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CONDITIONAL PROBABILITY TABLE (CPT)
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BAYESIAN NETWORKS

Toothache

Weather is independent of the other variables

Toothache and C'atch are conditionally independent given C'avity
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BAYESIAN NETWORKS
P(B) P(E)
Burglary 001 Earthquake 002

CPT CPT

B E |PAIB,E)

T T .95

T F .94

F T .29

F F .001

CPT CPT CPT
A | P(JIA) A [P(MIA)
F .05 F | .01
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COMPACTNESS
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COMPACTNESS .
P(B) P(E)
Burglary )[™ go1 002
B E |P(AIB,E)
T T| .95
T F| .94
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THE SEMANTICS OF BAYESIAN NETWORKS
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THE SEMANTICS OF BAYESIAN NETWORKS
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Global Semantics
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THE SEMANTICS OF BAYESIAN NETWORKS
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Global Semantics
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Slae st slap s o diala = JolS a1 g5 a5 53

LT 0] = H:-’: | P(zi|parents(X;))

eg., PgAmAaN—-bA —e) @
= P(j|a)P(m|a)P(a|-b,—e)P(—b)P(—e) ﬁ
= 0.9 x 0.7 x 0.001 x 0.999 x 0.998

~ 0.00063 @ @
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THE SEMANTICS OF BAYESIAN NETWORKS
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THE SEMANTICS OF BAYESIAN NETWORKS
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Local Semantics

Theorem: Local semantics
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CONSTRUCTING BAYESIAN NETWORKS
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1. Choose an ordering of variables X, ..., n
2. Fori=1ton

add X, to the network

select parents from X, ..., X, | such that

P(X,-\Pur'(e'nfs(X,-)) = P(X,‘Xl 8 Diam X,‘,”

1y ooy Xn) = [E_{P(X;| X1, ..., Xi—1) (chain rule)

t

= II'_ ,P(X;|Parents(X;)) (by construction)
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Suppose we choose the ordering M, J, A, B,

P(J|M) = P(J)?
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Suppose we choose the ordering M, J, A, B,

CED
Clomeals

P(J|M) = P(J)? No
P(A|J, M) = P(A|J)? P(A|J, M) = P(A)?
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Suppose we choose the ordering M, J, A, B,

CED

N\ s

JIM) = P(J)? No

(

(A|J, M) = P(A|J)? P(A|J, M) = P(A)? No
(B|A, J, M) = P(B|A)?
(

P
}
o
P(B|A, J,M) = P(B)?
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Suppose we choose the ordering M, J, A, B,

Burglary

(J|M) = P(J)? No

D(AlJ, M) = P(A|J)? P(A|J, M) =
(B|A, J, M) :PBH? Yes
(B|A, J,M) = P(B)? No
( |BA I V)
(E|B M)

P(E|A)?
P(E|A,

“Uﬁ%ﬁ\u“u

B
E
B )?

P(A)?

Earthquake

No
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Suppose we choose the ordering M, J, A, B,

Burglary

Earthquake

(J|M) = P(J)? No

D(AlJ, M) = P(A|J)? P(A|J, M) = P(A)? No
(B|A, J, M) :PBM? Yes
(B|A, J,M) = P(B)? No
( |BA I V)
(E|B M)

P(E|A)? No
P(E|A,

“Uﬁ%ﬁ\u“u

b
E
E )7 Yes
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Burglary

Earthquake
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EXAMPLE: CAR DIAGNOSIS

39 9y 9983 1insleT sl
(Do) ia0 00T (slasadte

alternator fanbelt N ‘flf‘*‘c"‘““ ‘f“f » CSL‘“J:":“
proke proke (sriesla) ol slaite

MJ@&A‘S‘JLAJM‘JL)J‘MJ&L&S@M‘JQJ&J&@
battery ;
battery fuel line starter
flat Qlocked broke
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COMPACT CONDITIONAL DISTRIBUTIONS
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COMPACT CONDITIONAL DISTRIBUTIONS
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DETERMINISTIC NODES

JJ.A.:ZILS_AL)a.‘;.alm‘;i-kzQJJ—LA‘L}QTGH&J‘JJ‘JA&GJJJ‘@MGQ;J‘&

X = f(Parents(X)) for some function f

e ol rJle g g
NorthAmerican < Canadian N US V Mexican

G g LA 30 G sae bl 55 1o 61
O Level
ot

= inflow + precipitation - outflow - evaporation
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UNCERTAIN RELATIONSHIPS
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Child <= Parent, V Parent, \V ---\V Parent,

L 9o b faiiS o Jao ) Gl8uia Jolaie yué slacule NOISY-OR (clans s 5
U, Uy, ...,U.: w3l lacde saaa Jola laally )
ol ik s (leak node) (i (508 S oS GLal b1 lacle la o) 55 e 4o
(Laadly solew 51 8o ) 0 iy @) J8ine conls JLalal (slol0 olgS0 cle 50 Y
(individual inhibition probabilities) sy Cailas Jlaial: g,

q; = P(—Child | ~Parent,,—~Parent,,---, Parent,,---,~ Parent, )
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UNCERTAIN RELATIONSHIPS

Fever < Cold V Flu vV Malaria < 5l o sls R 3hie 5

Cold Flu  Malaria| P(Fever)| P(—Fever)
F F F 0.0 1.0
F F T 0.9 0.1l ssdeal
F T F 0.8 0.2 sadsals
F T T 0.98 0.02=0.2x0.1
T F F 0.4 0.6 N s sols
T F T 0.94 0.06 = 0.6 x 0.1
T T F 0.88 0.12=0.6 x 0.2
T T T 0.988 0.012=0.6 x 0.2 x 0.1

Geold = P(—fever | cold, = flu, ~malaria) = 0.6 , PPN FCIPET PUSCIN] DG B D R0

5,5 JelS 1, CPT S o) 53 0

gan = P(—fever | —eold, flu, ~malaria) = 0.2 ,

Gmalaria = P(—fever | ~cold, ~flu, malaria) = 0.1 .

ol o (Ll oland coan o 35 0 5 (sl stel L olaas @u
0(2%) ~» O(k)
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COMPACT CONDITIONAL DISTRIBUTIONS
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HYBRID (DISCRETE+CONTINUOUS) NETWORKS

Discrete (Subsidy? and Buys?); continuous (Harvest and Cost)

Subsidy? | QarvesD
N
Ceost>

Buys?

S5 sLaCPT Ko s YL Jlaial glad J<iio 3 1 g5 lwdiuns Hlsaliin) () daa)S Layed  Siesa
IS sl il slags) 55 S slS slasal Bl 5l saliial (Y di)S  ugn slauids

Prepared by Kazim Fouladi | Spring 2017 | 2" Edition

P



vs

2558 Cn g (sLa udie (5 s 1 (Can gy + Gl wyuad (50 sl (5l s
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P(Cost =c|Harvest = h, Subsidy? =true) [subsiay? i

= N(ath + by, 04)(c) 5 |

1 1(c— (ath+bt))2 S
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o\ 2T 2
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HYBRID ( DISCRETE+CONTINUOUS) NETWORKS

P(Cost|Harvest,Subsidy?=false) P(Cost/Harvest,Subsidy?=true)

0 0.35-
00’5 03
0 0.25

(% 0.2
001 001?
0.0 0.0(5)

0 : 0

5
Cost 10 (3 T ——— Cost 10 0
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COMPACT CONDITIONAL DISTRIBUTIONS
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G g sLaadly 9 935,58 B (LA yuate (5] s 1 (G g + ) w5 5w slaSes 51
HYBRID (DISCRETE+CONTINUOUS) NETWORKS

(oo 2008 i) b a s loliul Hlaie S bl diw gag oll g by 4 diewesS 03 8 JLaial
(0L Gl SLEL s wls)

Probability of Buys? given Cost should be a “soft” threshold:
i

0.8

Subsidy? | (arvesd ?
;"\(—— ‘- S 06

1 : 2
| : % 04
| : g

! Buys? | | &
[ 0.2

9 95b il Seod &5 OIS (ga )P ()9 50 (6 e

0,5 awlgds 0,3 Ceand (090 YU g0 (o 0

el e Slos g U 4o 0y 5 Sl & i Ll 0 2 4 6 8 10 12

Cost c

P 3S o suliil w518 any 93 asls JIUSSS1 51 (Probit) s gy a0 o3
O(z) =1 N(0,1)(x)dx
P(Buys?=true | Cost=c) = ®((—c+ pn)/o)

Prepared by Kazim Fouladi | Spring 2017 | 2" Edition

J—



Prepared by Kazim Fouladi | Spring 2017 | 2" Edition

o
’M’;ﬁb/

Y 4 iy L g Sl
eSbla ‘s.bJ.& 5&&533
c_\:‘.g‘wc__.;d:;mﬁsuﬂljjg;,ngu)@@ﬁ;(m&+w)_\:\ﬁgﬁsu@6@

HYBRID (DISCRETE+CONTINUOUS) NETWORKS
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HYBRID (DISCRETE+CONTINUOUS) NETWORKS

((Sigmoid) usi gasaus 1) (Logit) cuuS of a5 53 (S50
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P(Buys?=true | Cost=c) = - _ =
1 + esp(—2=— =)

0.9

0.8
Subsidy? T
N S 06
] ! 5]
! @ | = 05
| ! ) '
! | ¥ 04
| ! 5
i | Buys? | | 2 0.3
1 \ =]
R EEEEEE 0.2
0.1
0 :
0 2 4 6 8 10 12

Cost ¢






Yo

INFERENCE TASKS

P(X|E=e) glusls fous slag)d s tlas
P(NoGas|Gauge = empty, Lights = on, Starts = false)

opite S Jeld slaiila Gaun slag ) 55 stlas

P(X,, X;|E=e) = P(X,|E=e)P(X,|X;, E=e)

P(outcomelaction, evidence)

Sl Wb sy gl suali 4o Jls @
faiiiua ST o 3 Sbia cJlaial pulse alsS

Prepared by Kazim Fouladi | Spring 2017 | 2" Edition

P

oulw ‘SLAuIMﬁ

Simple Queries

Léh"(.;"‘buz"“‘ﬁ

Conjunctive Queries

4.3:}3.3 6&&;&43

Optimal Decisions

SleMsl i)

Value of Information

Sensitivity Analysis

U.....

Explaination
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Approximate Inference

Markov Chain Monte Carlo

S (g Hlwdasds

Stochastic Simulation

389 7 il

Exact Inference

,.u_a.a*"' Saa

Variable Elimination

o ylads y

Enumeration
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Exact Inference
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INFERENCE BY ENUMERATION

N e 2l (28l calin G gus cal s 155 51 Lasilie (5 xSp sane sl Sl suiadisa b i,

P(X |e) = aP(X,e) = a) P(X,ey)

9085 Y
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INFERENCE BY ENUMERATION

@ Simple query on the burglary network: JUis
@ B®
}2{{ =P(B,j,m)/P(j,m)
= aP(B,j,m)
@ @ =a X 2, P(B,e,a,j,m)

Rewrite full joint entries using product of CPT entries:
P(B|j, m)

= X 2, P(B)P(e)P(a|B,e)P(jla)P(mla)

= aP(B) X, P(e) 2, P(a|B,e)P(j|la)P(mla)
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INFERENCE BY ENUMERATION
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function ENUMERATION-ASK(X, e, bn) returns a distribution over X
inputs: X, the query variable
e, observed values for variables EE
bn, a Bayesian network with variables {X} U E U Y

Q(X) < a distribution over X, initially empty
for each value z; of X do

extend e with value z; for X

Q(z;) < ENUMERATE-ALL(VARS[bn], €)
return NORMALIZE(Q(X))

function ENUMERATE-ALL(vars, €) returns a real number
if EMPTY?(vars) then return 1.0
Y« FIrsT(vars)
if Y has value yin e
then return P(y | Pa(Y)) x ENUMERATE-ALL(REST(vars),e)
else return v, P(y | Pa(Y)) x ENUMERATE-ALL(REST(vars),e,)
where e, is e extended with Y = y

Recursive depth-first enumeration: O(n) space, O(d") time
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P(jla)
90

P(mla)
.70

P(alb,e) P(—alb,e)

Lﬁ.l:a;Jl A Y

P(albme)
.06

P(alb,—e)
94

.05

P(jl=a) P(jla) P(jl=a)
.05 .90 .05
O O O
P(ml=a) P(mla) P(ml=a)
.01 .70 .01
O O O
P(B|j,m)

=« 2, 2, P(B)P(e)P(a|B, e)P(jla)P(mla)
|: aP(B) X, P(e) X, P((L\B,e)P(j]a)P(m\aﬂ
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P(jla) P(jl=a) P(jla) P(jl=a)
.90 .05 .90 .05
O O O
P(mla) P(ml=a) P(mla) P(ml=a)
.70 .01 .70 .01

P(—alb,e)
.05

O

P(alb,—e)
94

P(albme)
.06

s o alas € Llue sa sl P(Jla)P(m|a) : Jts sl 5
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INFERENCE BY VARIABLE ELIMINATION
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P(B|j,m)
:aP(B)EeP(e)EaP(@’Bae) (J'\) ( |>

B A
ZaP(a!Bae) (7]a )fz\f(a)
2,P(a|B,e)fs(a) fula)
ofala,b,e)fs(a) farla)
i77(0,€) (sum out A)
sum out F)
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P
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P
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I
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s lae sLCPT . o5leT sla, 53SL /CE)

P(B) P(J|A) P(A|B, E) }Z{

fB(B) fJ(A'}J) fA(AaBaE)
L g o GA L gusaa sl S Bda sk u 4 numbers, one

P for each value
- ofDand E
slaniie Variables fABCD (D’ E) Argument

sasayls introduced ——uw % t ___— variables, §5_‘-M:‘5':*f
\J NHHES G always non- ol
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JOIN FACTORS

0558 g0 S 3
(sl soals sy o Join Jae wlin)
Ladisls glaial 59y 3 o oisld <o ulaal

f]_(A,B) X fQ(B:O) = f3(A,B,C)

f3(a:b: C) — fl(aab) ' fQ(ba C)
“P(a,b|c) = P(alb) - P(blc)"
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JOIN FACTORS
A B f1(A, B) B C f2(B,C) A B C f3(A, B,C)
T T 3 T T 2 T T T 3% .2=.06
T F 7 T F 8 T T F Jx .8=.24
F T 9 F T .6 T F T T x .6=.42
F F 1 F F 4 T F F 7 x . 4=.28
F T T 9 x.2=.18
F T F 9 x .8=.72
F F T 1% .6=.06
F F F A x .4=.04
Figure 14.10  Illustrating pointwise multiplication: f; (A, B) x f2(B,C) = f3(A, B, C).
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MARGINALIZATION

22300 Ko (555 (505 gane 5 LK S5 (35 S
(14l s8ala s L L, Projection Jae «lis)

EERTP - EPPRY- ST Pt

fag(®) =) fap(a,b)

“P(b) =Y P(a,b)"
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MARGINALIZATION

f(B,C) = ) f3(A, B,C) =1f3(a, B,C) +f3(-a, B,C)

_ (0624 (872 _ (.24 .96
— \ 42 .28 06 .04 )\ 48 32 )
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LA, sSU B S s ) pitie S (pbip gene
cpdo oo JUSI g sane oA G el 58l 8 O
HLa)sSU gawladibi sl ©

CoiS o pan aa L LT Jusla 5 axiS o e (POINTWISE) dlaks 4 abas |5 LT slapu 53le s

2ipfix o X fr=fux o X fi 2y fipr X X = fix o X fix [y
assuming f1,..., f; do not depend on X

Pointwise product of factors f| and fs:
Nz, ooz, yn, o ue) X folyn, oo Uk, 21, - -5 21)
= f(@1, . 2, Y1 Yk 21y e e 20)
E.g., fl(aa b> X f?(bv C) - f(aa b? C)
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INFERENCE BY VARIABLE ELIMINATION

P(b,j,m)

= P(b) e P(e) ¥ P(alb, €) P(jla) P(m|a)
B E A J M

= fe®) > fr(e)d_ fala,b,e)f(a)fra)
= f®)>_ fre)d_ fasm(a,b,e)
= f(6) > fe(e)fz1(b,€)

= fp(b) ZfAEJM(ba e)

— fB(b)fﬁE,Im(b)

Prepared by Kazim Fouladi | Spring 2017 | 2" Edition

= fapasm(b)

P



Y

yaiio 33a L gz kil

sosae oy Sl
INFERENCE BY VARIABLE ELIMINATION

P(Q|EL =e1,... B = ¢y)

S e g o GaoleT sla, S L
aal i bsad 55w sai Lol as sLWCPT (jlea

(32l g b Q51 58) 33,08 asa s Oles slauite j5ia &€ SL5 6
S e ol H olesy ate S

v
v
.(project) as< o lwtaila H bia 5l

S oo s 3lwdle 5 5 JOIN | swslasdly (sla, 5SS

V Prepared by Kazim Fouladi | Spring 2017 | 2" Edition

-
?,\\\\.

R XN



$¥

i i L gl

(YY) JBs

INFERENCE BY VARIABLE ELIMINATION @
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Choose E
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function ELIMINATION-ASK(X, e, bn) returns a distribution over X
inputs: X, the query variable
e, evidence specified as an event
bn, a belief network specifying joint distribution P( X7, ..., X,,)

factors < []; vars «— REVERSE(VARS[bn])
for each var in vars do

factors«— [MAKE-FACTOR(var, e)|factors]

if var is a hidden variable then factors«— SumM-OuT(var, factors)
return NORMALIZE(POINTWISE-PRODUCT( factors))
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IRRELEVANT VARIABLES

Consider the query P(JohnCalls|Burglary = true) @

P(J|b) = @P(b);P(e)%P(aU), e)P(J|a)x P(m|a) ﬁ

m

Sum over m is identically 1; M is irrelevant to the query @ @

Y is irrelevant unless Y € Ancestors({X}UE) || 4xas

Here, X = JohnCalls, E={Burglary}, and
Ancestors({ X} UE) = {Alarm, Earthquake} Juis
so MaryCalls is irrelevant

il b gy 5ol g2 som O 44 cailis saaliio by san g ite S aa ¢ uite S5 S
S Bda ga s0us (b0l B Glag 1 bsa el sadte gl 185 e ¢ adie ia al, KU Hu <=
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Moral Graph

A is m-separated from B by C iff separated by C in the moral graph

Y is irrelevant if m-separated from X by E

| | For P(JohnCalls|Alarm =true), both

Q Burglary and Earthquake are irrelevant

w W
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Multiply Connected Networks Singly Connected Networks (Polytrees)
ol GalS 3a3a sl 4 1, 3SAT 4l 55 0 P2 G (Sa) e S b SShas 6 K ga 58
NP-hard < L g o Jualie
#P-complete < 0(d*n)

1. AvBvC
22.CvDvA
3. BvCv-D
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CLUSTERING (JOIN TREE ALGORITHMS)

@ P(C)=5

/| 50 @ Ak @ P(S+R=x)
. 2 =X
S ! - Cl 1t tf fr ff
@ ¢ 08 0272 18
S R|PW S+R | P(W) S| 10 40 .10 40
t ot | 99 rt .99
t f| 90 tf | 90 %
fot] 90 ft| 90
f /1 00 ff 00
(a) (b)

Figure 14.12  (a) A multiply connected network with conditional probability tables. (b) A
clustered equivalent of the multiply connected network.
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function PRIOR-SAMPLE(bn) returns an event sampled from bn

inputs: bn, a belief network specifying joint distribution P( X7, . ..

X «— an event with n elements
fori = 1tondo

x; < a random sample from P(X; | Parents(X;))
return x

7Xn>
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0wl 515 pald weliny & PRIOR-SAMPLE oSl Jlasal
Sps(xy...2,) = II_ | P(z;|parents(X;)) = P(xy ... x,)
Bl ey Jlial s g
E.g., Sps(t, f,t,1) =0.5x0.9x0.8x0.9=0.324 = P(t, f,t,1)
Let Npg(xy ... x,) be the number of samples generated for event zy, ... x,
Then we have
Algléc ]5(561, e Ty) = \h—>Hc1>o Nps(xy,...,x,) /N

- SPS<:U17 <. >x77,)
= P(xy...1xp)

-aiiwa (consistent) L€ L, PRIOR-SAMPLE 3l sadiz| A%l slacaeds @ Jiay

Shorthand: ]5(1‘1, cey X)) & Play.oxy)
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P(X|e) estimated from samples agreeing with e

function REJECTION-SAMPLING(X, e, bn, N) returns an estimate of P(X|e)
local variables: N, a vector of counts over X, initially zero

for j=1to N do
X < PRIOR-SAMPLE(bn)
if x is consistent with e then
NJz] < N[2]4+1 where z is the value of X in x
return NORMALIZE(N[X])
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REJECTION SAMPLING

E.g., estimate P(Rain|Sprinkler =true) using 100 samples
27 samples have Sprinkler =true
Of these, 8 have Rain =true and 19 have Rain = false.

A

P(Rain|Sprinkler =true) = NORMALIZE((8, 19)) = (0.296, 0.704)

3l shoo o (oS pedS Ul S L gl
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REJECTION SAMPLING

P(X

Nps(X,e) (algorithm defn.)

e) =

Np ( ,e)/Npg(e) (normalized by Npg(e))
P(X, )/P( ) (property of PRIORSAMPLE)
P(X

(Xle) (defn. of conditional probability)
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Artificial Intelligence: A Modern Approach,
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PROBABILISTIC
REASONING

In which we explain how to build network models to reason under uncertainty
according to the laws of probability theory.

Chapter 13 introduced the basic elements of probability theory and noted the importance of
independence and conditional independence relationships in simplifying probabilistic repre-
sentations of the world. This chapter introduces a systematic way to represent such relation-
ships explicitly in the form of Bayesian networks. We define the syntax and semantics of
these networks and show how they can be used to capture uncertain knowledge in a natu-
ral and efficient way. We then show how probabilistic inference. although computationally
intractable in the worst case, can be done efficiently in many practical situations. We also
describe a variety of approximate inference algorithms that are often applicable when exact
inference is infeasible. We explore ways in which probability theory can be applied to worlds
with objects and relations—that is, to first-order, as opposed to propositional, representations.
Finally, we survey alternative approaches to uncertain reasoning.

14.1 REPRESENTING KNOWLEDGE IN AN UNCERTAIN DOMAIN

In Chapter 13, we saw that the full joint probability distribution can answer any question about
the domain, but can become intractably large as the number of variables grows. Furthermore,
specifying probabilities for possible worlds one by one is unnatural and tedious.
We also saw that independence and conditional independence relationships among vari-
ables can greatly reduce the number of probabilities that need to be specified in order to define
wYEsWNMEWORK  the full joint distribution. This section introduces a data structure called a Bayesian network'
to represent the dependencies among variables. Bayesian networks can represent essentially
any full joint probability distribution and in many cases can do so very concisely.

! This is the most common name, but there are many synonyms, including bellef network, probabilistic net-
work, causal network, and knowledge map. In stafistics, the term graphical model refers (o a somewhat
broader class thal includes Bayesian networks. An extension of Bayesian networks called a decision network or
Influence diagram is covered in Chapter 16,
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