?jy and subgoals sensing  (yiakol
Y /
Decision-theoretic Partially observable -/
planning MDPs (POMDPs)
GJ2JeIb 89S jlo prouas Jsluwo
o0ual O s oo 32 S22 39 Lo

Prepared by Kazim Fouladi | Spring 2017 |3 Edition

P




Andrey Markov (1856-1922)



AR

5558 e (5 S pasal S [ JiLuas

S ]

MARKOV DECISION PROBLEMS / PROCESS (MDPS)

Prepared by Kazim Fouladi | Spring 2017 | 3 Edition

P

MDP &, s a3 (sladil 3o

‘_,i'.nldl,:\ C.)U ‘,.'.\S Jue (_e_',Lﬁ Sl
Reward Function Transition Model Initial State
/ .
R(s) T(s,a,s") S, .
R(s,a)
/
R(s,a,s")

States s € S, actions a € A
Model 7'(s,a,s") = P(s'|s,a) = probability that a in s leads to &’
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MARKOV DECISION PROBLEMS (MDPS)
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la i€ g lacdla States s € 5, actions a € A = {Right, Left, Down, Up}

Jw Model T'(s,a,s") = P(s'|s,a) = probability that a in s leads to s
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SOLVING MDPS
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RISK AND REWARD

r =[-0.0480 : —0.0274] r=[-0.0218 : 0.0000]
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s States: 2, 3, 4, done
% Actions: High, Low
% Model: (s, a, 5):
« P(s=4|4,Low)=1/4
e P(s’=3|4,Low)=1/4
« P(s=2|4,Low)=1/2
* P(s"=done |4, Low)=0
« P(s’=4|4, High) = 1/4
« P(s’=3]|4, High)=0
« P(s’=2]|4, High)=0
* P(s"=done | 4, High) =3/4

X/

% Rewards: R(s, a, 5'):
e Number shown on s if s # 5’
* 0 otherwise

s Start: 3
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UTILITY OF STATE SEQUENCES

a5 Sl Hu alal sladlon 555 s s olasa S Al Wb Jole S

i b gl € jias L yides
Now or Later? More or Less?

[0, 0, 1Tor [1, 0, 0] [1,2,2]or[2, 3, 4]
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UTILITY OF STATE SEQUENCES

Laadls sladlin fu Lagma 5 Gaaas sl

HpaoaS e LB Lo Ul sladlos s s 1) Gl slagsa i
stationary preferences

Ty P05 1y Py v oe] 7 [ Ty F1s Ty e oo] €3 [Foy71, 1250 o] = [Pl #hs Plge o

.

LUt
O Obunl 258 L
tasla asa g ol sabald (Gl Jsb Lo laglaly S 5)

e s o 1) Additive utility function:
Ul([s0, 51,52, ...]) = R(sg) + R(s1) + R(s2) + - - -
Gibdaias guiessw 6 2) Discounted utility function:
L-“r({.‘i(;. S1, 89, .. D - R(.S()) + ",R(‘ﬂ) + ’7»'2}‘?(.8‘3) + e
where 7 is the discount factor wuass <t

/
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v = 0.5
U([1L,2,3]) =1x1+05x2+0.25x3

U([1,2,3]) < U([3,2,1)) & 72 )
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UTILITY OF STATES

alla S5 pd)y)
Value of a state

alla S (gaton g

[(5) ot claoiiS 0253 b (0L © Oares B) Lagloly (3L 30dds) ¢ sane sl
Utility of a state

r el MEU & Gy (535S 0 i AT Lacla guies gon yidls b
S aas Ske |y ddasal g o (sLABAsLe (Su00 g wssl

W*()—argmaxzp "1s,a)U(s")

acA(s)

s’

J—




Prepared by Kazim Fouladi | Spring 2017 | 3 Edition

vF

Lol (suien g

UTILITY OF STATES

Utility of States:

Optimal policy when state penalty F(s) is —0.04:

3 0.812 0.868 0.912

2 0.762 0.660

1 0.705 0.655 0.611

—
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MDP’S OPTIMAL QUANTITIES

O The value (utility) of a state s:
V*(s) = expected utility starting in s and acting optimally
Q The value (utility) of a g-state (s,a):
Q*(s,a) = expected utility starting out having taken action a
from state s and (thereafter) acting optimally s.a,s
O The optimal policy:
7*(s) = optimal action from state s

ES . e s . . ‘:‘JL; PO |

S Logs O gods IS g $3 &9 L (saies g aal C 58]

> Value of a State
E; O o9 @S slsal 3 851 g 95 b (suion g asal gl i)y
< G e e Sty B Value of a g-State
i Sadla 5l daugs S N ENEVRY]
g Value of a State

P

sisa
state

(s,a)isa
g-state

(s,a,8")isa
transition
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MDP’S VALUES OF STATES

Fundamental operation: compute the (EXPECTIMAX) value of a state

U Expected utility under optimal action

U Average sum of (discounted) rewards .
O This is just what EXPECTIMAX computed! e

3 RS a3
V*(s) = max Q" (s, a)

Q*(s,a) = > T(s,a,s)[R(s,a,s) + V()]

V*(s) = max Z T(s,a,s)[R(s,a,s) +~yV*(s)]
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Slow

Overheated

-
o

U A robot car wants to travel far, quickly
U Three states: Cool, Warm, Overheated
O Two actions: Slow, Fust

U Going faster gets double reward
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U Three states: Cool, Warm, Overheated
O Two actions: Slow, Fast
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TIME-LIMITED VALUES

S el s o2, = Vie(s)
b alh Koal&k e 6ok S
Key idea: time-limited values

Define Vi(s) to be the optimal value of s
if the game ends 1 £ more time steps

Equivalently, it’s what a depth-k EXPECTIMAX would give from s
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TIME-LIMITED VALUES
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VALUE ITERATION

Lol ¢ 2ol EXPECTIMAX 31 S (g galia 5 gl4aus ¢ Jual Hu 0 LI5S

(ol SLL g8 S 50 hals € guion g SIS )yl nga g laghll als 48 49 O
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DYNAMIC PROGRAMMING: THE BELLMAN EQUATION

Definition of utility of states leads to a simple relationship among utilities of

neighboring states:

expected sum of rewards
= current reward

+ v x expected sum of rewards after taking best action

Bellman equation (1957):

U(s) = R(s) + v max 2. s T8, 6,8

U(1,1) = —0.04

+ v 111(1\{ SU(1,2)+0.1U(2,1) +
0.9U(1,1) + 0.1U(1, 2)
‘)U(l 1) +0.1U(2,1)
U(2,1) +0.1U(1,2) + 0.1U(1,1)}

One equation per state = n nonlinear equations in 7 unknowns

-
’”’;ﬁb/

up
left

down
right



Ya 4.23‘,.“4.:- LG gD
ol HI S8

5023 g0 2085 331 L

VALUE ITERATION FOR FINITE HORIZON AND NO DISCOUNTING

Initialization: Vs €S Vj(s) <0
fori:<+1,2,....H
for all s € S
for all a € A
Qi(5,) — S, T(s,a,)R(s, a,8) + Viey ()
V*(s)  max,eq QF (s, a)

*

i (s) 4 argmaxaea Q7 (s, a)

8 3 g oo b (Salil slagtluly ¢ saas) sion o wel : Vi (S)
s a8 1L 381 S5 (61 0T 5l oy g Sus0 s LIS

O 53 @S sl 5 85 g5t b (il slagluly ¢ yane) suies s el - Q7 (5,2)
L 8 1L 381 S5 (515 (0T 5 g g om0t GBS

ol ssile (3L al€ T 335 aniS o al 15777 (S) dags crwli 9aaiS (A g 43 98

Prepared by Kazim Fouladi | Spring 2017 |3 Edition

P



ol Yl sS

B L Al il

VALUE ITERATION FOR FINITE HORIZON AND WITH DISCOUNTING

Initialization: Vs € S Vj(s) <+ 0
forv <« 1,2,....H
for all s € §
for alla e A
Q:(5,0) X T(s,a, [R50, 8) + Ve ()
V*(s) < maxgea QF (s, a)

7 (s) < argmax,ea QF (s, a)

§5) g oo b (ihindas o aalil slagilaly p gane) GELAEAS (suies g wsol : Vi (s)
s a8 1L 381 S5 (61 0T 5l oy g Sus0 s LIS

O 39 @35S (s1sal 5 85 g g Ly (G8Lidns (s Galil slagilily ¢ yane) 38Li8aT (sl s wol - Q7 (5,0)
PLed 8 1L 381 S5 (15 (0T 5 g g om0ty GBS

ol ssile (3L al€ T 335 aniS o al 15777 (S) dags crwli 9aaiS (A g 43 98
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1 0 0 0 0 1 0 0 0 0

1 2 3 4 1 2 3 4

Vig1(s) = max 3 T(s,a,5") [R(s, a,5") + v Vi(s")

V2((3,3)) = Y- T((3,3),right, s') | R((3,3)) 4+ 0.9 V1 (5]

S
max happens for

a=right, other =0.9[0.8-1+4+0.1-040.1-0]

actions not'shown
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VALUE ITERATION ALGORITHM

Idea: Start with arbitrary utility values
Update to make them locally consistent with Bellman eqn.
Everywhere locally consistent = global optimality

Repeat for every s simultaneously until “no change”

U(s) « R(s) +~y max 2yU(s")T(s,a,s') for all s

1 “3)
(3.3)
"""""""""""""""""""""" 23)
(1,1)
****************** 3.
05 .
e 4.1
8 ;
< J
£ i
8 0 ‘\; i 7
2 L
g
0.5 .
S e (42)
0 5 10 15 20 25 30

Number of iterations

.0
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VALUE ITERATION FOR FINITE HORIZON AND WITH DISCOUNTING: REWRITTEN

Initialization: Vs € S Vy(s) <« 0
fori«+1,2,... H
for all s € S
forallae A
Q;‘%Sv CL) — ZS’ T<57 a, S/) {R(& a, S/) + '7‘/;*—1(5/)]
V*(s) < maxgea QF (s, a)

‘ Qi 2obe Ia b

Initialization: Vs € S Vy(s) <« 0
fori«1,2,.. H
for all s € S
Vi (5)  masacn S T(s,a, ) [R(s, 0, 5) + 1V ()]
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VALUE ITERATION ALGORITHM

A Vi (S) S o p s Vo(s) « 0L o

(sl e 315 6 (l 51 ABIL ¢ same waal i v ol sl 3L Sl ol gaa)

s, a EXPECTIMAX a5 s<0 ala 50 3 Vi (8) (slagss,l Jlas izl

W) Vie(s) « max, 3, T(s,a, 8')[R(s, a, 8') + YV (s")

i€ e S o Saa B, LIS ol O

et OIS P AL 5155 5 sl 35S0 S

s e | San LT (S5 (s alie 4o Lot ) 4 WS o call ol San (g40as
.Lﬁwchl%xd&sw@u%)ﬁ:QL.B‘(SQ._\::‘ (@)
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VALUE ITERATION ALGORITHM

V 3.5 2.5 0

Vi 2 1 0
Vo 0 0 0
.

—
B ”}; b/

JBe s o, S

Fast 0.5

Overheated
+2

Assume no discount!

Vk-{—l(s) — mgxz T(s,a,s") [R(s, a,s) +~ Vk(s’)]
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VALUE ITERATION ALGORITHM: CONVERGENCE

QA.;JJUAUT}“)/&AAWMV](C;LA)‘J‘)J‘meJ|JL§_oL;SJ‘

Sl M Bas yishaa (gl s @i a0 Sl

.JJ‘JJ:'JJ‘J%‘):\:OJ#G’.B‘JJ:!JGAVMCJJ\Q-&AC)&‘JJ

O

il Sy yieS S8R5 F 5 81T adla

e oS ol ol sieds ail g5 e Viep 1 5 Vi ccdla 5a sl

ot s ol Lo L slaca ju k 4+ 1 3ac 5o EXPECTIMAX
Pl Gl ¥ He ol

corl Sie Vi & s jucajlapso 1y a8l slagilol Vieyq
-l Riax (Sea alla o i oo AT g0

-l Ripin (Sea adls oo 5as 5o SAT g0
Jdﬂuﬂw,my" oo s s 4aa Lol
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P

@)

0]

OO0 O OO0

Vi(s) Vit1(s)
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VALUE ITERATION ALGORITHM: CONVERGENCE THEOREM
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Define the max-norm ||U|| = max, |U(s)],
so ||{U — V|| = maximum difference between U/ and 1/

Let [/" and UU'"!' be successive approximations to the true utility {/
Theorem: For any two approximations [/’ and 1"

HUHJ - ‘/-I—FJ | S : HU/ o XIH

l.e., any distinct approximations must get closer to each other
so, in particular, any approximation must get closer to the true UJ
and value iteration converges to a unique, stable, optimal solution

Theorem: if ||UH — U!|| < ¢, then ||U — Ul| < 2ev/(1 — )
|.e., once the change in U’ becomes small, we are almost done.

MEU policy using [/' may be optimal long before convergence of values
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VALUE ITERATION ALGORITHM: CONVERGENCE THEOREM

P s o 1S (51 1SS Al S
aasbs o 3L 8833 L aliel 331 (stlicus (sl 15 V™ s seings Hlatie ¢ o) San 5o
AE@L@JHJ&A—L}CJYJL’.A‘(S

Vse S V*(s)=max > T(s,a,s)| R(s,a,s)+~V*(s)]

i€ LA GBS Wl 6 S G8Lcadas lagiloly 5 alitels 331 (5l 4 el Gad e & 95S]

sy 2l Kad 4 B i€ e SRS iyl I SD sk, S
N [ * - . .
:JJ—JJL;AuAA-AILAV CJ‘AQHLAA‘JA‘L\:\.G.AQT.\.\S

*(s) = arg mgxz T(s,a,s)[R(s,a,s)+~yV*(s)]
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VALUE ITERATION ALGORITHM: OPTIMAL ACTION SELECTION

taaal sl 1, V7 gdings salis S

*(s) = arg mC?XZT(S, a,s)[R(s,a,s) +~yV*(s')]

raaal Gl 1, Q7 shag pulie S

7*(s) + argmax Q*(s, a)

el JSeabu Q 5l suliinl b (a3 QAT s
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PoLicY EVALUATION ALGORITHM

S nlae (g Lol €) el sl K wa3 ) clla S sates s Ol 55 s

T ol 5o S JLda 5 831 g g b (438Lindas saialil slagihly ¢ gane) LIRS (suies g el : VT(S)
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PoLicY EVALUATION ALGORITHM

Vo (s) =0
Vi (s) ZT«SW S)R(s,7(s),s") + Vi (s)]
) ool 5 Juala o o¥obas o8y a1 Y ool

= T(s.7(s),s)[R(s.7(s),s) + YV(s)]

P
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POLICY ITERATION ALGORITHM
piS oo nlane (i Lo 3 48) cull sl S5 (5150 1 (530 g ol Crlaws il
s Jusla ol Sea B Policy Evaluation ’\a‘ .§
™ B
= S T00, (s $Rs () )+ 2175 i R
‘a.uswoi.u.ulA.obM‘)iAA)JJ‘.SAJuAL(sdJJLLA)|bJLAJ4u‘L|JwLM CA.HJ‘:\.LH Jj:\ve-) 3 E
(84T slsa) Policy Improvement
= 2 Tl m(s) (s ), ) 49V |

one step lookahead/ Bellman equation
(ol ol Sad 15 1 S5))
radla 58 o g (S

ﬂ-k—l-l(‘s) = argmax Z T(Sa a, S/)[R(S7 a, S/) + ’yvﬂ-k (S/)]
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POLICY ITERATION ALGORITHM
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Howard, 1960: search for optimal policy and utility values simultaneously

Algorithm:
7 «— an arbitrary initial policy
repeat until no change in 7
compute utilities given 7
update 7 as if utilities were correct (i.e., local MEU)

To compute utilities given a fixed 7 (value determination):
U(s) = R(s) + v 24U (sT(s,7(s), s) for all s

i.e., n simultaneous linear equations in 7 unknowns, solve in O(n?)
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ASYNCHRONOUS VALUE ITERATION

i e (Sl eo4 LIS A e sl s il 1SS e

o aal ga 1 K ccpals sla Sl b g0 Sl dlss S8 cadly 5o
S s 4 5o uled o s 5a S
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S e Slasdssn 15 S sladisle s T s Su Vi () = Vils)| S

Prepared by Kazim Fouladi | Spring 2017 |3 Edition

P



55

sud Yl S

MODIFIED POLICY ITERATION ALGORITHM
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Policy iteration often converges in few iterations, but each is expensive

Idea: use a few steps of value iteration (but with 7 fixed)
starting from the value function produced the last time
to produce an approximate value determination step.

Often converges much faster than pure VI or Pl

Leads to much more general algorithms where Bellman value updates and
Howard policy updates can be performed locally in any order

Reinforcement learning algorithms operate by performing such updates based
on the observed transitions made in an initially unknown environment
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MDPs
MDP &, (s a3 sladil 3o
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Reward Function Transition Model Initial State :
/
R(s) T(s,a,s") S,
R(s,a)

R(s,a,s") States s € .9, actions a € A
5 Srlaw L) <3 Ol oSS
_cé'a Policy Iteration (PI) Value Iteration (VI)
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POMDP has an observation model O(s, ¢) defining the probability that the
agent obtains evidence ¢ when in state s

Agent does not know which state it is in
= makes no sense to talk about policy 7(s)!!

Theorem (Astrom, 1965): the optimal policy in a POMDP is a function
7(b) where b is the belief state (probability distribution over states)

Can convert a POMDP into an MDP in belief-state space, where
T(b,a,b) is the probability that the new belief state is &
given that the current belief state is b and the agent does a.
l.e., essentially a filtering update step
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LS

Solutions automatically include information-gathering behavior

If there are n states, b is an n-dimensional real-valued vector
= solving POMDPs is very (actually, PSPACE-) hard!

The real world is a POMDP (with initially unknown 7" and O)
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In (static) Ghostbusters:

©)

Solving POMDPs -

@)

Belief state determined by evidence
to date {e}

Tree really over evidence sets
Probabilistic reasoning needed to
predict new evidence given past
evidence

asense

A
\{e}: Asense
One way: use truncated U(ap,e {€}) N

EXPECTIMAX to compute
approximate value of actions

What if you only considered busting
or one sense followed by a bust?

You get a VPI-based agent! d
U(abust’ {e’ e }) 14






Prepared by Kazim Fouladi | Spring 2017 |3 Edition

V¥

Clluia sbadle L slaasaas

6oL skl
DECISIONS WITH MULTIPLE AGENTS: GAME THEORY
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Stuart i i =
Russell Arrtificial Intelligence

F f s Approach

fron

Stuart Russell and Peter Norvig,
Artificial Intelligence: A Modern Approach,
3rd Edition, Prentice Hall, 2010.

Chapter 17
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MAKING COMPLEX
DECISIONS

SEQUENTIL
DECEION PROBLEM

In which we examine methods for deciding what to do today, given that we may
decide again tomorrow.

In this chapter. we address the computational issues involved in making decisions in a stochas-
tic environment. Whereas Chapter 16 was concemned with one-shot or episodic decision
problems, in which the ity of each action’s outcome was well known, we are concemed
here with sequential decision problems, in which the agent’s utility depends on a sequence
of decisions. Sequential decision problems incorporate utilities, uncertainty, and sensing.
and include search and planning problems as special cases. Section 17.1 explains how se-
quential decision problems are defined, and Sections 17.2 and 17.3 explain how they can
be solved to produce optimal behavior that balances the risks and rewards of acting in an
uncertain environment. Section 17.4 extends these ideas to the case of partially observahle
environments, and Section 17.4.3 develops a complete design for decision-theoretic agents in
partially observable environments, combining dynamic Bayesian networks from Chapter 15
with decision networks from Chapter 16.

The second part of the chapter covers environments with multiple agents. In such en-
vironments, the notion of optimal behavior is complicated by the interactions among the
agents. Section 17.5 introduces the main ideas of game theory, including the idea that ra-
tional agents might need to behave randomly. Section 17.6 looks at how multiagent systems
can be designed so that multiple agents can achieve a common goal.

17.1 SEQUENTIAL DECISION PROBLEMS

Suppose that an agent is situated in the 4 x 3 environment shown in Figure 17.1(a). Beginning
in the start state. it must choose an action at each time step. The interaction with the environ-
ment terminates when the agent reaches one of the goal states, marked +1 or —1. Just as for
search problems, the actions available to the agent in each state are given by ACTIONS(g),
sometimes abbreviated to A(s); in the 4 x 3 environment, the actions in every state are Up,
Down, Left, and Right. We assume for now that the environment is fully observable, so that
the agent always knows where it is.




